
Lecture 9

Derandomization via method of conditional

expectations
1

Uniform generation
- Uniformly generating satisfying assignments

to DNF formula

Counting problems
- # P



Derandomization via the method of

conditional expectations

Idea : view coin tusses of algorithm
as path down tree of depth m

,

# coin tosses

% 1

%1
depth m = # coin tosses

·

· of ... /91 ~
a aaa & &

good bad bad bad good good

alternatively : Co. for...or Co..
1... 18

41 .--

cutvalues

good = correct/reachwitness/good approximation/Pass...

good randomized algorithm -> most leaves good

iden : find a good path to leaf "bit-by-bit"



more formalin
Fix randomized algorithm A

input X

m = random bits used by of on x

for Kim + r
,

... : = 50
,
13

let plr.... fil = fraction of continuations Good
pprox

set 1sti bits
- that end in "goteatto r...ri

picklittandomly er, ... ri) = average cut value if set

first i nodes to ri...ri

p(r, ... ril = t . p(,... r0
+ E p(r...nl)

by averaging ,
I setting ofFit to 0 or

Yan
weSt

. p(r... rix) = p(r...) figure out

which one?



if plr...) = plr : ri) Fi

then p(r, ... rm) = p(r.... rm-1(z ...
= p(r) = fraction of

goodpaths
↑ = 213
this is a -

leaf so arbitrary
value is I or 0 => picking best const2Y2

but if 1213 branch leads
it must be 1

to a good leaf

#inissuewe choose best With setting at
each step ?

Example Max aut (second way to devandomize

(recall) algorithm :

flip n coins U : " In

put mode i ins ife & T if Vi=

Output S ,
T



/

Crecall)

Analysis : ↓
u

,vonopposeet

Let Zur =Ed itru

Cut size =tur
E[cut size] = Elcetur]

=EEC1yr]=Pr[In
= & Pr[( =10= 0) or (r = 0 +n = 1)]

(G ,
r)zE

= (E) · [H + +) =

So expect to the edges to cross cut.

Note ; E[cutsize] = => J cut of size E
2

um -

averageseed must be one

that is at least

by algorithm as big as the

average



derandomization :

e(r.... ri) = Ep.[(ot(s ,/ given r choises madea

e (no choices fixed yet)I (previous lecture

how do we calculate e (r, ...rix?

Let

So
Vix = Enodesj(j7 i + 2 +jen3Zundecided

so :

mainsighto
elr: rit = (edges between Sit Tir I

+ # edges touching With
(follows from same reasoning as last lecture

#ke: don't need to calculate er.i
Might#2

just need to figure out which is bigger
ecr....r0) or elr. ...All



how do we do this ?

· Hedges touching Vi same for both

· Sit
,
Tit & Si

,
Ti differ only in placement ofit,

&

edyes touching U, going to Sitti
ledges to Win are some no matter

which choice made
to maximize place node its to

Si Ti maximize cut size ;

·Vi+1 compare

Mi v
Fedges between Vis

=> can deterministically pick whichahoice gives

bigger #edges

yields : => if do this for each i, get
solution which is I expected value

Greedy Algorithm in deterministic way

1) S = 9
, +=

2) For i = 0 ... n

placeIn in S if Hedges betweenWith
else place V in T



New topic : uniform generation
Uniform sampling of satisfying assignments

to DNF formula

DNF Formula :

"

or of ands"

e .g. D(Xi =Xn) = X
, X2X3 V X2X3XyXioVXaToXn V

.

Noimplicitther to writeea

Eask : Find satisfying assignment tol

easy !

pick one terma set literals in it to true

(satisfied if I term st
.
not both Xirx in it)

last : Find random satisfying assignment to l
& uniform over all sat assignments



Is it double ???

Easy special case : Only one conjunction

F = y , 1421 ... 1Y for Ye EX,

Y,a,e.

e .g. F
= X,2Xz

sat assignments = any assignment sit.

X
.

= T
,
Xz = F

,
X3=T

random satisfying assignment to F :

Let X
,

= T
, Xz = F

,
X3 = T

↓ pick Xy ... Yn randomly &T, F3

in general , satisfy literals in
↓ pick other settings randomly



I woConjunction case :

Algorithm Attempt : exyle : X
,X2VX3

pick 1 + 51
,
25 pick 1

set vars in conjunction i to "fire"
set X

,
= Xz=T

set other vars randomly
set Xz= T

Allassignmentis

Osatisfy satisfyxe
Y

,X2 =Probic pixs=F

Pr[output TTF] = 2. " = Yy

Two problems

S PrCoutput TFT)=prob piwhich make it not
X=T

uniform
=Y8 Xz=F

ruction1) and cony
has more Pr[output TTT] =

sat assigments 2t + t .+=ch X=T
Xi = T

2) some assignments ↑ ↑ &
can be chosen multiple pickl pickXs=T pick 2

ways



main ideas to fix algorithm :

1) Choose conjunction proportionally to # sat

assignments
2) if assignment can be output in >1 way,

"Correct" for it,

"rejection sampling"
All assignments

3 times more likely
to be picked .

A2 -

correct by
IA 2- tossing coin

-
of bias t to
decide if to

L output

-
2Hig
more

likely to

bepicked tossing bast coin to decide if to outa

Let An <EX = <X,
..Xn)) X satisfies Ci3

assignments that satisfy clause in



Algorithm : Input : 0=C
Conjunctions

Let An <EX = <X
,

...Xn)) X satisfies Ci3

Repeat
Pick i with prob

we already
saw ->

how to do
Pick uniform assignment 5 in Ai

this

Let t/5j) 5 satisfies Aj3)Sinefieis
Output 5 with prob Its

Until succeed



Uniformity :

- 5 st 5 satisfies & :

Pr(output 5 in round is = ↓ &PrSpickk in roundio
kz[m]
St

.

5 +An

=- E · Tht K S
.

T
.

S

57 Ak

=
j j
-

same for

all isty a
Runtime:

PrCloop succeeds) = maxte = In

EC# loops until succeeds] Em

time per loop is poly (m +n)



Counting Problems

# P = class of problems that count

# accept paths in

poly-time non deterministic Turing
machines.

#P-complete :

· in #P

·

every problem in #P has

Turing Reductionsearch to it

#SAT : # of assignments satisfying Boolean formula O
# p-complete !



DNF is in PEIs #DNF easier ? So shouldbe

&nattoor bot. Not if PFNP

easyll
sof

goo

a DeMorgan's law'

Why ? Auction
Given O in CNF

Dis sat iff I has I unsat
↑ ↑ assignments
CNF DNF

P =NP E ability to exactly => ability to exactly count
Count CNF

I

in poly time BNF in poly time

#ANF is #P-complete



ApproximateCounting

Fully polynomial randomized approximation Scheme (EPRAS)

Given O
,
E

St
.

2 = # sat assignments to Q

Epot y St.

F = y = 2 . (1+2)

with prob =3/4

#pe : runtime poly in 191
,
t

E

..

-


