
Lecture 12

· Linearity testinga self correcting

· Basics of Forrier Analysis
on Boolean cube



Linear Functions

f : G=X

G is fuite groupa

def.f is "linear" if

Chomomorphism)

V x, y
= G f(x) + f(y) = f(x +gy)

↑
to is "plus"

↑
toisplus,

e .g .
f(x)= X

in
groupI

f(x) = ax mod p for G = Ep = H

filx) = Zaiximoda for G = EH= F2

f is "E-linear" if 5 linear i
S

.

t, fog agree on 21-a fraction

of inputss.



Notation note that the following are equivalent-

Statements :

· frg agree on 21-3 fraction of inputs

/f(g(,x32E
· Prx g [f(x) = g(x)]z 1 - 3



First let's see some useful things about linear fiths :

A useful observation : Extha
we

FayeG Prx[y = a+ x] = Fal

since only X = y-a
satisfies equation

=> if pick XpG

then atx is also unit dist in G (a + xepG)

(but not independent

example
If G = FC with operation

(a, . . . an) + (b , . bp) = (a
,
0b

,, 920bz , ...,
antbul

them
1010) + (b

, babybul = Cob
,, loby , lobs ,

ooby

is distributed uniformly ifbs are

why? o eachGoodo's indepfor!



Self-Correcting : also known as "random self-reducibility"

Given f :GtGst
.

F linear g
: GtG

stPCan compute g(x) XX !
for i = 1 .. cloyt

I Pick
yep d

answer
:
= fly) + f(x-y)

Enote: xy is unit dist

Output most common value for answerovergroupration

f

are uniform
overoption

on

Claim : PrCort put = g(x)] = 1 - B
both y

+ X
-Y

Pf
-

Pr(fly) + gly)] Y8 of
since by unionbouna oral

with prob=3/y
Pr[f(x- y)+ g(x-y)] = Y8 &most common value =g(x)

with prob=l-B: orLyle linear
(Chernoff)

Average case complexity implication :
as far as randomized complexity yoes, it can't be that I set

of <% of inputs on which f is really hard to compute.



Linearity Testing
def"linearity tester"

given : Query access to fet f + parameter

requirements :
· if f linear

,
Pr[tester pusses] =1 arbitrary

/ constant

· if f not -linea
,
Pr[tester fails ] = 34

L

note : iff not line
,
but E-close, behavior

not specified

How hard is it to test that f is slinear?

do we need to try all x,y, xty toples ?

repeat
Proposed test : how

Pick random X
,y 3manye

Test f(x) + f(y) = f(x+y)



Question

↑ =3f( fx ,y f(x) + f(y) = f(x+y)]
G = [f) Form X

,y f(x) +fly)= f(x+y)3

are F + G essentially the same

functions ? I
not exactly

more formally: since could

take linear fath

FgzG
,
does there

ochaginoneof
exist feo st

.

go f agree on 1-2

fraction of inputs?
Sie

. g is E-linear

Want to relate & = prob of failing test
to C = closeness of g



How do we test when domain is Ep ?

Do Ol ?) times

pick X
,y En Ep

If f(x) + fly) # f(x+y) output "fail" a halt

Output "pass"

Possible difficulty: (Coppersmith's example)

Tough function f

f : <p+ Ep

Exc T f(xESs
if X = I mods

O

2

f(x)
·

& & &

& ⑨ & g

X
S * &



closest linear fath to f is g(x)=0 X

f is "far" fromg : Pry [f(x) + g(x)] = 23

butf does pretty well at lineity test :

f fails for X = y = / mode X+ Y = 2mod3 It #+

X = y = 2 mod3 X+y
= /mod3 -+-11

e .y .
X = y = 1 mode 2mod3

f(x) + f(y) = f(y+y)
1 +1 - I

butf passes
all other X

,y !

=>If = Prxy [f(x)
+ f(y) + f(x+y)] =2/q[pa

"failure *
probability ↓ f is 213-far from linear Very!
of test

"



Good news :

2/9 is a "threshold"

if If < 219 ,

f must be of-close to linear

(known thm)

We will prove stringer bound

for Boolean fatns

need tools : Fourier analysis over Boolean cube



Characterizing linear fuths over Boolean cube

What are linem faths
mapping 30

,134-50 ,13 ?

inner product Xy = XiY:
mode (XOR)

linear functions on 50,13" : Lax) = a .x for fixed

a 50134

how many
line faths ? In

alternate notation : La(x)=Xi

for A 51 .. n3
set of indices

that are 1 in a



Thegreat change of notation :

Cless natural
,
but easier to work with

f : < + 13 + 5113

0 m + 1

1 m -

+ 01 x1 - 1

O 01 -> I 1 -

1

I 10
- 1

+1

addition multiplication
a

-> (-1)9

a+b + ( - 1)a+ b
= (-1)a()b

now linearity corresponds to

f(u) + f(b) = f(ab)
-> f(a) · f(b) = f(abb)

↑ &

Coordinatewise
coordinatewise

add (x,-Xu)+ /y,yn) mult

= (x,
+y, . . ., yn) [X....Xn)

. (y , . .Yn)
= (X,Y , . . -

, XnYn)



Linear faths are now :

Sc51 ..
n3

Xs(x) = #Xi Parity fetus
IES

Express event that test passes as

algebraic feth :
f(x)·fly) = f(x0y)
#

if test acceptsf(x)· f(y) · f(xoy) = G ""rejects
fif(y) + f(x0y)

#

Otofly)f(xxy) = 50 if accept



Now we have a new way to

express rejection probability :

#ejection If Pr[f(x)@fiy) + f(xoy]X
,Y

probability = Exy[f(fly)f(x0y]



Forrier Analysis on Boolean Cube

want basis to describe all faths
.

fit"-E#13

#idea : "input/output table"
note: thereare

indicator fatus E orthonormal!

ea(x) = Ed if X
can express9asa

m

then F fatus g
: g(x) = 2 g(a) ta(x)

vectors

inebasis fath
evaluated
at X

X f(x)
e .g. i + g(x) = +. 2

,
(x) + (- 2

,
(x)



2idea :
(Recall) Notation change :

50 ,13
-> St 13

+ -> X

f(a) + f(b) = f(a+b) = f(a) . f(b) = f(a0b)
↑ coordinatwise

mult

Linear faths :

SzEl .. n3
parity fetms

for xeTEB"
, Xg(x)

= T Xi

define <fig) = Enesnf(x)g(x)innerprodta

Ext parity (linea fatus EXs] is orthonormal basis writ.

inver product !



#of facts
,
X =&

normal

· if SFT :

if it SNT
Sot : [s

,
X

+
) = In EXs() ·X

+
(x)

then XiXi = 1
1

drops out
"

⑳ =

In Xsor so can ignore

nonempty since SFT

so pick jESAT

= & (Xsot(x) +Xso+ (x
+]))

Xj = X with jth
2

pairsjbit flipped
=

In [XjHXi +YjπXi
i +(SoT)\j3 it(SOT)(3j3
--/=tr

One is+ equal
the other is -1

=

O
so sum to 0

Orthogonal !
So EX3 is an othonormal basis



Thm f is uniquely expressible as linear

comb
.

of Xs
.

Def
.

F(s) =<f
,Xs]

Fourier

Coefficients
ofInEf f

#hm If f(x) = 2 FIsIXs(X)

Forrier coeffs of linear faths:

Eat f linear J Sh] Sit
.

YIst=1 orein
bri

DATES FIT) = 0 =others
are o

e
.g. if f(x) = X,X

f(x) = 0 . Xy + 0 .Xai + 0 . X923 + 1 :X51
,23


