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5420 Lecture 2

The probabilistic method

- hypergraph coloring
- dominating set



The Probabilistic Method

C excuse for a probability review

Plan : Show object exists by showing that

Probabilityit exists iso

un

so must
can only be

be

since it either⑪infore I am

0 or 1 1

exists or it doesn't

I toss Coins
,

* ⑪ Dtherefore I am

[G
Descart 2 :

/k
=

Endos



Example I is a set of elements

I Given SS Su
Out Can we 2-color objects in St.

each set G
:

not monochromatic?
NP-hard

problem !

Important special case : m < 29-1 not toits

Im if mc2? 7 proper 2-coloring

G08 OfS l- 1
372

329
(note that no other

coloring works either)



Proof
· randomly color elts of red/blue

Cindependently , probya)

& Fi
,

Pr[Si monochromatic] = Ye + ze =et

want to

"delete" Dire
all Ecolorings
that

· Pr[J i St Si monochromatic)
make

any
set = E Pr[Si monochromatic] union bud

monochromatic i recall :

- show that Pr[ArB] = Pr[A] +Pr[B]

there is a = m.e
leftover good
coloring < =1 assumption on m

· PrCall Si 2-colored] > O

=>J setting of colors which

gives legal 2-coloring
i?. there are lots of colorings ,

but if rule out monochromatic ones,

still have some left over.

We don't know how many.



Can we explicitly output a

good 2-coloring ?

↓ "brute
· could try all 2-colorings

force"

Cexponential time

could make stronger assumption :

Old : Im if mc2? 7 proper 2-coloring
↓ even smaller!

#
-

if mcze
,
7 proper 2-coloring

- can find it quickly !

since prob [7i st . Si monochromatic]=-
so a random coloring of is good

how many times
do

need
E with prob =2. P

you expect to
(if not good, recolor until you

find a

to recolor ? 2 E Yp good one)



Recall x prob
of"heads"

Given ca with bins p

What is expected number of tosses

until see heads ?

answer : Yp

Note tension between ability to

find good solution (NP-hard,
polytime,

↓ linear timee. ..)

Strength of assumptions
(in example :

m vs. ge



Another example :

def . given graph G = DVE)

UEV is a "dominating set"
if every

node we VU has

at least onehbr in U.

V

no nodes ⑧that don't
have at

least one :
connection --

to U

Note : Finding min size dominating set is NP-hard.

lin fact one of the 1st known ... )



#h Given G with min degree O
.

Then G has a dominating set
of size - In

If
.

Constructu : Place

eachnodeWe
into indep withora

IsY a dominating set ?

for weV
,
Pr[w has no nbr in Ut is not in it

Uses
=(1-p(

+ 1
->

in constindependencene
1

Pr[5 west
.

w has no nor in +w not in U]

= n . (1-p)8
+

unionbnd

Useful :

1 - *)
*
- t

= n(1-line tun

so prob [Y is not a dominating set] =14



How big is ?

for
variables

E[(u1] = hop < why? indica

let Gr =56 if placed int

Pr[Ink y .np] <t E[6r] = P
↑ linearity

of

recall'i Markov's # ll = Ero. ↓
expectations

Pr[X> c. E(x]]=+
y ELIul] : E[E6u] =ZE[Ou]

= Ep = nP

So Pr &Y is dominating set of size]
= 1 - t -+7
= Ya > 0 2 budevents:

so it exists ! · [



A third example : Sum-free subsets

A is subset of positive integers (70)

Def
.

A is "sum-free" if #9 ,, 92,
AzEA

St
. A+Az=Az

#m (Erdos' 65)

F B = ED , .bu5 7 sum-free A = B

St
.

(A) > 13 Ne : not true

if IAI needs

to be greater
Example than I

B = El ... n3

can take A = ErE7, ... , n3



Proof
whoy by is max

pick Prie p > 2bn st
. p = 2(mods)

i

. e
. p

= 31 +2 for some int K

C
I

-

I be "b 2bn P

Let C = Ek+ 1
, ..,

2k+ 13 "middled of (p)"
*
p

= 50
...., p

- 13

&
p

*
= El

, . . .,p-13 group ↓ unique
has multiplicative in verses

mod p
(need p to be prime for this)



e .g. s
*

= 31
,
23

1 . 1 = 1 mods

2. 2 = 1 mod3

Note : (1) CEXp
(2) I sum-free

,
even in Ip

& Why?

(3)= any 2 elements

Sum to EGK+2

↓ at most 4k+2

too bad k (mod3k+2)

CKB !O
- Di

III

O

000 randomness
O

Pos

⑧ Jo ·



What if BMC is big ? e.g.
if BIL=

we are done !

Cool idea ! Sum-freeness

extends to linear faths of elements

b, +by= by
iff

a . b
,

+ a. bz = a .bz

⑳what ?2000
&sum-freeness of B, not linfetus of!
we will use it "backwards" !

above we note; BMC big => We are done

cool idea=>

if ]xst
. Ex · bilbieB3 1C big E we are done

-

& but is there such an X ?



Constructing A:
↓Zp

*

pick XtRE1 .. p-13
then use X to define

Crandom) linear map fy(al =X .a modp

let Ax Eb. St
. X modpe(3
fx(bi)

so Ax are elts of B in

preimage of <under by

"X maps these guys
to

middle third"

&him1 Ax is sum-free

PE
.

if not
,

then

let bi
,
bj

,

b, Ax St . bi + bj =b

then X bi + Xb; =Xb (modplmodp-

all in C +
by construction



=>C not sumfreein

China J x St
. (Ax1 >*

If for each bi
↓ for each YI

Fact VyzEp +Fi 2 exactly Xbfollowso 3 exactly one x&p
* satisfies maps

to Y

unique y = X - bi (modp)inverse

↑propertywhe
a

Fact

Vy Xp*, i Pry [bi mappedtoy

& i
,
fact => (2) choices of X St

.

X . bi (modp)EC

define 6141 ifX bi mode a* bi mapste
under X

Ex (6) = Pr(6 = 1=



Ex[lAx1) = Ex[E] =zE]
-

>
&

# of bis that map to C

under X

=> at least one X St
. 1x1A

#


