
Lecture 19

· weak learning of monotone faths

· begin : distribution-free weak learning
=> strong learning



Monotone Functions

def partial order : Xey iff i Xi Yi

monotone futh f : xy => flx = fly)

Are there fast learning algorithms for the class

of monotone functions ?

Occam's razor :

poly (log191) samples soffice



Well studied partial order:
aka

Boolean Cube/hypercubel will use ol
↓ instead of 711-1

III... /

nodes labeled by n-bit strings trittle

3
edges : (directed)

if flip one o in X to 1C .

X - y

eg. 000 -> 010

to get y

&
level Ki

nodes labeled by K1st+) O'

# nodes :In

Hedges
:

12"
111 2

7 levels # nodes on level K : (2)
110 & B · 01/ levels

11 71 11

how many
fiths on Boolean cube?

&
100 Or 2010-001 level 1 =

& level o

000 so Occam bnd is

example for n= only 0(2)



Why so many
monotone fiths ?

Consider"slise" fates : Let-set middle now

in all possible

wayswoo oustonists

2 options
all are monitore !

HW : coll random samples suffice
for unit dist

Today : what if
you

have
queries ?

can get very slight "win"

All monotone faths have weak

agreement with some dictator

fatu
.

Cor const fath)



constant faths
dictator faths

↓
-

#m Of monotone
, JgES#, X ,

Xa
, . . . Xn]=

S
.
t

. Pr [f(x) =g(x)] = t + R(t)
↑ uniform -lightlydistribution

note Slice faths have weak better than
- random
agreement with all dictators guessing
on uniform dist (can get E+(i)

if add majority
to

,5)
=> learning algorithm :

estimate agreement of with all members of$

output best

If

Case 1 : f(x) has weak agreement with + 1 or v

Case 2 : otherwise Pr[f(x) =1) [t
,
]

Let's first look at monotone

3 excuse for

faths in a different way :
a

detour



Monotone Functions on Boolean Cube : (also switch
0 - - 1

Agraph" view 1-1)

monotone -> no blue above notists
not

any red whaid
in past

but&
fxy ,

f(x) = fly)
(+1,,...

- 1)

Influence of f : (these notions are interesting also for noumonotone

Infilf)=red-blueedges
in ithdir

fasa

= Pry[f(x) + f(x
+)]
* x with ith bit flipped

Inf(f) = #red-blueedges
measures size

= Infilt
5 of "border"



ThmIf monotone= > infi(f) = f (513)

#m majority fath f(x) = sign (i) (oddn)

maximizes influence among
monotore fetus

Pfs On h
. w,

Plans

note : infi(f) = f (513) (Thm 1)
early Forrier lecture:
t

= 2 : Pr[f(x) = Xg(x)] - 1 agreemen

~ Forrier crafts

so showing Infi (f) - (h)
weak learner

is equivalent to showing ~

Pr[f(x) = Xi) = E+ = z +(

such an i would give us our theorem!



To show that such an i exists
,
will use a cool tool:

Canonical Path Argument

Plan (1) define canonical path for every

red-blue pair of nodes

(such a path most cross at least

one red-blue edge)

(2) Show upper bound on #of C.pis

passing through any edge

(in particular, any red-blue edge
(3) Conclude lower bound on # of red-blue

edges .



PartI : define canonical path for every

red-blue pair of nodes

Important
Point.

7 have
musdef F(x

, y) St
. X red

dy blue
at least

one

> red-blue edge,
L

"canonical path from X to y" is : possibly
more

scan bits left to right

flipping where needed

each flip
-> step in path

Example :

dimension 1 2 3 4

X = - I H H + 1

↳
W = +

↳
H + 1 + 1 x+ w - 2- y

each step
2 = + 1 + +

↳
+ 1 has Hamming

y = H + 1 + - I distance 1

note : <p.s can go up a down
2 .g.

X-W is upstep w + 2 is downstep



Big question:

How many red-blue X
,y pairs have

canonical paths?

recall
,
Pr &f(x) = 1] e[t ,

2)

#paths = + .2 ·2=
un

1 .
b

.

On

#red ire
recall the plan :

· to show ; lots of red-blueedges
woa

,
that's a

· each path has 1 reable
big

number!

edge,
but that doesn't3

mean we have lots of

red-blue edges . Maybe
they all use the same Po
red-blue edge ?

· in He following : bound # of paths
that can share a red-blue edye



&

ut # : Show upper bound on # of C.p.s

passing through any edge

for any
red-blue edge e

,
how

many X-y pairs
can cross it with canonical Xy path?

X &
2
it

settings for X.... fin Spath
um

U y ,
.... Yiilin ... M jedeuti

y.
.... De Milit ... Yn

-

pat zn-i settings
this edye

for Yit--Yu

Y
determineseyi)
↑

Mipoint : all canonical paths crossing uue

agree on Y:
"

Yet & Xit'Xn
N Xi : "Xi=> 2 possible paths foreach

Yi"In



* XX2 ... Xn XXiX ... XaXi ... Xn

hasa
u y ,

. . . . Yes /Xilin ... In

GedgeGi
u y, . . . . De Milit ... Y

-
Y y , y ... In Y/Y192

... Yay ... Y'n

7.mpestdfrom node with this suffix

- -
two options=

&for X
um difference in 1 = 2

·A - +-( ( - ++

-

4 options for y



Mart : Conclude lower bound on # of red-blue

edges .

## red-blue edges) x (max #canonical paths that use

each edge

= # red-blue canonical paths
↑

since each crosses 11 red-blue edge

1 .b.
On
#r-b pairs

us

=> # redbare edgesIt to
*

U .
b

. on #

canonical paths
crossing any edge

=>J i st
. 22. red-blue edges in

direction i



=>Sist. (nf(f) = F(513) = 2 . Pr(f(x)=Xi) - 1

=
↑total #

edges in dir i

-
=>Fi stPr(f(x) =Xi] = E + Yon

⑪

Other uses of canonical path arguments:

· routing
· expansion/conductance of hypercubelother

Markov chains



What good is weak learning?

unclear

here can only weakly learn on

uniform distribution

ability to weakly learn on

all distributions

=> ability to strongly learn
[Schapire]

"boosting"



Weak vs
. Strong Learning

Def
. Algorithm of "weakly PAC learns" concept

cluss & If 7830

St FceC + F dists D

VE * (5 = + or the doesn't
affect(

with prob 1-8

given examples of >

A outputs h St
. PryChI

compared advantage
1-Sort9 over

guessing
It was first conjectured that weak learning is

easier than strong (i2
.
Ifaths that can

weakly learn but not

strongly learn)

Surprise !!
can "boost" a weak learner



Ihm if I can be weakly learned on

any dist 20 then C can be

Istrongly learnas

dependence on U ?

5 ?

E ?

Will prove for case of Go



Applications :

1) "theoretical"

· uniform distribution algorithms for
poly term DNF 3 lowegree
weight-w poly threshold fetusaga

(Boosting + kM) well

· Are case vs .
worst case complexity

2) practical : "Boosting"

Freund-Schapire



Good B Bad Ideas

Simulate weak learner several times

on same distribution & take

majority answer

Or

best answer

· gives better confidence

· but doesn't reduce error-what if

always get same answer?

2) filter out examples on which current

hypothesis does well run weak

learner on part where you do badly
z+3 EE + 2 of non-purple

Problem : given New example ,
how

do you
know which section it is in?



3) keep some samples on which
you are

ok in your
filtering
.

Always use majority vote on previous

hypotheses to predict value of new

samples.

history : Schapire, Freund-Schapire
, Impagliazzo-

Servediofirans

Filtering Procedures :

· decide which samples to keep vs
.

throw out

samples on which
you guess

correctly : needed for checking future

hypotheses
incorrectly : needed for improvement


