
Lower bounds

via

Communication Complexity



recall :

Linear functions :

f "linear" iff Fx
/y f(x)

+ f(y)= f(x +y)

Today Consider f : 30,
13lasttime

we used n inseis

linear faturs = [f/FS-[d] stf(x)=Xi3

"parity fatus on a vars"

equivalently C-b st
. f(x) = (X ... Xa)(b)

where inner product
is [Xibi (moda)

u
not that role of Xab

New definitions
is symmetricconfusion)
(can cause

f is "K-linear" if

(1) linear also called
↓ "Kjunta" fath

(2) depends on K vars

i? Isl= k



For + : 50
,
139 + 50

,
13

k-linear faths = [f/7 SE[d]
,
ISFK

,

↓ f(x)=Xi

related to testing if fath is K-junta (depends only
on Kvars)

,
low Forrier degree, computable

by small depth decision trees...

A tester ("learns"f) who assume f(o)= o

t
else not

linear
· Query f on all e = 1000-010 ... 0) for i = 1 .. d

& it position
· =Gilfle = 13

·If ISl # K fail

· else test if f(x) =@ Xi for most X via

itS sampling
Old) queries .

Can we do better ?



What is Communication Complexity ?

shared randomness

$
75

>
L

Alice 7 Bob

has input
& has input

> b = b
.... bd

a = a, ... ad L

·

Can talk over

a channel

G: Compute f(a ,
b)

what does "Compute" mean?

do both Alice & Bob need to knowf ?

how many
bits

,
rounds required ?



examples :

1) fla ,
b) = (ai) ① (bi)

2 round 2 bit protocol AB: or flap)
2) fla ,

b) = Zai + Ebi
↑

integer addition

Ground
, Ollogn) bit protocol : A -B : Sai

B- A : [bi(orflab)

3) fla ,
b) = 51 it

an requires GClog a
bits with shared randomness

2 round protocols based on polynomial identify testing
,

Chinese remainder theorem...

4) fla ,b) = [1 ifSist requires O(d)
bits of

Communication



↓wehave
Communication Complexity lower bounds

↓

Property testing lower bounds

Idea : give reduction from C
.C

. problem to P
.

T

.

problem
↓

lots of greatworkdoneis
=> lower bad for C

.

C
. problem yields

lower bad for PT problem
↑ so we get thisalmost

forat



Example : A hard C .
C

. problem : Directorsrepresent an sets

SET DISJOINTNESS : Alie
d 1/2 to

a 50
,13 besid

do At B agree -> DISJ(a
,
b)=ion

known lower bound : &(d)

SPARSE SET DISJOINTNESS :

atb have at most 13 Is

upper
bud:

lower bound : &(k) = easy
end Kindicesa

(even if guaranteed that xxy intersect

= 1 time ! )

how can we use this to lower bound our

property testing problems .



Reduction from
sparse set disjointness

to property tester for 24-linearity

Shared Randomness

- bothAlicerB
a

> [

3

*ice
L Bob

En n bit rector a 50
,
139 Gen n bit rector be 50

,
139

withexactly1 ones
with exactly K ones

-

set t = Silai= 13 set B= ilbi=13

defines feth f(x)= Xi defines futh g(x)= X
:

itA

Question does h = fg
have 2k-linearity property?

notice:
if AlB = 9 then h is 2k-linear

if AlBF4 then his j-linear for3awe,
is

j= 2k-2 AlB = I



example) if a = 21 ,
1

,
0

,
03 b = 50 ,0 ,

1
,
13

A = 51
,
25 B = 53

,
43

AlB = I

f(x)= X
,0x2g(x) = Xz0Xy

h(x) = X,Xz@Xz@Xy = 4-linear

(2) if a= 3 ,,0,
03 b = 20

,
1, 1, 03

A = 51
,
23 B = 32

,
33

A1B = 523

f(x) = X
,0X2g(x) = Yz0X3

h(x) = X
, 0 Xz@X0Xz = X

, 0X3

n 2-linear

Observe
- for each it AlB

, get XX:
= 1

so two variables drop out of h

=> h is [K-2/A1B1)- linear .

So (A1B10 > not line
,
but howw from linear?



Not 217 linear => far from 2k-linear

Et if n
, thy are 2 linear faths (for my 4)

then # X St
.

h
,
(x) + hy(x)

=
# XSth

,
(x) = hy(x)

2d al
= Y

(will prove soon)

=> if AlBF4
,hisE-far from

akna

why is this interesting?

will demonstrate protocol for testing 217-linearity
usinga queries

Laborreduction c . C
, protocol for set-disjointness
of A

,
B



sharedrandomstring R
bits for As queries
T M

L ~

Alice runs prop test "What is answer Bob Simulates Ats

algorithm .

When A tomy next question?
"

ron onRo
2

needs to query Bob computes X N

h(x) = f(x)0g(x) :<
3(x

then g(x)
A

*

1) A computes f(x) &

2) asks Bob for g(x)
3)h(x) - f(x) +g(x) Note : Alice doesn't Asare

the

Total Communication :
need to send Xs

just f(x)
,
since - fix

29 bits Bob can compute is only
so

,
reduction of set disj to Klintesting X's from R
=> set disjointness

needs only GG
bitsfbut we know 1.b

.
of (14)

=>

q=(k)

Th k-linearity testing requires & (4) queries
(but linearity testing only requires Oli queries !)



Remains to prove this :

Et if n
, thy are 2 linear faths (for my 4)

then # X St
.

h
,
(x) + hy(x)

=
# XSth

,
(x) = hy(x)

2d al
= Y

(for general domainstranges we get =Ya

Proof
Given

hthsymmferen=(us)V2S4

wlog ,
assume it G

,16

pair inputs X
,

X = 50
,
139
i
bit

St
. X = x0(0 ..

01%...0) (so x*x' differ
Ci only on ith bit)

noteF pairs ,
h

,
(x) # K

,

(X) = since only ith bit
differs in X-

X

TitS,
, #S2

but hy(x) = hy(x)
↑ since i S2



so exactly one of

(h
, (x) = h(x)) + (h

,
(x) = hy(x)) hold

=> # X St
.

h
,
(x) + hy(x)
=

ad F


