
Lecture1

Topics:

· Intro to course-
see slides

↓
·

Approximating diameter of point set

· Sublinear time approximation
of average degree



Estimatingthe
average degree of a graph

def Average degree=deglu)

Assume : G simple (no parallel edges, self-loops)

& (n) edges (not
.

"Ultra-sparse")
·

Representation Via adj list + degrees :

d(v) moder

#
· degree queries :

on v return degly)
· neighbor queries ; on (ii)

return th
6

br of v



Estimating Average Degree

Given G = (VE)
20, 1) approximation parameter
Gt(0,1) confidence - lets assume

5 = Yy

Output & st PrCl- = Ed] = 1-8

where = A Laverage degree



Naive sampling :

Pick O(??) sample nodes V... Ys

output are degree of sample :

↳ [dey(vi)

Straightforward Cherroff/Hoeffling needs & (n) samples

lower bound ?

dey(1) dey(a) g de(n)

-0 m0/0 o
need -(n) samples to

find "needle in haystack"
&

not a possible degree sequence!

nt 111111 is possible



Some lower bounds :

"Ultrasparse" case :

o edges vs
.

I edge

need & (n) queries
to distinguish

=> multiplicative approx needs -(n)
->

are deg 22 :

n-cycle J= -
US .

n-coun cycle Juatch
+ con-clique

needM(n"2) queries to find

clique node



Warm up: regular graphs

Assume each node has degree

MaybeHa tooAlgorithm : output Beasy ?

Go-
Better warmup

: almost regular graphs *
Assume each node has degree

in [* , 100] (so D= =100

- notation :Algorithm,a In (48) XEnD
means pick

For i I to K do X uniformly
from Set D

· pick we EV

· Xi < deg (v)

Output +yXi

on



Wow !!

Runtime 0(2 Int) =
no dependence
↓ or n

Behavior : What is the expected value ofd ?

Claim E[] = i (True even without assumption)

#
E[] = +E[Xi] = E[X]

~

↑
↑ id

linofp
= Endeg(r) = Elev +V

How likely is a Lactual output) to be far from

its expected value?

Claim Pr[ld-l = En] = 1-8

If

Will use following version of Chernoff Bod :

# let Y, Yn be independent random variables

St Yie[01 -Y=T Forbe

Pr[lY-Elis) - b] = 2 · exp(-2b3/k)



so can't use Chernoff
↓

Note : Xis are not in [0 ,1) but are in [0
, 100]

Normalize ! let 2: then ZiLOD ***

let 27 so = EXi= . 2

-

+=E[] = 1E[2]

We have: In- = en 12-E[zT1 = at
↑

E[] = 12-E(z]) = 1 . ad
10 -D
-

--

&
we

want to

Use Chernoff on Is make surethia
with b=

Pr[12-EC21 =#]12 .

eth)
108

- to .K ***
0=

2e A
New by
assumption on all- degrees =

k=5 -Le-e



M : it is a lot easier to estimate

averages when the variables

are all within a constant

factor of each other.

*** marks where this assumption
was used.



GeneralCase : "Order" edges to control outdegree

Our plan :
define total order "2" on nodes :

↑ assume distinct
ID's

def
.

UXv if

·

deg (n) < deg (v)

ora deg (u) = deg(v)
↓ ID(u) < ID(v)

degt(u) = # ubrs ofa stu LV

orient edges from small to large , degt(u) counts "out-edges"



Observation & degt(u) = m =A

(since each edge only counted once

instead of twice as in Edeglu)

idea estimate average (degt(u)

problem ? We can query deg (u)
not degt(u)

benefit : Brow
O

Lama Fre degth) Em M
&

roof

5

2
Consider order of his by < % example : 10

val

·

·



low VIH H high
desihn degree

Vis ordered V Vy .... Up... V
... Unn-m+ ->

=L -> ->by T edges can only
- pointo o

define HEV to be Jam nodes

with highest rank (degree) wrt2

heavy nodes : + (v) = Em since↑ v = H
, dey

edges "leaving" v go
to bigger nodes

(which most also be in H

light nodes :
F We VIH

, degt(r) = dey (v)
= Fam :

Why?
if not

, dey (2)
>Winassume

for
contradiction

but all win It have

day (w) = deglt >Em



so total degree [div)
-

IHTa sonypiateaun

from UH

> Em -m = 2: m

but sum of degrees = 2. m

-

>m
"symbol contradiction "

New Algorithm :
k= in

of V

for i = 1 to K

-
neighbor

(1)
pick VitrV
pick Ui Er NIVil

(2)

if Vicki than Xi=2 degh
else XitO

return= Xi



Question to think about ;

Claim ECXi]= Why the "2" ?

If

E(Xi) =&Pr[w chosen in (1) · EXil 2 chosen inla

=En
:EXilv chosen in1

=*&Pru chosen in Car chosen
ina

XE[Xi/n chosen in 2) + - chosen in(11]
-

if ran

then
= treeN)gar) · 2 : degle)

X = 2 dey(v)
+ r2u else Xi= 0

=
= E.[ degt = =

#

But how many samples do we need to

assure that we are close to

expectation ? Here is where we use

the lemma !



def
.

Var[X] = E[X]]- EEXE

Claim Var[Xi] = 4m

# Var[X] ELX]-ELXE[X] Gas
above

=
= de de,a

key insight

-Zim E deyl

14
·Zi · &

#

2 useful facts about variance !

· Kemmalet Y= where Xis are lid

so can Timportant
-> then Var[Y] = E Var[X] but pairwisereducteeby independence
5 I is goodsampling more

averaging · Chebyshes +: Pr[(X-E[X]) = b] < VrEx] enough



&dortpt
Gemma
Polld-E]

E[c] = @ by lin of expectation

Var[]EFam . I

_
since = Ela]

Pr[l-1 =] = Pr[l-E[]1 = Ed]

= Va S

=

Im tk
"

==mik
↑

= Un

↑rem pickin

Ety since Em=
< I since
-

we assumed
=> good estimate with prob = 3/4

How do we improve probability of success?

see Hw0 !


