
Lecture 13

· Basics of Forrier Analysis
on Boolean cube (some review,

some new

· Analysis of linearity test

· learning Boolean functions -

a model



Recall from last time :

def .

fiEEBeE is "linear" if
coordinatuiseChomomorphism)
- multiplication

Vx , y
= 5=3 f(x)o f(y) = f(x0Y) XOY

=

(

(xig,fa:"

f is "E-linear" if 5 linear
i

S
.

t, fog agree on 21-a fraction

of inputss.

A useful observation :

f a, ye E#" Prx [y = a0x] = In

Linear faths are :

"Parity fatus"
Sc51 .. n3

1 if # 1ESstXi=1 even

- if
" 11 odd

Xs(x) = T Xi
IES

e
.g .

f(x) = Xi Xz ·X5 ·Xy

g(x) = XiXz



def"linearity tester"

given : Query access to fet f + parameter

requirements :
· if f linear

,
Pr[tester pusses] =1 arbitrary

↓ Constant

· if f not -linea
,
Pr[tester fails ] = 34

repeat
Proposed test : how

Pick random X
,yesB Tmar

Test f(x) · fly) = flxoy)



Express event that test passes as

algebraic fath :

f(x) ·fly) = f(x0y)
#

if test acceptsf(x)· fly) · f(xoy) =G /

rejects
#

# f(x)-fly) + f(x0y)

Otofly)f(xxy) = 50 if accept

Now we have a new way to

express rejection probability :

Rejection Of Prfdfyflya= Exy[f(fly)f(x0y]



Forrier Analysis on Boolean Cube

want basis to describe all faths
.

fit"-E#13

Linear faths :

SzEl .. n3
parity fetms

for xetEB"
, Xg(x)

= TT Xi
it S

define <fig) = Enesnf(x)g(x)innerprodta

Ext parity (linea fatus EXs] is orthonormal basis writ.

inver product !



#of facts
,
X =&

normal

· if SFT :

if it SNT
Sot : [s

,
X

+
) = In EXs() ·X

+
(x)

then XiXi = 1
1

drops out
"

⑳ =

In Xsor so can ignore

nonempty since SFT

so pick jESAT

= & (Xsot(x) +Xso+
(x+]))

Xj = X with jth
2

pairsjbit flipped
=

In [XjHXi +YjπXi
i + (SoT)\j3 it(SOT)(3j3
--

/=tr
One is+ equal

the other is -1
=

O
so sum to 0

Orthogonal !
So EX3 is an othonormal basis



Thm f is uniquely expressible as linear

comb
.

of Xs
.

Def
.

F(s) =<f
,Xs]

Fourier

Coefficients
ofInEf f

#hm If f(x) = 2 FIsIXs(X)

Forrier coeffs of linear faths :

Eat f linear J Sh] Sit
.

YIst=1 orein
bri

DATES FIT) = 0 =others
are o

e
.g. if f(x) = X,X

f(x) = 0 . Xy + 0 .Xai + 0 . X923 + 1 :X51
, 23



Forrier coeffs characterize distance to linear :

Lemma Fs = [n]

↑ (s) = 1 - 2 dist(f ,Xs)

= 1- 2 Pr [f(x) +Xs(x)]
Xe[tih

# ( F(s)= f(x)Xg def of Forrier Coeff

= 21 + 2 - 1
X St

.

X Sit
.

f(x) = Xg(x) f(x)+Xs(

= 2[1-dist(fXs)] - 2" [dist(f,Xs)]

= 2"(1-2 . dist (f
,Xs))
#

example : f = all - is

for = 0 : dist(f ,X0) = 1 so * (0) = -1

why?
-
L

YSFD dist(f
,Xs) = E so FIs) = o



observation : Any two distinct linear fatus differ

on exactly2 of inputs

Pf .

let f = X+
for TIS

g
= Xs

note FIs) =Y+ (s) = <X
+ ,
Xs]

0 = < X
+,
Xs) = 1 - 2 dist (X+,Xs)

↑ ↑
since lemma
ortho normal

=> dist(X
+,
Xs) =

E
Corollary : if SEO , Xg(x) = + on exactly 12 the inputs

Very useful tools:

Plancherel's identify

<fig = < & FISIXs
, EgITXS[[n]

=EF(s)g(T) <Xs ,
X

+>
bilinearity of<,7

~

- if ST

=&F(s)y(s) 1 if s = T



Parseval's identity :

Stif) = [F(s)
"Boolean Parseval's"

if f : DePEB <f
,
f)=f=

=+ 1 since is Boolean

so [FIst= 1



Analysis of linearity test

doesnha lower
ifIt is small

,
can we conclude that

bound
?This

f is close to linew?

YES ! rejection probability givesrollGER
opper

bound on distance.

# f : StB"- EEB is Of-close to some linear futh

If

Ex
,y[f(x)f(y)f(xoy))
= Exy[(5F(s)Xs(x) . (EF(T)X+ (1) . (F(u) Xa(x0y))]
=Exy[EFTFX(y)Xu(x0y)]

What is this ?

if S=T= U : Xg(x)Xy(y) Xu(x0y) XiYi
us

= TXi TsYiToy:

= IXiYiiyi)=



if((s= T=u) :

Ex
,y[Xs(x(X + (y) Xu(x0y)

=Exy[Xia
= Ery(tFoul
= Exy(ticsoni) · Exy[TyetonYa] seep

assumption>
if SFU then SOUD => Esont] = 0

S
analogously

So
->C if TFU

, ExyCYr] =

= O so all these terms drop out !

Ex
,y[f(x)f(y)f(xoy)]
= Exy[(5F(s)Xs(x) . (EF(T)X+ (1) . (F(u) Xa(x0y))]
= Exy[EF(s)(T)F(u) X,

(xX
+ ly)X(x]

=

En
F(sP



= max
F(s) · EFIsk
#by "Boolean Parseral's"

=

max
Els)

=

max (1-2 dist(f ,Xs)

= 1- 2. min (dist(f ,Xs)

so JE1-(1-2 min (dist(f,Xa))
2

= min dist (f
,
Xs)

=>Js sitf is Of close to Ms
m



Learning

/
How to formalize?

Learn from random, uniform examples

- lots of other models-

will mention some

others later

↑ unknownorner
X
,,
f(x)

L

fX) < f(x) Xa
,
f(xa)

->

↑ i

chosen uniformly Cor other distribution) V
m ,
f(Xm)

iid from domain
D

m random
,

labelled examples

Example Oracle Ex/f)

After seeing
several examples ,

learner should output

hypothesis h.



what do we hope h satisfies ?

· hopefully h = f < asking too much ?

· at least dist (h
,
f)[E

vo

Prycp[h(x) + f(x)]
Valiant's whit distribution on inputs do we use ?

PAC today uniform
model 3 in general , match distribution of

"probably example oracle

approximately
Correct

"

Common terms for same thing:

·

distlh,

· error(h) (writ
.

f is understood from context)
X=D

· his E-close tof (dist Dunderstood from
context)



Note in above :

XED can be chosen according to

uniform or any other prespecified
distribution

Note if f is arbitrary ,
there isrething you can do

that is "efficient" in terms of sample complexity

Leg , you
can't learn a random fethf

without seeing the value of f for most inputs)

However, if you
know something about,

there may be hope.

here :What if
you know that f

is a member of foth family 9 ?

e .g. C
= linewfuths

K-term DNF

h



d uniform distribution learning algorithm
for concept class & is algorithm
A St.

· A given 5
,800

access to Ex(f) for fee

· A outputs h st with prob =1-8

orwitise

Parameters of interest :

· M # samples used by of "sample complexity"
· E

accuracy parameter
· J confidence parameter

· runtime? hope for poly (log (domainsize) , t , 5)



· description of h ?

· should it be similar to description
of faths in ? "proper learning

"

· at least should be relatively

compact + efficient to evaluate

un

OClog(9)

Remarks

·

as before
, dependence on 5 needn't be

more than OClog(Yot) why ?

· uniform case is special case of PAC-model :

given Exge(f) for unknown 6

output h with small error with

respect to same I

(someI can be harder than others)



Efficient learning algorithm for conjunctions :

C = conjunctions over 50
,

13m

ie
.

f(x) = XiXjTn

note :

· can't hope for -error from subexponential #

of random examples

e. g.
how to distinguish f(x) = X

, X2---X

from fix = 0 EX ?



Poly time algorithm :

· draw poly(E) random examples

· estimate Pr[f(x) = 1) to additive error
· if estimate < E2

, output "h(x) = 0 "

thalt

else estimate =E so Pr[f= 1] > E
=> see new random positive

example every(utmost) 0(Y)

examples
· collect I more positive examples
· let V= Evars set same way in each positive

example3

· Output h(x
=1 x bi tells us it Xi

complemented or not



Behavior of poly time algorithm :

for i in conjunction :

must be set same way
in each

positive example- > in V

for i not in conjunction :

Pr[itV] = Pr[i set same way in

each of K positive
examples]

=
2k

- 1

Prlany i not in conjunction manages
to survive

-
=E If pick K = loghy

So if use allogy) positive examples
or↓ (tlogy) total examples, will suffice

to rule out all i conjunction.


