
Szemerdi's Regularity lemma (SRL)

Testing dense graph properties
via the SRL :

X- freeness



Graphs with "random properties"

example question :

how
many triangles in a random

tripartite graph ?

B

density 1
A

C

FueA ,
reB

,
weC :

Pr[nvw] = 13 Juvr : Surrow
E[Guyw] = 13

EC#triangles] =ELEGun]
=UABI

Can we make weaker assumptionsa still get
reasonable bounds ?



Density+ Regularity of set pairs :

d for A
,
B = V st

.

1) AlB = 9
(2IAI ,

IBL1

Let e(A ,
B) = #edges between ArB

A B

↓ density d(A
,B) =e

B

Say A ,
B is Fregular if Al

V AEA
,
B' = B

St
. IA =UAl

IB =UIBI using same J

in both places
1 d (A!B') - d(A

,
B)k < y not necessary

- Creduces # of

behaves like random graph
symbols (



Regularity> lots of D's :

↓
regularity parametereonly on1

↳o zu = In = 0 (M) note that this

is on the order

0 = (1 -

m)30() of who on

↑ expect in a

random graph !
Ass only on 11

st if A
,
B

,
C disjoint subsets of studypair is U-regular with density >M

then G contains = 5 . /AIB1/1

distinct Os with node in each of AB,?

Froof

A nodes in A with -14-U/B1 nbrs in B

= Iy-U1/C) nbrs in <



A B

im (A(1-26)A
C

Why? (pf of claim)

A "bad" nodes wrt B (CIM-4/B) ubrs in 13)
A"- "bad" nodes wrt C( < /M-UK/ ubrsinc)

then IA' = UIAL

1 A "l = VIAI

why? Consider pair A , B
d(A1)to-

but d(A
,
B) > 1

so (d( , B) - d(A
,B)) > (

↓ we know (BI = VIBI

so if All = VIAI then (A
,
B) notregular

contradiction !

Let A
*

= A) (A'vA") then IA= I-IA'l-1A"l
=> IA-20/A) = (1-28)/A)



A nodes in A with -14-U/B1 nbrs in B

back to proof of lemma... = Iy-U1/C) nbrs in <

Lim (A* = (1-28) (A)

For each Ue At :

Count #Ds thata participates in

define Bu = nbrs of u in B

Cu = nbrs of u in C

B

A

A
Bu

u

C

Cu

ButI can't be too small :

since U = 1 ,
(Bulz (n-u)(B) = UlB
1 (ul = (n=u)(4 = UK)



Bu

U

Cu

Hedges between ButCu is lower bound on #W's

in which a participates

d(B
,
C) = M = d(Bn

,
() = m- y since Bu

,
In big enough

↓ (B , C) is U-regular
=> e(Bu

,
C) = (4-U)/Bulkul

def of d(.)

=> fy-d /B1/I triangles in which

a participates
so total #D's is (sum over all u in A* to get lower bound

=> (1-20)(A) · (M-813 /B1/c = ( - 1)(M/2) IAIBLIC
↑

V = M/a
T



Do interesting graphs have regularity properties?

Yes in some sense
, all graphs do

"can be approximated as small collection of random graphs
"

Szemerdi's Regularity Lemma sometime
toUseful

would like it to say :
have lowerond

onK↓ to make
"Can always equipartition nodes of V into U-U vismal

-
(for constant (2) such that pairs (ViVj)

independent
of n

are E-regular" (most
(21-3)

is good enough

# K= 1
,
k=n trivial



-emerdi'sRegularity Lemm
no dependence

on
a

fm ,
2 FT= T(m

,
3) St . given G = (VE)

St
. IV T & of an equipation of V into m sets

then 7 equipartition B into K sets refining a
St

. m = k = T

↓< (b) Set pairsNot E-regular

I 2

G
=> 00 . K

3 4

First studied to
prove that sequences of integers

have long arithmetic progressions.



Application of SRL to property testing :

Given: G adjacency matrix format

Question : is G O-free ?

↳sided error

↓desiredbehavior a
is -free

, output PASS
Y

if G E-far from O-free
, output FAIL

um

must delete
Ent edges

*thm: (18) times

pick U
,
B

,
Us fr V

If D
, rejectt

halt

Accept



yeath ofE only

#m F3 78 St
.

VG St. =n

↓ st
.
G is E-far from -free

then G has &(5) distinct Is

& Algorithm has desired behavior

Why? · Ifa- free : never reject ~
· if E-far :

=d (5) Os

=> each loop passes
with prob1-8

so Pr[don't see O in any loop]

= ( -8)
% 8

=e 43
choose of

so reject with prob = 23

D



#m F3 78 St
.

VG St.=n

↓ st
.
G is E-far from -free

then G has &(5) distinct Is

Proof of Theorem :

use regularity lemma to get equipartition EU : V3 st.

= KET(E
,
2) =

need E sets in

patition so that no

equivalent: E=,3) set has E fraction
of nodes

how ? Start with arbitrary equipartition of into Lets

for '
= min[

,85 St= 3(2) pairs not

E-regular

AssumeI is integer

"Clean up" G :



define G = take G and

1) Vi , delete Vis internal edges
(if IVil small, few such edges)
how

many? Mon = En
↑

sum overday whini all nodes

2) delete edges between non regular pairs

how many? &(1) (ARE. =
un

# nonregular-max
pairs edyesperpina

3) delet edges betweendensity pairs

how many? (i
= =(d) =F

lowsensity ↑upperbounded
b alots for=2

Total deleted edges : < En



But G is E-far from O-free

(must deleteEn edges to make O-free)

so G'must still have a /I
Minthis cleaned up graph ,

one triangle implies manytriangles !

·

lowunsity-> so X In G'must connect :

· geo not regular 1) Nodes in 3 distinct ViV
Cerused internal edges)

↓
2) regular pairs

Cerused edges in non regularpairs
· ·

800
3) high density pairs

Cerased edges in low densitypairs)
%

: Gigik distinct St
. XtVi +V ,zergtheViVjVn all = E = 1 density pairs

+ = 00(3sregular = 20



8-

counting lemma >

-> j() I WIIva Os in G

where 8 = 11-mas
= 6'(5) Is in G

(and thus G) =
for 6 = 6 5% (TC<1)

3

·
7) runtime of property tester is O (18) ~O(TCE ,

313)
un

(t) Powerful technique! Toge
· similar lemma too-counting for all constant

sized subgraphs
· almost "as is " can use same method for

all "1st order" graph properties :

5 4
, 424z ... Um Y ... V R(u ,

... UpY--Ve)
# ↑ define via 1

,47 onbr queries
to adjacency
matrix



ic
. Fu , valy < (1 , w42 , Ugly ,

Uz4)
-

D

more generally ,
H-freeness for const size It

Dense graph testable properties :
· I-sided error const time hereditary graph properties

(closed under vertex removal:
chordal

, perfect ,
interval (

difficulty: infinite set of forbidden
subgraphs

· 2-sided error const time ~ any property that can

be reduced to testing
if satisfies one of

Are there faster testers finite # of Szemeredi
(in terms of E) for

partitions
specific properties?

maybe the reason the dependence on
E is so bad

is that the technique is too "general purpose" ?
still

,
C-free can't be tested in the poly (2)
(see next lecture


