
Lecture 6 :

Sublinear time algorithms
via

simulating greedy algorithms



Maching:

MEE is "matching" if UWEV
,

- is in at most one edge in M

"maximum matching" ; largest IM

"maximal matching" : can't add any other greedyorthm

edge r make it

bigger
·

ab Ea ,c3maximum e matching
Eb3 is maximal

matching

Today'sgoal :

Estimate size of maximal matching in degree
bounded graph.



Why?
· relation to Vertex cover :

↓thesearent
UCIMM < for each edge in matching,

=I

endpt must be in V
.

C.

VL = 2 · MM = put all MM nodes in VC

if any edge not covered by VC,
violates maximality of MM

=> 2- approx to VC

· a step towards
approx maximum matching

Note : if deg = D
,

maximal matching is MIn/2)
A

see this by running greedy algorithm.
each step removes [24 edges
so size of matching 20 = m

=> size of Adeg
max degree



Greedy sequential matching :

M= &

Fee (ur) E

if neither ar matched outpart o
sadd e to M

Output M

observe : M maximal since if #M , either n
or

thed earlier

Oracle reduction framework :

assumption : given deterministic Oracle OG)

which tells
you

if eeM or not

in one step.



at least (5) fraction
Reduction algorithm :

↓ of nodes in M

· S=s = (2) nodes chosen iid

"matched
· fre, S

Xo = 36 itany call to O(w) for
weNo,

returns "yes
·outputun

~ ~ makes underestimate
(since2 nodes unlikely

matched for each

edge in M

Behavior of output : why does it work

IMI = IEUXr
E[lootputl] = E[s] + En

I

=E
&

EEXr]=
= A . s .2n
= IMl + En



Pr[/output - ECortput]/ = en]
Il

Fr(IEEX - IMI) < En) itbyaddeeneeding



How do
you implement the oracle ?

Anidea figure out "What

worldgreedy
do on Crw?

according to which input order?
do we need to figure out greedy
decisions on l earlier nodes ?

Implement oracle based on greedy ?

To decide if edge e in matching :: · need to know decisions for adjacent
. edges that came before e

in ordering
· do not needtoknowanything-seringabout edges

since not considered by greedy
until after e is processed.

processinga Chigh level) :
(recursively) call procedure on all edges adjacent to et

before e in ordering
if any adjacent edge before e in ordering is matched,

then e is not matched

else e is matched



problem greedy is "sequential"
can have long dependency chains

even if you know theexampleo graphis a lineanow

if
query edge is

odd or even in the order?

"break" length of dependency chains ?
idea : assign random ordering to edges

↑

.

5 200
via random # in [0 .. 17

example .
spind

Is edge 0. 5 in M ?

S · · recurse on 0 .3

jiy · recurse on 0 . 1
·8

no other adjacent edges so match 0.1

S ↳ ·

so don't match 0 . 3

jiy ?
· don't recurse on 0 . 7 since bigger

·8 · recurse on 0 .
4

· recurse on 0 .
2

· don't recurse on 0.0 since bigger

S · · match 0. 2

jiy · don't match 0 . 4
·8 · match 0 .

5



Implementation of oracle

assume random ranksTe assigned to each edge e

to check if eeM :

We' neighboring e
,

· if res<re recursively check e'

↓ if e'EM return "e & M" thalt

Celse continue (

return "eeM"
*since no e'of lower rank is in M

correctness ? follows from correctness of greedy

query complexity ?

Claim expected # queries
to graph per oracle

query is 2014
- polyd is

achievable

"Smallest first"Claim=> total query complexity is 2016
if recurse



x
Ma

-ofclaim : ·

· Consider query
tree where /o

root mode labelled by Y

original query edge. /Ne
· Children of each node are

labelled by adjacent edges.

·

algorithm only queries tree paths
that are monotone decreasing in rank

· Pr2path p
of length Kexplored edges

· # edges in original graph at dist K in tree (2D)K
· ECtedges explored at distK]
· E(total edges explored]<

per query
Lo
↳

0(d)
· ECqueytoplexity] -e = 20

⑭



Newtopic :

What sort of approximations
make sense for

decision problems ?



Property Testing

All graphs
P is a

E-close to p subset of

graphs graphs
wit properly

Can we distinguish graphs in P

from graphs that are not in P?

not even E-close ?

Goal if G has property P , pass
if G 2-far from P, fail

Lif G isE- close
,

can either Pass or fail)

For today : de dey - graph G is E-close to P

if can remove On edges to turn into
some 6'EP



Planarity :

of a Planar graph can be drawn in plane
St edyes intersect only at endpts .

e . j.

planar not planar

GoThr [Kuratowski]

G is planar iff does not contain

Kj or k as minor

↑
↑ ↑ subgraph

complete completerepeatedlyagraph on

biparta into5 nodes edges

nodes on nodes
side

To
↓

x


