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Approximate Counting
- connection to uniform generation



ApproximateCounting

Fully polynomial randomized approximation Scheme (EPRAS)

Given formula O
,
E

St
.

2 = # sat assignments to Q

Epot y St.

F = y = 2 . (1+2)

with prob =3/4

#pe : runtime poly in 191
,
t

pset 1 problem1 :

algorithm that satisfies "hope"
=> poly in 101t log"PosteI

approxerror

too much
approxerror

"Confidence"



FPRAS for SAT ?

FPRAS for SAT = randomized

ptime algorithm for SAT :

#gorithm for SAT : Given formula &

Call FPRAS on 9 with 2 = 12
< anyrks

if output >O output "Satisfiable"

else output "unsatisfiable"

Correctness if O satisfiable
, #71 so

y > is >0 output Sust
if I unsatisfiable

, #0
= 0 so

y = 0 => output "unsat"
-



Exact vs . Approx Counting

Counting #SAT assignments to CNF is #P-complete
iS , 19 [S

DNF
1/ -

Il "perfect matchings in graph
" I

111

spanning trees
in graph is in Playtime

Is it hard to approx count?

CNE hard

ANF polytime a today

Matching polytime

Spanning trees polytime

your favorite problem?



Fully polynomial randomized approximation Scheme (EPRAS)

Given O
,

E

St
.

2 = # sat assignments to Q

Approx counting for Apot y Sti

DNF :
F = y = 2 . (1+2)

with prob =3/4

Will use:

11) uniform generation of DNF sat assignments

(2) "Downward self-reducibility" of DNF

Downward self-reducibility : (dsrl

can compute problem by solving
smaller subproblems a putting
together answers via polytime
computation.



Why is #-DNF dor.?

# D(X ,
... xn) = # P(X ,

= T
, X 2

,
. . . Xn) +

both are
-# D(X ,

= F
,
X2

,
... Xn)

still DNFst
but in n- 1 vars.

e .y .

# (X , *zVX ,X2V *2)

= #(2)
= # setting X= F

t

# (X2 VX2VI) #settings
where X,

=T



Downward Self-Reducibility Tree

F=# ((X , .Xn) = Fo + F
,

F#0 (F, Xa:Yn) G F = #P(T,Xa, .
. .Xn]

= For t For = Fo +Fi

For Fo & &

#O(F,F,X 3
,

. ..Xa)
#P(F,

T
,Xz ...X)

Fo F

>
&

#D(T, F
,Xz ...Xn) #O(T,T,Xz ...x

-

each node -

is sum of Y
children

(

&

1
/

⑧

M &

leasis Forcio ...

! tree se
# DCFTFTTFTFTT..)
-

DNF in 0 vars

=> either True or False



example

# (x
,
*zVX ,

Y
2 VTz) = 3

X=F Y
,
= T

# (2) = 1 # (x2VX2Vz) = 2

= #(T)
Xz=F Xz=T

Xz= F Xz= T

T F T T

I
# ⑧



Approximate Counting Algorithm for#DNF

F

/
Let S= = F = F

5
w

Fraction of Sat

assignments
St

.
X,

=T

main insight : for DNF
,

we can estimate S
,
via

sampling !
we know

-
ts how to

o uniformly generate K sat assignmen do this

·,X
= T for DNF!!

But how do we computet?

recursively !

recurse on formula with one fewer variables
F:Etestimate



F

% F
S F= F_bbbiSbbabs5b

,

·

/Foiba
=1

Fb ,babs #Sb bi
%..

Potential Difficulties :

·

F b
,bz

. bu 1.If Fb ... by
= 0 this doesn't

work

2.
Is approximation of

Sb
...
bi's

good enough?Only getadditive estimates
s

Adea Always take path of "larger" child
↑ might guess wrong

when both have lotsClaim if always pick of SAT assignments
~

bi st Fb
,b: Fb . bi

but soon will show

then always reach SAT that is ok

assignment leaf.
(So Fb.. bu

= 1)



↓n estimate each Sb
.. b.

to within
on

additive error(using Chernoff buds
,

need only

=> if Ir = / poly (2 , logon) samples
to get error < in)

r +2 r(1 + fr) = r(1 + z) ↑
unionn 4

bud over*
slight issue : might be estimating 1-r

all i toif pick wrong path.
We will ignore thisfor

get prob ofnow
,

error
r-En = r(1-r) 2r(1 - 2)

g 8n

Claim

outputFib
->

I =F
-

Ies
similarly , output

m



Recursive Algorithm
· estimate So

,
S

,
from unif generated
SAT assignments

let b
,

= argmax [So ,

S
.
3

· recurse on Fo
,

runtime ?

= n . #samples to getIn additive error runtime of
uniform generator↑ ↑ I

n

#recursions

polyIn a poly in n

total : poly (n ,
2)

PrCalgorithm fails]-Prestimate bad)D



Works for
any

d
. S

.
r . problem !

polytime Calmost)- uniform -generation of
solutions

GH ↑
what about this
direction ?

polytime approximate counting of Asolns

# [Jerrum Valiant Unzirani] for
any problem inNP

that is d . S .
r.

Ptime approxcounting ptime almost uniforis

generation



Ceasier case)

(Perfect) counting for #ANF =>

(perfect) Uniform generation

F Recursive algorithm:

F.F at b
,

... bis
Fo/ Fi use (perfect) counter to compute

*

&

⑤
To= Fb

....60

4 = Fb
,

... bil

go left with probr,
↓ right O . W,

&aim (1) always reach SAT assignment
since never take branch with O SAT assignments

underneath

2) Pr(outputbu) = E . Ebe .EbSAT assignment

# same for every
sat assignment



Question what if only have
approx counter ?

#wer RHS = E (I is
if choose E'

=> close to uniform generation
of sat assignments


