
Lecture 5

· linear algebra+ random walks

· randomized complexity classes

· derandomization via enumeration



Linear Algebra Review - this will be useful for

analyzing random walks !

def 2 is an eigenvector of A with

corresponding eigenvalue ? iff

vA = xv

& Enorm of V= (r. in):r=
inner

def z' ... y(m) Orthonormal if product

phil . p(y) =

1 if i j

zu E O if i7j
inner product

=Spli
.
p(j)
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example p = transition matrix of d-reg
undir graph (doubly stochastic



2 ,-norm= (
-

(h ....) . P = 1 . (h ...i)
* doesn't this seem

more natural?a (in ...) . P = 1 .(ii) is the probability
u distribution rector

I

Linorm =1 sothis getseot

Important Theorem

# Transition matrix P real + symmetric
=>J e-rees p() ...y()

forming orthonormal basis with corresponding
evalues 1 = X

,

= (2) ... =/Xn)
+ y() = +( ... 1

- chosen so that Ila"/= /

(won't
prove here



Useful Facts :

Assume ↑ has all positive entries

& evers p(l) ... () with

corresponding e-vals X .. -- Xn

Facts

11) &P has e-reas all...H with corresponding evalsX, icXn

(2) P+I"
" ,

"T
,
H, ...,Muth

(3)pk"
"

I '

"X" ...,
(4) P Stochastic => N! Vi

y?

(1) up=r U. C . P = X. &P

() v(P+1) = wP+vi = xv + v = (x+ 1)2

# : add self-loops : #I : "Stay put with probla
walk with proble"

=> same eigenvectors , new eigenvalues XI , ... ,



(3) up" = (p)p"" = x 0pk = Rupk ... = X
"
v

1- step walks

(4) Fi
,

let E=Sjlto ~
computesth-

then 15 Wil& &Wp entry it

v. P
jeI

= sinceriesofis always -0
St

. j ,kI

↳Pi
u

[sincet
=> Xe

We ifwll ...wil Orthonormal basis then

any rector w is expressible as linear

Combination of uli's

w = 2di w(

↓ Linorm of w is
-

why ?See below



↳ norm : Iwly=EGwill.(awi))
Calculation

·
= call this : (*)

will use
this soon

Recalli

Stationary distribution

# St=TP (so It is eigen rectorwith2)
(taking more steps in r. W . keeps you

in same distribution)

recall : Pergodic => I exists & unique

(for graphs, can always take



Mixing Times

How long does it take to reach

stationary distribution ?

def
.

Eo

Mixing time
,
T1E)

,
of M

.
C

.
A with

Stationary dist Tt is mint s
.

t
.

FM"
,
III-"At11

,
-E

-
any start distribution

def .

M
.

C
. A is rapidly mixing if
T(2) = poly (logn , log's

# states

examples : r. w . on complete graph , random graph
note that mixing time of B is at most 2x more



Th P is transition matrix of undirected
,

Guit
- honkpatte , drey connected great

No is start dist.

It is stationary dist = (n
, ...,
h)

(50 HP= P)

Then llttrP
-

-TIl = lit
~

& exponentially decreasing
dist if 1-X2 is const!
=> rapid mixing

Pof

↑ real
, symmetric =>

7 evecs ~
(1)
...

(c)
are orthonormal basis

with e-vals 1 = X
,

= (x2) = ... =In

↓v= (1
, ! ...,1) (x*)



so an distribution rector
,
in particular to

,

can be expressed as lin comb

of fli)'sa

To = Eiti) (***)

so Hipt=
·ideaia=

main

very
t

= <
,
X

,
" +2) +...

vo in

= - = 1
En

what is I ,?

v4 = En (1 %.. 1)

using -> To . (() = <,ul2()+ [
,u

(**) =/
= O

using also
, To2") = To · En (11 ... 1) =E Hi...1(xx)E

=
↓ that

To is
so C = En

a distribution
note that this argument does not use any
knowledge of to , other than it is a distribution.



continuing
...
It

es

IIFIP" - 2. "Il2 = I did will

= by

= since 1kzlz ...

= /l
*

litolla by (x)
+ sinceIt

= It since Ilwll= I wil
,

= I

when entries [1

#

We are going to use this to

↑
save" randomness...

but first
,
some background on derandomization



Randomized Complexity Classes

def
. language 2 is subset of 30 , 13

*

e .g. EX/X is graph with Hamilton paths

Ex) X is collection of sets with
proper

2-coloring3

& P is class of languages (with
polytime deterministic algorithm A

St . XtL => Alx) accepts
XL => A(x) rejects



& RP is class of languages (with
polytime probabilistic algorithm A

St . XeL = Pr[A(x) accepts]<EsideacceptX(L = Pr[AI) accepts] = 0

you know
answer is

correct

dBPP is class of languages ( with

polytime probabilistic algorithm A

St . XL PAacceptsEd

Comments
-

· constants arbitrary
with multiplicative overhead of Ollog YP)
can get error &

OPEN :
· Clearly PERPEBPP

is P= BPP?



Derandomization via Enumeration

Given : probabilistic algorithm of sinput X

Algorithm :
Run of on every possible random

string of length rulmost time-
Output majority answer

bound of c
.

#
is there a better

brund?

Behavior :

if XEL
,
=43 of random strings cause A to accept

=> majority answer is accept

if X&L , 743 of random strings cause A to reject

=> majority answer is reject



Runtime : O(() · t(n)) = 0 (2! tin)
~

time bound
ofA

# r(n) = t(n) but if could yet a better
bound on rin)

,
would improve

runtime , 2 . y. r(n)
= Ollogn)

↓ tini = poly (n)

=> total time is

poly(n)

Collary : BPP =EXP
III

DTIME (V2"



Reducing Randomness via

Random Walks :

For language L ,
let of be algorithm Sit.

11) FXL Pr[d(x) =1 = 99/100 usually correct
As coins

(2)(X # L Pr[cix) =0] = 1 alway correct
Ains

To get error
<2

Method # random bits used

run k times + output "XAL" if see o k . r
else output "XeL"

today : use random walks to choose bits r + O()



Plan

· f (random) String in 50
, 13", assign it

tomode in graph G

· picking random n-bit string I
=> picking random node in G ⑧

easier ? A

picking several random n-bit strings

=> picking several random nodes in 6

I
easier ?

&
picking several strings, one of which is

"good"
=> picking several nodes

,
one of which

is "good" Easier!



The graph 6:we get to pick 6 !!!

· constant degree d-regular, connected, nonbipartite

· transition matrix P for r.w .
on G

has Myl = to

d-reg = Stat dist It isform

· Anodes = 2n corresponds to all

possible choices of r

random bits



The Algorithm
# randombits

· Pick random start node we, r

· Repeat K times :

w random nbr of w
0() X17
↑ ↑

d #loops
ron Ald with was random bits.

Const

If dy outputs "XeL" , output "XeL" shalt
else continue

· Output "X & L"
total : r + O(k)

&

Behavior : Claim : error of new algorithm is (5) forxel
(still 0 error for X*L)


