
Testing O-freeness in

dense graphs :

a lower bound

superpoly dependence on E

is required !



Last time :

Algorithm for testing -freeness

with n dependence on n
.

but dependence on E was

out
2

: G

Moyle ↑
2

itrequired?



Intriguing characterization of bipartite graphs :

# [Alon] In adjacency matrix model,

complexity of Isided testing H-freeness property is

· ifIt bipartite : poly (1)
· ifIt not bipartite : no poly(Y) suffices

↑
today will show for X's

More specifically :

Th E const <St
. any

I-sided tester for

whether graph G is O-free needs

=>(
Clog

queries



A first main tool :

Additive number theory lemma

Ema Vm
,
= X < M = 51

,
2, ... m3

of size -origin with no nontrivial

solution to X
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+Xz= 2X3
~-

no 3 evenly spaced points
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, Xs X2
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+X2
z

will use X to construct graphs which are

(1) far from O-free

(2) any algorithm needs l of queries
to find ↓ (in terms of 2)
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Proof of Lemma :

Let d be integer (will set to elorigin)

#L (so k
us

define Xp :=&Xidfor<KB
um

①
view XM

no carries
-

in based
·

on sums ! partitions the
representation X's into

X= (X0 - - X
,
) groups



why the constraints ?

① Xis< => summing pairs
of elements in Xp

doesn't generate a carry in any location

(we'll see why useful soon ...

② use (along with Q) to show "Sum-free"

Laim Y = M (so X's partition M)

why ? largest int in XB-dL)-log
= mon =

m

Pick B st
. /X) maximized :

are size ofX
how big can 13 be ? B = (K+1) (A < K.*
-

equivalently, usingtha EX = B

how many B's
are there ?



how small can [IXis) be ?

IX
so 1 B st

. /I
using settings of d

,
k

, get

Isl2 com

So if this It i also som-free
,

we have the lemmal!

Cactually all Xp's are sum-free
,

so we will be good !

Chim VB
, Xi is sum-free

i?. X, y ,z@XB St
. x+y

= 22



Proof of Claim :

for Ny .2 EXB :

X+y
= 2 .2 Xid+ id =2

# XotYo = 22

X +y = 2= 3 since no

i carries

this is where we

X
,

+ yx
= 27k use constraint O

Fi Xi + Yi = 22

=> Fi X + y = 2 with equality only
if Xi = Y:

= Zi

why? fla) = at is convex
this is where we use

constraint &

using Jensen's F

(f(a ,
) + f(a)) = flat with equality only if a=a

=>I (X +y = (2)""" "Myi= 22
↳ (proof of note



So if X
, y ,zEX St not (x=y=z)

then F i st not (Xi =y
= 2)

For this i : X +y 722
For all other j : Xty22

CONTRADICTION!So

So we have sum-free XB st
. NBl=on

for 1
. b.

on A-testing,
not enough ,

will need another idea,

(but won't do it here)



A second main tool :

Goldreich - Trevisan Thm : (home work)

Adj matrix model

Property P 3possiblsave
Tester T with gln ,

2) queries

=> Tester T': "Natural tester"

pick glnel nodes

query
submatia 30 (g) queries

nonadaptive



Consequences :

· lob
·
for natural tester ofe/g) queries
=> 1 . b. for my lester of

e(q) queries
· reduction preserves

I-sidedness, 01.b · Implicatina

In our case :

prob[fail]inTriples

we will calculate #D's for our

lower bound family of graphs

need to find a class of graphs on

which natural tester doesn't findD (in gatlogt queries
↓ distance is big (> a)



A difficulty :

distance to O-free # # *'s

G
distance to X-free :

· need to delete =1 edge
·

in each

o
=> dist #disjoint O's

5 D's st
.

all I's disjoint

6'
⑧

· dist to -free = 1

~

5Es St
.

all D's share edge (u ,
1)



Graphs on which natural tester needs lots of queries :

given sum-free- = 51 .. m3

Vz = El .. 2m3
+xk

Ex
V, = 51 ..m3 Vx

2
Ex

kx
V = [1 .. 3m3

l+ 2x

· will abuse notation :

node should be (ijj)
in 91

,2 *31..m3

Es
will drop i if easy to see from context



·# nodes = Im -notexactis

·

Hedges = F(m · (1) = E(n/or)

·

# D's : [important for determining detection probability of
"intended" : of form j , j+X, jtzx algorithm]

m . (x) = 0 (n2/eon)
"

unintended"

V VeVs have no internal edges

any D
has YeU YeVe ve

Lel j+X
,

M label X2
2

labelsEXE
=> X

,

= Xz=Xz since X
is sumfree

conclusion :
but these are

no unintended I's intended !

Pr[pickO] = (r)/(5) small
,
but so is distance



· # digunt D's

[important for determining distance to O-free

given set of disjoint As ,
must

remove [1 edge in each

↓

"Absolute" distance from O-free

= ↓ (# disjoint O's)]

Claim: All intended D's are disjoint
(share no edges at all ! )

+x = K+Y

suppose not : X X = X/

Cargument for why they can't · j+ 2x = k+2x

share and edge,
similar

jo axax
argument holds for other edyes) %

since X = X1
, j = k ->

so distance to 6- free = OC*'s) = Elon) = F(m(X))



Problem needE distance,

we only have Effor distance

Lfor fix : "S-blow up"

G = G(s)
O

nodeu => size s u 0 08
in G independent set

3

~m . S
in GIs)

~ mix/ - s2
edga(, - complete bipartiteo O 3 00

gruph in G's
V

O

O

00

~mixls 4 inG => Sis in 61) = much more but
000

m

need to prove a lemma no longer
to show this disjoint

how
many edge disjoint D's ?

Emmaabsolutelist of G() from O-free = Hedge disjoint Os
= mIXI . Sh

Prof Show LinG =S disjoint is in Gls



Use SEAno

pick m largest int 2 Torgin so M2 log

So relative distance of G's)S
size of adjmatrix

=m E
Choice
of m

# D's m . /XI . S

= (2) log(/n3

If take sample of size o + run natural algorithm
EC#W's in sample] < (g) (2)cloy

Lisa

< I unless 92 (C)
Clogk"(a)

so by Markows +, Pr[O insample]<

since I sided error
,
most see o in sampletofalto


