
Lecture 4 :

Sublinear time algorithms
for coloring graphs



Graph Coloring

&f a proper -coloring of G

assigns colorC from "palette" E1 ..3

to each EU st
.
(UE CuFC

· in general , NP-complete

· important case solvable in linear time "DH-coloring"
max degree -

C = X+ 1

always exists since

Greedy algorithm :
have * ubrs

runtime :

E
↓ + palette size is

for each veU 4+ 1

0(m)
assignCo different from

all In for utN(u)

Can we do better ?



Greedy list coloring: ↓
Initial palette

For all v
,
let 21 = 31, .,0+ 3

For each veU Carbitrary order
if 2(v) = & output FAIL

else Cr = any
color in 16)

remove Cr from all nbrsu of a

runtime:

E time to find color in 2(r) z0(N)
+ Stime to remove Cr from 2(u) (
neNu

=O(m)



-blinearTime Algoritha
M

not in n

Query model :
degree queries : what is dey(u) ?
pair queries : is (v) E ?

br queries
: what is kthabr of u ?

Thm Can find (H)-coloring in

(nan) time

L

comments o no bound required on 8 for runtime

· non-adaptive
· M(nwn) time required



2() is

Palette Sparsification u's sparser palette
↓

V nodes v,

sample /Olloyn) colors &(v) from 31, ...,843

Surprisingly
Sparsifying the palette this way probably) doesn't kill colorability :

Munclaim whp ,
I can be colored st

.

Ve
,
C + 2(v)

u
O

*
simple argument
that always exists ↓

a color left
to use for v

in greedy no

longer holds!



O
can ignore "x"ed

edges since

won't curse each

other to lose
colors from
their palette



Why palette sparsification ?

Ada (since guaranteed that coloring respecting smaller

palettes remains

can throw out all (u ,
r) st

.
((a)M((+ 4

-- -

sparsity edges they will not even

in Gl
,

Insider using
same colors!

how much sparser ?

whp Onlog2n) edges remain

Why ? VueV ,
let < ... k be colors chosen by

M a Fr = N(u) + it (1 .. k]
gag

und
set Xvi & ! if~

chooses color i

(should really be Let X* [ Xu
,
i Tupper bad on deglu)

y(a) i= 1 vzN(u) in sparsified graph
but notation un sincee might share

is getting complicated) #edges due to
2 colors with u

color Ci



- v Chose K
out of X+

E(Xi) = Pr[Xvi =]=
whatis probability
colors too.

it landed on i?

Then ECX] = 22 ESXri] linearity
of

i = vEN(u) expectation

Ek . 0· 12

using K = Ollogn) shows Fa,

expected degree of u in remaining
graph is O(login).

Can show whp with more work



palette sparsification-> sublinew time !

Calso
, good sublinear space "streaming" algorithms

↓ massively parallel computation algorithms)

(n2/) - time Palette Coloring Algorithm
time

1. Construct palette FuEV Onlogn)
2

.
ConstructGsparse :

Onlogn)
Vc

,
find X=Evlce2lvl3

if u
,
veXa

-> query all pairs of nodes in

↓ (u,)
= 6

then (u
,
r) + Esparse each X2 to find Esparse
-

how much time ?

Mincort (colors (x)) = (10)
un

·
ET) =ECL

=J (E) (com be shown whp)



3. perform greedy list coloring problem on Esparse
recall Greedy list coloring: time: OLEspaeD= T (n)

For each veU Carbitrary order
if 2(v) = & output FAIL

else Cr = any
color in 16)

remove Cr from all nbrs u of

~ in Esparse

& can find-coloring in >2) time

why?

if =n

run greedy in O(ND) = Ouvil time
S

if In

run palette sparsification + greedy list coloring :

() = (E) = (n)
time

⑬



Why does main the hold ?

e . g. why is there still a G+

coloring after sparsification?

will show a weaker thm (allow 28 colors)

V nodes v,

sample Ollogn) colors &(v) from 31
, ...,
2D3

WaveLaim whp ,
I can be colored st

.

Ve
,
C + 2(v)

#
run Palette-coloring alg above with palette size 3 :

fail if a node ever runs out of colors

Gain" when attempt to color node v
:

-

Much

weaker than

- say
color C + El ..

203 "good" if not already
saying

no
used to color

any
nor ofo when

previous br v is
considered

had cin if 26) contains any "good" colors ,
then can

its list colorw successfully



Since &(v) chosen independently of

other lists
,

can think of

choosing it "now" . Since v has ED

nbrs
,

all care "bad"
-

Pr[1(v) contains no good color]

-

= Pr[pick all colors ofr from
colors already chosen bynbrs]

= (4) = (1)
...(-st

S.!

) T2-11... 20- SH(

5)
< - = t

↑

Choosing S = Clogn

+ union bnd for all wel
-> whp algorithm

never FAILS

=>whp G has lega
coloring E


