
Lecture 14

learning Boolean functions

· a model

· an example : Conjunctions
· Occam's razor

· Fourier-based learning algorithms



Learning

/
How to formalize?

Learn from random, uniform examples

- lots of other models-

will mention some

others later
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After seeing several examples ,
learner should output

hypothesis h.



what do we hope h satisfies ?

· hopefully h= f < asking too much ?

· at least dist (h
,
f)[E

vo

Prycp[h(x) + f(x)]
Valiant's3 whit distribution on inputs do we use ?

PAC today uniform
model

in general , match distribution of

"probably example oracle

approximately
Correct

"

Common terms for same thing:

·

distlh,

· error(h) (writ
.

f is understood from context)
X=D

· his E-close tof (dist Dunderstood from
context)



Note in above :

XED can be chosen according to
uniform or any other prespecified
distribution

Note if f is arbitrary ,
there isrething you can do

that is "efficient" in terms of sample complexity

Leg , you
can't learn a random fethf

without seeing the value of f for most inputs)

However, if you know something about,
there may be hope.

here :What if
you know that f

is a member of foth family 9 ?

e .g. C
= linewfuths

K-term DNF

h



d uniform distribution learning algorithm
for concept class & is algorithm
A St.

· A given 5
,800

access to Ex(f) for fee

· A outputs h st with prob =1-8

orwitise

Parameters of interest :

· M # samples used by of "sample complexity"
· E

accuracy parameter
· J confidence parameter

· runtime? hope for poly (log (domainsize) , t , 5)



· description of h ?

· should it be similar to description
of faths in ? "proper learning

"

· at least should be relatively

compact + efficient to evaluate

un

OClog(9)

Remarks

·

as before
, dependence on 5 needn't be

more than OClog(Yot) why ?

· uniform case is special case of PAC-model :

given Exge(f) for unknown 6

output h with small error with

respect to same I

(someI can be harder than others)



Efficient learning algorithm for conjunctions :

C = conjunctions over 50
,

13m

ie
.

f(x) = XiXjTn

note :

· can't hope for -error from subexponential #

of random examples

e. g.
how to distinguish f(x) = X

, X2---X

from fix = 0 EX ?



Poly time algorithm :

· draw poly(E) random examples

· estimate Pr[f(x) = 1) to additive error
· if estimate < E2

, output "h(x) = 0 "

thalt

else estimate =E so Pr[f= 1] > E
=> see new random positive

example every(utmost) 0(Y)

examples
· collect I more positive examples
· let V= Evars set same way in each positive

example3

· Output h(x
=1 x bi tells us it Xi

complemented or not



Behavior of poly time algorithm :

for i in conjunction :

must be set same way
in each

positive example- > in V

for i not in conjunction :

Pr[itV] = Pr[i set same way in

each of K positive
examples]

=
2k

- 1

Prlany i not in conjunction manages
to survive

-
=E If pick K = loghy

So if use allogy) positive examples
or↓ (tlogy) total examples, will suffice

to rule out all i conjunction.



Occam's Razor

"high level claim" :

if ignore runtime
,
then learning is easy

with respect to sample complexity

Brute force algorithm
- draw M = + (In)9 + 1ng) uniform examples

- search over all hel until find one

consistent with all examples.

Output it. Choose arbitrarily if 1 such h

works)

Representation of C : (if computation not issue

ce9 needs~ In 19 bits



Behavior of brute force algorithm
what should behavior be ?

of is a good thing to output
· what is a bad thing to output?

h is "bad" if error (h) wrt
. fzE

Pr[bad hconsistent
with examplesa

Prlany bad h consistent with examples]

= /9) · (1 - 3)M union bud

= (9) (1-3)
* ((41 + 1n=)

G

: Unlikely to output any bad h



divine inspiration ?

Coincidence ?

not enough samples to kill off union bound?



Comments:

· proof didn't use anything special
about uniform distribution

actually works for any dist 6

as long as error defined wrt . same I
as sample generator

· Once have good h

1) can predict values of f on

new random inputs Since
un

according Pr[f(x) =h(x]
toD

2) can compress description of samples rangee
(x
,
f(x

,)) (x2
,
f(x2))

,
... (Xm

, f(xm)) mClogIDI + logIRD

H ↓

X -" Xm
,
description ofh mo log (8) + log(d)



so learning , prediction a compression are related

learning
=
> prediction I compression

formal relations in other direction too

Occam's razor :

Simplest explanation is best



-Learningvia Fourier Representation

will look at learning algorithms that

are based on estimating Fourier

representation of fathf

(similar to polynomial interpolation)

Approximating one Forrier coefficient

Lemma for any S=[n]
,
can approx

3↑ (s) to within additive y noeriesneedCie
. (output - F(s)) = 8)

with prob =1-5 in Ohtlog to
samples.

If
.

Chernoff * F(s) = 2 Pry(f(x) = Xc(x)] - 1
~-
estimate this E



Can we find any or all heavy coefficients?

there are exponentially many coeffs
,

Can use same samples to estimate

each coeff
,

but must union

bound prob of error (error-bad

approx) on my of them.

Need & In, which needs

O(tc .n) samples ,
but

exponential runtime
.

I
turns out

that Geriesat

What if we "know where to look" for

heavy coeffs ?

e. g. all heavy coeffs are in "low degree"
coeffs ? If so

,
can search !



Forrier Representations of Important Examples

AND(x) = "all Xi for itT are set to-1"
T

1) AND on TIN st
.

ITI = K

AND(x) = 31
if FijzT = Si i

Xij = - 1

- 1 0 . W.

f(x) = 51
if vieT Xi = - 3 AN 50 ,3
O . W.

range
= (e) . [is Ii

=
AND = 2 f(x)+=x
-

↑ S + 9

Note: all Forrier coeffs containing vars not in T are O



2) Decision trees

X3

- + example
X2 XY

- + -

I
H fe(x) = (*) .(

-I X ,
H X2

1
, - I +

- 1 + 1

-
+ 1

-I +

la

First consider path functions :

-left or right
felx=I

Avars visited
on path to leafl # left turns taken in S

=()
1 if X takes

= [CllXs I E path to l

SEVe O O . W.



- exactly one of these is 1.

un all others are 0.

So f(x) = < fe(x) · val(e)
lleaves ofT

&mmment only coeffs corresponding to S St.

Isl = max path length have a hope of

being non-zero.


