
Lecture 3

Sublinear time algorithms
for coloring graphs



Graph Coloring

&f a proper -coloring of G

assigns colorG from E1 ..3

to each EU st. (UE CuFC

· in general , NP-complete

· important case solvable in linear time "DH-coloring"
max degree -
C= X+ 1

always exists since
=D ubrs I can

Greedy algorithm :

choose from O+

runtime : E for each veU ↓ colors

O(nD) assignCo different from
= O(m) all In for utN(u)

Can we do better ?



Yes !
#m [Assudi Chen Khama] can &H color in

timeCn on) time.

This leature : simplification of (ACK] by [Assadi Yandanyar]

(slightly less efficient in log factors)

Note : if O is Olin)
, greedy algorithm achieves thin.

Question: what to do if D is &(on) ?

new idea:

& picks random color cel ...(+1)

↓
goes over all vtas colored C to check if

one is a nbr. how
many
uks ?

thought experiment : if utes randomly
colored /which they aren't) expect
n/Δ= O(n(n)

↑

(since assumed X =(5)



Greedy algorithm :
Fr

,
check all ubrs a see which colors free

New algorithm :

Fr
,
check all utes colored c + see ifbr

Greedy is good when "few" nbrs

New algorithm is good when "few" vics of

each color Lequivalently , lots
of colors)



Algorithm :

1
.

Let C
,
..C+ = & Initialize.

invariant : C = vtcs colored c

2. Let v
,
... On be uks in RANDOM order

For is I to n :

a) sample <Eu[+ 1]

6) F neC check if a nor of Vi

2) if nonbrs in C
,

color I with <

update C
,=CvEvid thalt

else go
to 2a + try again

2 3

6 When color node 6 :
I

5 7 Cgreen [13 C
black 523

4 Cpink EsChire 3



Input representation

adjacency matrix

(need OC
query

time in 21b) - is Ju,<E
?)

Behavior

terminates => legal &H-coloring

Runtime will show OGlogs)
let Xv : = queries

to color v

if I tries colors <"42 before success
,

Vi is

Yv=l
tee

colored

& can be D
,
but unlikely

<t
at end



- Sumoverices

E(Runtime of algorithm] =ECO(i) · [Xv]
= Oll EE(Xr] InetyStation

bounding ECX] : E Fix ordering of Is-

Let dey
*

(v) = # of nbrs ofI appearing
before u in ordering

Li2 EEXEdeg4]
& this value

depends

Warmups : on ordering
ofis

11) Pr[color < "good" for]
=

Pronot

usedbypreviouslycolored
a

21-detil
Δ+



randomlychosen ↓ fix vi↓

(2) Expected # queries
for single color in part (b): only count

one loop

EccotpC#queries forc]=
~ at end,

Cs partion V
&A so sum = N

Proof of Claim1

E[Xv]= Pr21st sampled color for I was <]
· E[X11 1st sampled color for was <]

-
what is this ?

Xo involves/C) queries
with what - ifa good for o then Xr = /Cd done !

probability - else 2 bad :
are we

in each E[Xvl 1st sampled color for wis?)
cuse?

= E[Ib + Xv] = 1C. I + E[Xr]
B(r)= bad colors for- - back to beginning
1B(r)) [deglot



E[Xv]= Pr21st sampled color for I was <]
· E[X11 1st sampled color for was <]

↑

=+EECEB(v)

+ EEX &
↓

=>

EXde
*

So
,
Eltotal runtime] = OCI) . [EGXw]

y dependsoe ordering= Oldest
~

dto bound

This was analysis for fixed ordering It



serve :

if degln 1 E then random color a

is free with probe

if
Edey then C free

with probYy

if
34[dey'r= then a free with

prob2Y8

still not so bad...

but what if deyiv) = 0 ? that is pretty bad...

- it could

happen at the end.

Idea it would be great if deg>2) random !

the ordering on vertices is randomly chosen

=> Claim rank of 2 among urN(r)

is uniform in [1, ..., deg(u)+1)
=> deg'lit unit in [0 , ..., degio(]



Now do analysis for random ordering IT
ECruntime]= EECruntime Itt]

#

= O .Edege]
*

*
↑ ↑

average by claim ↑
d = 0

over rank(y)
in WUN(v) why?

Let A=
RHS

RAS = are value of A

LIS = are value of smallest dey (ot values inA

=>= more complicated
analysis removes

log

- ((n(6+ ) + 1) ↓
so Efruntime] = O()[((H) +) =Op


