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Fourier-based learning algorithms
· learning one Forrier coeft

· the low degree algorithm
· Fourier concentration



Review from last time :

d uniform distribution learning algorithm
for concept class & is algorithm
A St.

· A given 5
,800

access to Ex(f) for fee

· A outputs h st with prob =1-8

orwitise

Parameters of interest :

· M # samples used by of "sample complexity"
· E

accuracy parameter
· J confidence parameter

· runtime? hope for poly (log (domainsize) , t , 5)



· description of h ?

· should it be similar to description
of faths in ? "proper learning

"

· at least should be relatively

compact + efficient to evaluate

un

OClog(9)



Fourier Representation

SzEl .. n3
parity fetms

for xeTEB"
, Xg(x)

=T Xi

define <fig) = EnesAnf(x)g(x) inner product
(but normalized)

Def
.

F(s) =<f
,Xs]

Fourier

Coefficients
ofInEf f

#hm If f(x) = 2 FIsIXs(X)

Parseval's identity :

Stif) = [F(s) # f(s) = 1-2Pr[f(x)FXD

if f Boolean : [F(st=I
Claim : ifI doesn't "depend" on X; then FSst . jtS , F(s) =0



-Learningvia Fourier Representation

will look at learning algorithms that

are based on estimating Fourier

representation of fathf

(similar to polynomial interpolation)

Approximating one Forrier coefficient

Lemma for any S=[n]
,
can approx

3↑ (s) to within additive y noeriesneedCie
. (output - F(s)) = 8)

with prob =1-5 in Ohtlog to
samples.

If
.

Chernoff * F(s) = 2 Pry(f(x) = Xc(x)] - 1
~-
estimate this E



Can we find any or all heavy coefficients?

there are exponentially many coeffs
,

Can use same samples to estimate

each coeff
,

but must union

bound prob of error (error-bad

approx) on my of them.

Need & In, which needs

O(tc .n) samples , but

exponential runtime
.

I
turns out

that Geriesat

What if we "know where to look" for

heavy coeffs ?

e. g. all heavy coeffs are in "low degree"
coeffs ? If so

,
can search !

END REVIEW



Forrier Representations of Important Examples

recall:
-1T

1) AND on TIN st
.

ITI = K +F

AND(x)=
if fijzT =Si

3 Xij = - 1

O. W.

f(x) = 51
if vieT Xi = - 3 ANDwoutt
O . W.

range
= (e) .[is Ii

=
AND = 1-2f(x) = 1 - -Ex

0 - - 1
1 - + 2

S + 9

Note: all Forrier coeffs containing vars not in T are O



2) Decision trees

X3

- + example
X2 XY

- + -

I
H fe(x) = (*) .(

-I X , H X2

1
, - I +

- 1 + 1

-
+ 1

-I +

la

First consider path functions :
-left or right

felx=I
Avars visited
on path to leafl # left turns taken in S

=()
1 if X takes

= [CllXs I E path to l

SEVe O O . W.



- exactly one of these is 1.

un all others are 0.

So f(x) = < fe(x) · val(e)
lleaves ofT

&mmment only coeffs corresponding to S St.

Isl = max path length have a hope of

being non-zero.



The low degree algorithm

definition of faths for which low degree

Fourier creffs pretty much suffice to describe fatri:

def f : EEB-R has algn) - Fourier concentration

ifEFREE Voc

Si

Isk((3,n) ↑
for Boolean f

,
this implies

[f(s)221 - E
S& [n]
Sit.

Isl = <(3, n)

examples

1) fath f which depends on <K Vars
if f doesn't depend
on X then all

has I FIsk = 0 ↑(s) for which its
S Sit

.

1517K
3 Satisfy F(s) = 0



2) f = AND on TEEl .. n3 has log() - FC

· all F(st= 0 for 151 > /T (pairing argument)
· if ITI = log then w

· if ITI [log * then : Calmost always False)

↑ (q)2 = (1 - 2 Pr(f(x) =Xp(x)))
empty = -)

(constant fath) 71 - E

soEFISRE of has O-E

idea: can we approximate f

by only considering
low degree Fourier

Coeffs ?



Low degree algorithm

approximates faths with d =<(2
,
n) Forrier concentrations

Given :& degree
↑

accuracy (will set Y : = c)
G confidence

Algorithm :

· Take m=OL19 Ind samples -) of
these

· For each S st ISIEd :

C estimate of Flg)
&Reuse samples

· let h(x= CsX

· outputSign (h) as hypothesis



Why does this work ?

Two stages : Edis
1) Show thatf has low F

.
C.

2) Showthat
↑ put

First stage" :
Hamming dist·Th1 if f has d = x(3

,
n) - F

.

C
. then approximation

h satisfies Ex[(f(x)-h(x))** 3+T
with prob = 1-8

1f(/) each low degree Forrier Coeff is well approximated :

Laim with prob -1-8 ,
S St Isled

1C, - F(s) = 0 for UK Ed



*claim (Chernoft + union bnd)

note
, jo =

Chernoffbnd =

8) In ) = 0(trin) samples

yields Pr[ICs-F(s)l >U] < End
union bud over all () S=

Pr[7s stks-f(s)kO] < 8
#

(2)all low degree Fourier coefts well approx => low 12 error :

Assume FS St
. IsId

,
ICs-F(s))

define g(x) = f(x) - h(x)

Forrier transform linear => Us g(s) = F(s)-tls)

by defn
,
VS s

.

t
. 1Skd

,
his = 0 = g(s) = #(s)

Isled
,
h(s) = Cs
=> -(s)= f(s) - Ls

G
so glstj2



So E[(f(x)-h(x)] = E(g(x)] = t[g(x2 = <g ,g]

= g(s) Parseval

: Eglsk+ Is
Iskd un -

= j2 EE by F. C .

u

= (a) . 82

= T + E
E

2nd "Stage" :

#hm2 f :E"- EEB
-

h : E = 13" -R

then Pr[f(x)+ Sign (h(x))] = E[(f(x)-h(x]]
Xel



Pf

EC (f(x)-h(x))2] = t [(f(x-h(x))2
defu.

XU

& compare
these

to
term-by-termget

Pr(f(x) = sign (h(x))) = G &]sf(x) + sign(x))3 Thm,

13

Consider "f(x)-h(x)* "vs . "13f# Sign (h(x13 :

Gee1 if f(x) = sign (h(x)) :
= O&

f(x) + Sign (h(x))

#(x) - h(x))2 =0 Ebigger !

Cae2 if f(x) + sign (h(x)) : why? e .g.
if f(x)= + then in this

Case h(X) <0 :
1
f(x+sign (n(x)) =1)

- I O +

1 Ibigger! -> (f(x) -h(x))2= hi f(x)
2

-1
So
, FX

lother case is

(f(x) - h(x))= 1 f( +sign(h(x) analogors (



Correctness of learning algorithm

Ihm if & has Forrier concentration d = <(2
,
n)

d

then there is a g
= 0 (log * ) sample

uniform distribution learning algorithm for 2

i. algorithm gets of samples + with prob = 1-8

outputs h' st
.
Pr[fh]12E

Pf
.

run low degree aly with T=E

thm - get h st
. El(f-hK] = 2 + 2= 23

output hesign (h)
#

thm2 h has error 2. E

E



Applications

1) Bounded depth decision trees

f(x
=Saves fvl

which

depends on
Edepthmanya

↑ (s) = [val(e) fe(s) linearity
in

O for

151 > depth

=> US st
.

1Sk depth, F(s) = o

so OI depthn
depta suffices



2) Constant depth ckts

&

lef
.

"Boolean CK+ <" is DAG

gates:X
how many inputs ? coust

, poly, unbounded ?

①

xnazons

can we compute party ofabutso

in const depth ?

yes ! can compute any fath ona bits

in const depth "Karnaugh maps"



parity in const depth, poly size ?

no ! [Furst Saxe Sipser) Elemon

Switching lemma

lemons => Kmonade :

#hm [Hastad
,
Linial Mansour Nisan]

Of computable via sizes depth & ckts

d- 1

[Fs) =d for t= Ollog)
151 >t

takeSpolykel T t = Olloy
2 = 0(2)

yields nOllog") sample algorithm

(can improve to polloglogat <Jackson])
Crecall parity of s will hureIkagForner coef it



3) Learning half spaces

def
.

h(x) = sign (w
. X- O) is "halfspace function"

↑

Sign (y) = St it30

Ihm Let h be half space over EFB"

than h has f
.
c
. <(2) : E2

(ie. [h(sk = 3)
Isk- E (will prove soon)

& low degree aly learns half spaces

under unif dist with not

unif. samples.

Cactually O(n5) sample algorithms exist,
but this approach will have

"big win" soon (


