
Lecture 18

Fourier-based learning algorithms
· the low degree algorithm
· Fourier Concentration

· Noise sensitivity



Review:

Recall Forrier Transform :
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-Learningvia Fourier Representation

will look at learning algorithms that

are based on estimating Fourier

representation of fathf

(similar to polynomial interpolation)

Approximating one Forrier coefficient

lemma for any S=[n]
,
can approx

↑ (s) to within additive y noeriesneed
-

Cie
. (output - F(s)) = 8) 3

with prob =1-5 in Ohtlog to
samples.

(Proved last time)



Today :
The low degree algorithm

definition of faths for which low degree

Fourier creffs pretty much suffice to describe fatri:

def f : EEB-R has algn) - Fourier concentration

ifEFREE Voc

Si

Isk((3,n) ↑
for Boolean f

,
this implies

[f(s)221 - E
S& [n]
Sit.

Isl = <(3, n)

examples

1) fath f which depends on <K Vars
if f doesn't depend
on X then all

has I FIsk = 0 ↑(s) for which its
S Sit

.

1517K
3 Satisfy F(s) = 0



Low degree algorithm

approximates faths with d =<(2
,
n) Forrier concentrations

Given :& degree
↑

accuracy
G confidence

Algorithm :

· Take m=OL19 Ind samples -) of
these

· For each S st ISIEd :

C estimate of Flg)
&Reuse samples

· let h(x= CsX

· outputSign (h) as hypothesis



Why does this work ?

Two stages : Edis
1) Show thatf has low F

.
C.1L=> E(f(x)-h(x1k] small

2) Show that Pr[f(x + sign(h(x) = ExIfix-I)
↑ put

Hamming dist together :
& has low FC .

First stage" : => sign(h(x)

Th1 if f has d = x(3
,
n) - F

.

C
. then

is good
approximation

h satisfies Ex[(f(x)-h(x))** 3+T
off

with prob = 1-8 (Proved last time)

2nd "Stage" :

#hm2 f : E="-> EEB
h : E = 13" -R

then Pr[f(x)+ Sign (h(x))] = E[(f(x)-h(x]]
Xel



Pf

EC (f(x)-h(x))2] = t [(f(x-h(x))2
defu.

XU

& compare
these

to
term-by-termget

Pr(f(x) = sign (h(x))) = G &]sf(x) + sign(x))3 Thm,

13

Consider "f(x)-h(x)* "vs . "13f# Sign (h(x13 :

Gee1 if f(x) = sign (h(x)) :
= O&

f(x) + Sign (h(x))

(f(x) - h(x))2 =0

Cae2 if f(x) + sign (h(x)) : why? e .g.
if f(x)= + then in this1

f(x) +Sign (h(x)) = 1↓ Case h(X) <0 :

- I O +

(f(x) - n(x))2= 1 I

hi f(x)
2

-1
So
, FX

lother case is

(f(x) - h(x))= 1 f( +sign(h(x) analogors (



Correctness of learning algorithm

Ihm if & has Forrier concentration d = <(2
,
n)

d

then there is a g
= 0 (log * ) sample

uniform distribution learning algorithm for 2

i. algorithm gets of samples + with prob = 1-8

outputs h' st
.
Pr[fh]12E

Pf
.

run low degree aly with T=E

thm - get h st
. El(f-hK] = 2 + 2= 23

output hesign (h)
#

thm2 h has error 2. E

E



Applications

1) Bounded depth decision trees

2X
reaches

leaf23

-
f(x)= 2 fe(x) · val(d)

etleaves ue const
which

depends on
Edepthmanya

↑ (s) = [val(e) Fe(s) linearity of Fourier

in representation
O for

151 > depth

=> US st
.

1Sk depth, F(s) = o

so OI depthn
depta suffices



2) Constant depth ckts

&

lef
.

"Boolean CK+ <" is DAG

gates:X
how many inputs ? coust

, poly, unbounded ?

①

xnazons

can we compute party ofabutso

in const depth ?

yes ! can compute any fath ona bits

in const depth "Karnaugh maps"



parity in const depth, poly size ?

no ! [Furst Saxe Sipser) Elemon

Switching lemma

lemons => Kmonade :

#hm [Hastad
,
Linial Mansour Nisan]

Of computable via sizes depth & ckts

d- 1

[Fs) =d for t= Ollog)
151 >t

takeSpolykel T t = Olloy
2 = 0(2)

yields nOllog") sample algorithm

(can improve to polloglogat <Jackson])
Crecall parity of s will hureIkagForner coef it



3) Learning half spaces

/sign(w
.
x)- E

def
.

h(x) = sign (w
. X- O) is "halfspace function"

↑

Sign (y) = St it30

Ihm Let h be half space over EFB"

than h has f
.
c
. <(2) : E2

(ie. [h(sk = 3)
Isk- E (will prove soon)

& low degree aly learns half spaces

under unif dist with not

unif. samples.

Cactually O(n5) sample algorithms exist,
but this approach will have

"big win" soon (



Useful idea to bound Fourier Concentration :

Noise Sensitivity

def "Noise operator" <E <Y2

Ng(x) = randomly flip each bit ofX

with proba

def "Noise sensitivity, "

NSq(f) = Pr
x+ (+zn[f(x) = f(Na(x)]
nose

Examples

1
.
f(x) = X

, nsq(f) = E

2. f(x) = X
,
x2 ... Xi nSq(f)= Pr[f(x) = Frf(Ng(xD=T]

+ Pr[f(x) =T+f (Ng(x)) =F]

by symmetry -> =

2 . Pr (f(x)=T of (N2(x)) =F]
if < **, Y (EK-> =

EA 4-ak)
=Prfflip]

If<x YK
,
= ( - e-49)/2k+ Pr[f(x)=T)



3. f(x) = Maj (X
,
: Xn)

ns
,
(f) = O(ve)

high level Sketch:

Maj(x) ~ random walk on line starting at o

I

- +b ! 2

e
.g. X=( + 2 + ]) well known fact ;

H

0- +2 E[IX ,
+X
2
+...+XnD

+z
=M

#-
OL ↓ likely to be close

to en

Na(X) ~ random walk on Enbtsslip
displaces by
12 (+ + + or

E[displacement] = 2 zen
++ +1)



Consider an "equivalent"

process: take walk specified by X + continue walk according to

Ng(x) . 2

heuristic argument :

pretend first walk leaves us at in

Pr[and walk takes us back across o

=-Pr[and displacement >M]
z

2n
zie nor ted

E 25 by Markov's # expeplacement

4, any
LTF (12 space

# (Peres) NSg(LTF) < 8 .
8 re

best possible since NSa(Maj) = Elve)

5. Parity faths Xs() for Isl = K

nsq(f) : PrCodd #bits in S flipped by N2]
=23

for 1511 : E



6
. Any f

Th fiEEBU-EFB

NSg(f) = z - z[(1-2) f(5)

for parity faths: - E(1-23)

P
.

homework



Noise Sensitivity vs
.

Forrier Concentration

#m Ff : EEEEB OCUCY2

& F(s) < 2 .32 msg (f)
Isl =t

# 2 . nspit = 1- [(1-20)' f1s) previous thm

= ZFIsk-5(1-2U' FISt pr
= [11-(1-28)]F(st
= & [1 - ( -22)

** ]F(st
Sst.

IslYy

- 2(1 - e2) F(sk
Isl21/

so EfIsR <(2) nsg(tIsl2Y8
&

2 .32



Cor for halfspace hiEF"-EFB

2 Fls) E
(s) =0tz

(pf omitted - some calculations + bound on NS)

=> can learn any halfspace from nOlYet
random examples

Cactually can do a lot better

+
+ -

+# any function of K halfspaces -
0114st

can be learned with n samples e.g. parity
of kvars

,#idea noise sensitivity [8 .8KV by union bound
. N of Yspaces


