
Local Computation Algorithms :

· the model

· Maximal Independent Set



Local Computation Algorithms (LCAs)

when input and output large,
do we need to construct full output ?
... " " read" input ?

LCAs provide fast
query

access to output

Input x

~

_ probes

queries > LLA Yi
,
Yiz

i , 12
.

G

Output y

& not actually
written down

anywhere



For example:

X = description of graphMaximal Independent Set :
Y = (y ... Yu) Sit. Yi = 9%ifmodes in Ms

of UEV is a "maxim independent set" (MIS) if

(1) F U
, Uz
EU (U

., U) /E "independent"
2) A WEVIU st

.

NUSW3 is independenanomal"
G has max degree

Queries : is node
u

in MIS ? - do we need to

? compute whole MIS

in order to

answer ?

Problem: lots of MIS's possible !

every u is in some MIS

can we always answer "yes" ?



How to define LCA ?

more than one "legal" output ?

depends on query
order ?

need to remember past answers ?

would like answer to be "No" for above



d of is "Local computation algorithm" (LCA)
for a problemIt if

· given
: · probe access to input X

· random bits r

· local memory
· answers queries

to bits/words of

*(x) 4 what
y ETT(x)

more

than
soln ?

maybe Y =TJ(x) determined by random bits

·

memoryofLCA"wiped"clean
between quests

note :Can't
* ↓ queries i, ↓ depend

on other↑ let
yi

= output of LCA on i
queries I

since "wiped

Fx
, whp overr,

then Yis must be consistent withOFqueries y a legal solution for input X . (e .g. ETT(X)



can we provide "illusion" of fully constructed output ?

Input x

LCA LCA LCA LCA L CA

↓
y .

Output yy8 Ye Yu
95

Y 3
Y2 Y

Equivalent model :

·

many copies ,
each gets only one question

· initially share (short ?) random string
· afterwards compute independently

· sublinear time
, space, randomness



X = description of graphMaximal Independent Set :
Y = (y ... Yu) Sit. Yi = 9%ifmodes in Ms

of UEV is a "maxim independent set" (MIS) if

(1) Fu
, UzEU CUUKE "independent"

2) A WEVIU st
.

NUSW3 is independenanomal"
G has max degree
# MIS can be solved via greedy

but maxim Independent set is NP-complete

Pan a show distributed alg for MIS in K rounds

· convert to7 subliner query/time algorithm
Jusing reduction from last time)



Distributed Algorithm for MIS :

"Luby's Algorithm" (actually a variant... (

· MIS = &
· all nodes set to "live"

· repeat K times :

-(inparallel
· F nodes 8

,
color self "red" with proby else "blue"
send color to all nbrs

· ifr colors self red
,

+ no othermbr of w

colors self red
,
then

· add v to MIS

· remove o t all nbrs from graph
(set to "inactive")

· all nodes output status ("live"; in MIS
,

not inMIS)

* (For
purposes

ofanalysis ,
continue to select colors after

removed but don't send to nbrs)

& Pr[A rounds til graph empty = 80logn] = In

& EC #rounds] is O(x logh) = can improve !



ManLemma : For live v
,
PrLW added to MIS in a round]?to

Pof :

Pr2r colors self red]=y

PrLany weNbr() colors selfred] = [WENI)Ex (union bad)

=E (degree bnd)

: PrC2 colors self red no other nbr colors selfred]

=>G

. (t-E) = to Lindependence
&

48 . K'
I

Lemma => PrCr live after 4.K . 8 rounds] < (1-0)
u

I
= K Eek

Setting K:
if K= 0(8 logn) ,

PrCW live at end] < -Ollogu
I can do better

=> the

Problem : when sequentially simulate o(logn) rounds,
& log&

need &Ologn) complexity ....

not sublinear in n @~ N
~



↳

· define "Luby-status" :
run Luby for K = O(Dlog) rounds

at end
,
each UEV is one of

live

E in MIS
=> setselfto redd

not in MIS 7 taken out by nbr inMIS

·Use (Parnas-Ron] (distributed-> sequential) reduction
to simulate I's view of Luby-status in sequential-rounds

manner : K

↓= 2010log) queries↑
degree

· if v is in/not in then done

elsei is alive - what do we do now ?



QuestioWhat
is probability thata still alive?

PrCr inactive) = Pr(survives & log) rounds]
for anyC +

[e-0lflog) < t for proper
Choice of
constant in

very few stay active ! # rounds

· how much work to "finish off"a ?

Kinsight distribution of live nodes !

OO
big clumps of surviving nodes in

surviving nodes? small connected

NO ! components

relies on degree bound of graph
=> survival of components - independent



sequential
LCA for MISI) : runtime

~

· run sequential version of Lubystatus (2) &
o (OlogA

· if it is "in"/"out" output answer& half

· else
, (1) do BFS run Lubystatus (w) 010logx size ofC

at each newly visited node, component
to find I's connected component
of live nodes

(2) compute lexicographically first MIS M' for

use ID's/ that connected component
to determine

(note that nbrs outside connected component size of
lexicographical are all "out" of MISS componentorder

(3) Output whetherw "in")"out" of M'

what is size of

component ?



Bounding size of connected components :

&im After 0(D log2) rounds ,
connected components

of survivors of size [O(poly() · logn)

=> can find whole component via BFS

"brute force"

total runtime is O (GODlogo)· logn)
un

0 (poly(8) logn) calls to

"Loby-status"
Main difficulty'

· survival of r a nbrs not independent in a round

· not independent of previous rounds

will show : (any big set has lots of independent events

(2) lots of independent events unlikely to

happensimultaneously



Bounding survivors: independence between rounds

some interesting variables...

Ar = 9 if r survives all rounds

0 O .
W.

Bu = 9 ! if Around
sit.

.

W colorsself

no weNA)
colors self

~
↓

By g

might not mean that ~ EMIS

e. g.
ifI inactive due to nbr being put in MIS

in earlier round

Note : Ap = 1 => Br =

e.g. survives => Around St
.

2 colors self

& no weNtr) colors self*ot
Pr[Bv =1 = (1-i) logob this thesrevesisvo

surviveproble round

for C = 20 * between rounds!
in algorithm



We care about the Ar's
,

but the Bus
have nice independence properties

distance 3 %

Br depends on Bw

& Bu depends on B2

-> but But Br are

·w 2
U

independent !*

y -

T

distance 2 :

Br + Bz depend
on w's coins

,

so not independent

deg = 8 => each Bu depends on [82

other Br's



Plan to bound size of connected component:

size I W BUT
↓ ->

·

any large com component has lots of thereare lots of

nodes that are dist ? 3

3
large conn comps !!

~ do We

so independent! need to

· these independent nodes are unlikely to
union bound

simultaneously survive ovea
sets of size

W ?

#

Define new graph : the hope
... nodes in new graph

are independent ?

Let Gl= graph with
nudes~ Br FVEG

edges w But Bw distance = 3

in G

hope : represent independent events !!
dey(6) (but not there yet



(3)
G G

-What is f(3) ? ·

·I.b .-

8) might not even be connected ?
·

First
,

Let's simplify conn . comp. to trees : ·
&Observe: # conn comp in GB) of size w
·

·
& ·

# size w subtrees in 613)

w ?
map each component ( to

arbitrary spanning tree of

mapping isH (but could have

many spanning trees per component)

great !We are good at counting trees !



Cam For (live) connected component 5 in G,
G(3) contains tree with vertex set T

assubgraph
II ITI big !

(2) distlur) = 3 FU
,
UET Eso independent!

G
& PickT greedily 90

1. pick arbitrary 2 =E

2. repeat until I empty
3. movea from 5 to T

remove all u with disty (n
,
v)3

from J
so
(u)fG)

4. pick new node NEE ↓
St

.

dist
g
(u

,
v) = 3 for

Some UET

# : for each2 put in T, remove & nodes from
I remove v

total21



How big are the remaining components ?

LetS > log 3N

Let Ts = &TIV/ITI = S
,
all u,utT have distE

↑G rT connected in 613) E

Pr[7TETs St
.

all nodes in T survive]

=> Pr [ all nodes in Tsurvive] union bad

TETs
-note that if we had union buded

= ITs)( overall subsets of nodes of sizes,
S

L
we would haveN

=

(N . (09) : lots)= see next page
for bound on Atrees

(so
, unlikely any size s tree survives (

=> with prob22/3 all surviving conn .
comp.

have size [(*1) · log13)
= O (O2logn)



How many subtrees in a degree bounded graph ?

↳thm #nonisomorphic trees on w modes ?4W
~

ignores names of
nodes

(just shapel

↓r #size w subtrees in Nodegraph of degree = D

is < NoyW . DW = N(YD)
W

considers
- names

of
->

nodes

Wy
· choose root in H #choices
· choose size w tree shape yW
from "known thm"

· choose placement in H ED choices for 1st child
I (

L nd
via DFS sequence

2 step
*

*

*

total #choices : N.pW . DW

= N(4D)w


