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Riew:

X. y = EXiyi "inner product"

Xoy = (X
, Y .,

X
, Ya, ..., XiYj , ... XnYn)

"outer product"
Na
n-bit rectors * bit rector

Eat if at5 thenPrT
if ABC then Prf[A .B+ C. ] >Y2

=moda

(for proof of fact
,

see last lecture(

self-correcting : iff linear then Sc-f is linear
- uses Ollogy) queriesif f -linear to f
(but may fail on any

define g(x) : Do log t times input with

picky randomly prob =B)

answer:f(y) + f(x-y)
Output most common answer

then FX
, Pr[g(x) = f(x)] = 1 -B



self-testing :

Given f

Do O(Ys) times

Pick x ,y randomly
it f(x+y) = f(x) + f(y)output"fals

Output "pass"

If f linew
,
test passes

If f E-far from linear
,
Pr[fail] =3/4



Probabilistically Checkable Proofs

=> Input X

random string R

& -> Proof It
fixed function

VerifierV "Written in stone"3 but
poly time

Cor at least penl

Turing -

Machine. created by adversary
with unlimited

usesr randombits computational power.
-g queries to proof does n change after

queries
from verifier

Query to T : "What is ith bittword ?
"



& LE PCP(r
, g) if 5V (ptimeTM) Si

1) EXCL F I st . PrysYT accept-

string

2) ExkL FT' ProstTaccepts] = Y4
string

note : SATEPCP(O,)
= protis sayingrandomness

Today : NP = PCP(0(n3) , OI) <

Trazya
Actually: NP [PCP(Ollogn) , O( seeestantly

manyin



A warmup :

(recall : Eat if5 thenPrz

strangesetting: get "inner product queries" in one step

/only queries cost
, computations are free).

Test ifa = 0 in constant queries :

Do several times :

pick a S03"
if n :50 output "FAIL" a halt

Output "PASS"

Behavior :

if a = o will always pass
ifa to

,
fact => fail each time with proba2

why should we believe answers to queries are correct?

consistent witheach other ?

consistent with ?



Making the warmup "less strange" :

fix rector = 19
, 92 , ...,

An

allowed operations :
·

query a
· specify if a

query a. ISReachy
special

case of i = e
First idea for proof

T :

noteof - write out all answers to i (for each ij)
proof is 24

Har
Test ifa = 0 :

00, 000..8 O

000001 O

Do several times : 0000 0

00001 8

pick a S03" :
ask proof for value of air

if n :50 output "FAIL" a halt

Output "PASS" 111111 O

Problem : proof can cheat by writing all os inT

(and many other ways)

How can we test thatIt doesn't cheat?

Iwill come back to this
Idea : proof is a (extremely inefficient) way of "encoding" a



Back to 3SAT :

3SAT : F= /Ci St. < = (YiV YirVYis)
where YijEEX-Xn ,

Y - And "literals"

↑ herei is

Warning: "complement"
FROM Now ON

,
LOSING

First Crack: "BAR" FROM VECTORS

T PREVENT CONFUSION

T = setting of sat assignment a

a= T
, Az= F

,
Az = T

,
. 0 ·

10 1
...

Possible protocol for V
, given F:

pick random clause C

Check if a satisfies & =

3 queries
behavior : e .y. F= (X

,varXz)(X2VY,Vx)
if a satisfies C

,
then a= (1

,
0

,
0

,
0....(

Pr[Pass] = 1 random clause (XzVYzrxy)
passesFTF

if a doesn't satisfy c
,

then

Pr[fuil] = Pr(pick i st .
CCA-F]z notVery



Arithmetization of3SAT :

Boolean formula F arithmetic formula A(F)
over 12

u
T = 1 mod2

T0

Xi Xi

Yi 1-Xi
&13 LoB
&vB 1 - (1 - c)(1 - B)
2vBrU1 - (1 - 2)(1-B)(1 -4)

example X
, rYzVXy 1 - (1 -X)(X2)(l -Xz)

&ey point : F satisfied by a

iff

A(F)(a) = 1



Issuet: we like low degree polys . AlF) can have

Very high degree

Ideal: Lets deal with each clause separately with same a

nue2 : we are good at O-testing
,

not I-testing !
ideazi consider complement



Vector of clause arithmetizations :

Let C(x) = ((x), (x), ...
(

5 = complement of arithmetization of clause C

=> evaluates to 0 if X SatisfiesC

=>[(x) = (0, . .

., 0) if X satisfies F

Observe eachis deg =3 poly in x

(2) V knows coeffs of each Ci

need to convince V that Cal = ((al, (a),.
= (0

,
0.... 0

t V reading all of a



wo big ideas

1) encoding of assignment
- can access any linear fath of it

↓ any
bit in consistent

fast way

2) Ensure that lots of simultaneous

good things happen
- encode algebraically so that

·

"O = good"
- test rector = (00 ... 0)



Summary :

High level idea : special encoding of assignment

Encode satisfiability of F as a collection of

polys in vars of assignment
- one for each clause

- eval to 0 if assignment satisfies clause

- low degree
- V knows coeffs - depend on structure

of clause+ vars of clause

Note : we are only concerned that V is

poly time
,
here will not be sublinear

but queries
to proof should be

Constant !



Idea for proof it

· proof contains [(a) . r Fresgih

· if Vi, (al = 0
,
Pr[[Cal : r = 0) = 1

if Ji st[(a) + 0
, Por [C(a) . r =0)=

2

1)

P(C(a) r=1]
mod 2

arithmetic
recall the problem from before...

proof could write all os even if

Calor #O
,

so need to do more

What does &Calor look like ?

V doesn't know

AL
Er. (a) = N +2 + Ea: 9

j Bij + Z
A

i ↑ ijj
a

ejki9jAVij(moda)
*

V does know : depends on

From here on
:

his + coffs in

Yno relata
Vii-Zijk 3SAT



expe(X
, vXa)1(X , VX2)

↓ evaluates toatisfied
A(G) = 1 - (1 -X

,
)()-x2) = X ,

+X2 -X ,X

=> CCA) = 1-9
,
- 92 + a

,a)
= "Ase

A (() = 1 - (x)(1- X2) = 1 -X + X
, Xz

= Cz(A) = 9
,

- 9
, 92

& rCi(a) = r
,
(1 - a

,
- 92+ 9

,
92) + r(a ,

- a
,9))

=

rltlaaum

-

dez2
sat case unsat case

r Zric(a) at= (0
,
) a= 10

,
0

0 O O O o

01 9 .
-9

,92 O O

10 1 - a
,

- 92+ 9
, 92 1-0 - 10= 0 1 - 0 - 0 + 0 = 1

11 I-az 1 - 1 = 0 1 - 0 = 1



High level idea for proof : Special encoding of
assignment

· proof writes out all linear fetus of assignment
deg 2

deg 3

· A
,

(x=a . X

↑
fromthicateSaviors

all linear fitus
Ba(y) = (aoa)" - y 3=>

can property ety
Ca() = (a0a0a)T . z ↓

self-correct

Tester : makes sure Aa
,
Ba

,
Ca are close to linear

· uses self-corrected version of them
to always get linear feth.

But (11 What if they come from different

assignments a, at a" ?

(2) how do we know a is satisfying ?



More details :

A = all linear fatus A :* - A(x) = Zaxi =aixevaluated at

assignmenta

B = all degree2fans B:* Blyl=49, Yi =10evaluated at a

Calldegrees ((2) =

[iajanZijn= Conoa.

Proof I :

complete input/output tables of
,
B

,

I

hiefully A
,
B,

but need to check

we only care about one row :

chose from histX = 2
, y

= B,
z = 0

creffs of Cis

but extra info helps us check consistency



What does verifier check in proof ?

1) F
,
B, in "right form"

· all are linear faths
contest snearto

access five linear fath

· correspond to same assignment a

i?. A(x) = aix = B(y) = (a0a)T-

y
= [(2) =(a0a0a)z

Test consistency of self-corrections

(2) a is satisfying assignment
Check entries in encoding which give

value of C(a))

·all's evaluate to 0 on a



Festing1

1) F
,
B, in "right form"

can onlytestEnerato-
· all are linear faths access five linear fath

· correspond to same assignment a

i?. A(x) = aix = B(y) = (a0a)T-

y
= [(2) =(a0a0a)z

Test consistency of self-corrections

· Use linearity test on FB,
if linear pass
if yo-far

,
fail with prob = 1-d

(pick &' really smally but constant,
so that all lot's add up to

<8)
if pass - 18-linear -> can use with self-corrector

to get linear fuths SCASSCS1)

from now on.

· want that Sc*=X = Sc-B =Go => sc-E = Laoavaz



Test that Sc-A=XEsc-B=o => sc-Y =Laona :

Outer Product Tester

Pick random X
,,
Xa

,
X

, Y

Test ScA (x) · sc-* (x2) it bijaa;
fil

true

(
= (aXin) ·(2

L

holdsdo
= Ea :

9
; XXaj=XiajY

=

Sc - B(X+Xz)
~

not uniformly distributed

LestScA(x) - ScBly
= (aix) ·(bjYih

true if a bj = Lijk
Vi

,j , k
->a·bi XiYj = Eaiajatiyik

we use self-corrector
=
sc - [ (Xoy)

since not all m

not unit distributed
queries uniform



Analysis of outer-product tester :

if b = aoa
,
test passes (green equalities hold)

if by Goa :

A(x
,
) .A(x2) = a

X
, "Xa

=
X

I

a

a

X2 3by algebra

I X
,

Goa X2

?
=

- XI
test b X2

&by algebra

b B(X : Ya)
X,oX



if by aoa :

Fact => Pr[laoaxz b.xz]= (

if (noal · Xy + b - x2 then

Fact => Pr(X , (a0a)xz + xbX] = Y (**

=> Pr[fail test] = Pr[(*)r(**) happen]
EY4

so test pass
-> safe to assume b = goa

Similar argument- > safe to assume C = 90aoa

Query Complexity for part I

# random bits = O(n)

# queries to proof = Oli



Testing 2 :

(2) a is satisfying assignment
Check entries in encoding which give

value of C(a))

·all's evaluate to 0 on a

· call self-correctors= recover linear faths
a

,
aoa, aoga

· a represents assignment ,
but we don't know it

· a satisfies formula C(a) = ((a), E (a), ...
)

= (0
,00 ...,a)



Satisfiability Test :

Pick retu
↓fiths

of
i

Compute M
,
Gis

, Pis , Fiji's deg 3 polys

hisis Ziji
query proof to get Sc - E(d

,
... <n) = Wo

SL-B (B " Bund= W
,

SC - [(V Unnu) = Wa

Verify 0 = n + wo + w
,

+Wy (moda)

↑
hopefully means ErC (a) = 0

Behavior of test :

if FiCal = 0
, Pr[puss] = 1 -

if Ji st.a) to,

Fact => Pr[ErjEj(a) = 0) = 12
So after K times

, Pr[pass] = Yak
= random bits = On)
# queries to proof = Oli)



Conclusion

PCP protocol for 3SAT in which

verifier uses :

0(n3) random bits

2011) queries


