
Lecture 17

Fourier-based learning algorithms

· Fourier Concentration via Noise sensitivity

· Learning heavy Forrier creffs (with queries)



Recall Forrier Transform :

X
,
(v)= Xi

<f
, g)

= In [f(x)g(x
lemma
T

↑ (s) = < f
,
X ,
) = 1 - 2 .Pr[f(x) +Xs(D)

=

2 .Pr[f(x) =Xs(x] -1
(f

,
f(x) = [Els)Xs(x

Pluncherel (f , g) = [ 1s(ig(s)
Parsevals 1 = <f

,
f) = E F (s)2for Boolean

fiEF-> EE13



-Learningvia Fourier Representation

will look at learning algorithms that

are based on estimating Fourier

representation of fathf

(similar to polynomial interpolation)

Approximating one Forrier coefficient

lemma for any S=[n]
,
can approx

↑ (s) to within additive y noeriesneed

-

Cie
. (output - F(s)) = 8) 3

with prob =1-5 in Ohtlog to
samples.

(Proved last time)



The low degree algorithm

definition of faths for which low degree

Fourier creffs pretty much suffice to describe fatri:

def f : EEB-R has algn) - Fourier concentration

ifEFREE Voc

Si

Isk((3,
n) ↑

for Boolean f
,
this implies

[f(s)221 - E

S& [n]
Sit.

Isl = <(3
, n)



Ihm if & has Forrier concentration d = <(2
,
n)

d

then there is a g
= 0 (log * ) sample

uniform distribution learning algorithm for 2

i. algorithm gets of samples + with prob = 1-8

outputs h' st
.
Pr[fh]12E



Applications

1) Bounded depth decision trees

2) Coust depthekts

3) half spaces (linear threshold fetus



Key idea :
Noise Sensitivity -

use
to bound

Fourier tration
concen

def "Noise operator" <E <Y
2

Ng(x) = randomly flip each bit ofX

with proba

def "Noise sensitivity, "

NSq(f) = Pr
x+ (+zn[f(x) = f(Na(x)]

nose

Examples

1
.
f(x) = X

, nsq(f) = E

2. f(x) = X
,
X ... Xi Usa(f)= En(1 - 4 -24)

3. f(x) = Maj(XiYn) Usc (f) = OI)
4. f(x) is any LTF UScIfE8 .

8rE

5. Parity fatus USg(f)= Prodd#bitsflipped bynoise) =1)



(End review)

6
. Any f

Th fiEEBU-EFB

NSg(f) = z - z[(1-2) f(5)

for parityfans: -Ell-all
P

.

homework?



Noise Sensitivity vs
.

Forrier Concentration

#m Ff : EEEEB OCUCY2

& F(s) < 2 .32 msg (f)
Isl =t

# 2 . nspit = 1- [(1-20)' f1s) previous thm

= ZFIsk-5(1-2U' FISt pr
= [11-(1-28)]F(st
= & [1 - ( -22)

** ]F(st
Sst.

IslYy

- 2(1 - e2) F(sk
Isl21/

so EfIsR <(2) nsg(tIsl2Y8
&

2 .32



Cor for halfspace hiEF"-EFB

2 Fls) E
(s) =0tz

(pf omitted -

some calculations + bound on NS)

=> can learn any halfspace from nOlYet
random examples

Cactually can do a lot better

+
+ -

+# any function of K halfspaces -
0114st

can be learned with n samples e.g. parity
of kvars

,#idea noise sensitivity [8 .8KV by union bound
. N of Yspaces



Learning Heavy Fourier Coeffs [Goldreich Levin]

[Kushilevitz Mansour]

X > f > f(x)
not just low
degree S

↓

all close
Given f

,
E

↓ linea ns
· Output all coeffs S st

.

/FIs)
·

Only output S st
. (f(s)/2E & no junk

Probably can't do it with only random examples

What if can query
f at any input?

Observation if there is a really big FgXyL3
A

use

self-correction to find it



#in Idea : "exhaustive search with good pruning
"

Va

leaves 3 & * 3 left e XiES
~ Forrier zoeffs 51

,2300
&

Eli,%133930 right-Xik

ONLY OUTPUT THOSE THAT REACH BOTTOM LEVEL

recursive algorithm:
· each node-setting of X...-Xi

· estimate "total energy" of subtrees X:
:Yixi+

↓ Xi"Xi % (Xi+= - 1)
·

only go
down paths with high enough

energy
How to

prone ?

Define quantity :
Fix Ok = n current "level" of search

ti 5.[[K] current "node" of search



↓
doesn't depend on 1st / bits

all Forrier
coeffsfirst K

S # whichagreements
LhShe vTeX+n

TEEKH .. n3
un ↑

could beall extensions
of s

,
to indices S

,
VTz

in Sk+ ... n3 but no need

since Xsiz=Ys,Xiz

same for
notation ;

index 1- > prefix
2- suffix

&unity Checks :

1) /= 0

fo,p(x) = 2 F(T2X
+
(x) = f(x)

Tz[[n] ↑
↑ since S

,
= &

Since k=0

= I
r

2) k= n fns
,

(x) = #(S
,Lice Tz=*sum over Tz= &



Man Only go
down paths with E[f(x)]=0

K
,
S

,

1. can we compute it ?

2. does it bring us to right leaves ?

- do we get to all heavy
leaves ?

- do we get junk ? (light leaves
3

,
how many paths do we take ?

lots of dead ends ?

is runtime good ?



Not too
many paths ! (answer to 3)

↓
at any stage

in algorithm
Lemma "not too

many
"

f : <13"- StB

(1) =E2 S's satisfy IF(s) =8

(2) VOKIn
,

= E2 faths fis,
have Ex[fish] = 02

If
Boolean

1) Parseval's 1 = EFISR
so if- t2 S satisfy (FIs)=

then [FIsk > 52. 1
-> t



(2) For given K
:

Claim : K,
S

,
EK

Ex[fis ,

(x)) = E F(S , VI)
TzE [KH, ... ,n3

&f of claim :

Ex[fips .

(x
*

] = Ex[F(S ,VIX+
-

()
*

] def.

= Ex[[ FIS ,vir).FIS,VieXi(x)Xi]
Tz

,
Tj
[K+1 ...n]

= [ (s
,
vidF(s

,viz) E[X+(
-XI]

Ta
,
Tj u

= 1 if T=Ts
= [FIS ,VI) = O 0 .

W,

Tz &



Using Claim :

expandingBooleaurseval's
W

Fis = 3 Z F(S
,
VI)2

SEK Ty[EKH ..n3

=S Ex[f(x]
claim

5 =t Sis can have Ex[fissix]) 82
B



Does algorithm bring us to good leaves?

Canswer to 2)

Eat : "not missing out"> find all big
For any S,

if J T2 St, Fourier coeffs

(F (s,Viz)/ > @

then Ex[fips ,
(x) = [FIsrikim

= g2

=> Ex(fis
,
(x)] is a good measure

to use when deciding whether

to investigate subtree !

So we find a good leaves

we don't spend too much time

but do we output junk ?



No junk (answer to 2)

Simple fix :

For each "candidate" to S
,

estimate it's Forrier coeff + make sure it is

big enough before outputting it



recalli

Can we estimate fis ,

I ?
fist3"- [E13
0kn

S
, [[K]

(answer to 1)
firs

,
(x) =[ F(s , VTz) X

+2(*)
TEEKH .. n3

Bad idea: estimate each Ex[frs .

M = [FIS , VIR
TzE [KH,

, ... ,n3

F(S
, UT) FT2 =too much time

Another challenge :

heavy F(S
,UT2) can differ

greatly depending on how

you fix vars in S,

e .

g.
S

,
= Ex,

f(x) =S if



recalli

Can we estimate fis ,

I ?
fist3"- [E13
0kn

S
, [[K]

(answer to 1)
firs

,
(x) =[ F(s , VTz) X

+2(*)
TEEKH .. n3

Ex[frs ,

(x)) = 2 F(S , VI)
TzE [KH,

, ... ,n3

Lemma"fis
,

(x) Estimation Lemma
"

for XeSl3"
- 1 "agreement"

fips,

(x) =

Eyegg [fly*Xs ,
ly1]Tue thisat

cocatenation
fix, s ,

(x)

think of as

fith of y since

FourPentativf(yx)= F(T)X
+ (yx)
=

X is fixed

throughout

T= TVTz T
,

E [k] Tz = SkH .. n3

so X
+ (yx) = X

+,
(y) -X

+ (x)



Ey[f(yx)Ys , (y)]

=Ej[EF(TyX · Xs
,
ly)] above

=

EEFIT,VIX+ EX+ lyIXsly

=
= [F(SVTX
=

Firs , (x)



Overall Algorithm :

Pick random Y's EE15A 1

For each X
, pick randomy's EEH3

Estimate Ey[f(yx)Xs ,
(y)]

which gives estimate of

f(
,
s

,

(x)

Estimate Ex [fr
,
s

,

(x*]

Chernoff + samples
=> Can get F-additive estimate with

prob
= 1-8 in Otalog queries)

=> Can get V additive est of fis
,

(
I



Ihm FO30
, KM-aly outputs

5 = 55: Se3 St .

1 = 0 (402) a with prob21-8

VSieS' IfIsill En no junk

YS#S /F(s)) = O no misses

a

query time is poly (n , t , log to

# if FIs) < E
,

FIsk E
↓ test * prevents it from being

output

if F(s)-0
,
UK if s

,
as

agree on

[l .. k]

"not missing out" fact

Ex[tips,

W] = th

total # nodes explored at level K * E2
=> total nodes

explored


