
Lecture 7

more on random walks

maybe begin pairwise independence motivation

· saving random bits in amplification

via random walks

· if time : begin pairwise independence
start with algorithm for max-cut

that we will derandomize next

time via pair wise independence



Reducing Randomness via

Random Walks :

For language L ,

let of be algorithm using r bits

of randomness st. I-sided error

11) FXL Pr[c) =1 = 99/100 usually correct
Weet's coins

(2)(X*L Pr[cx) =0] = 1 alway correct
wedins

To get error
<2

Method # random bits used

1) run k times on independently chosen bits k . r

↓ output "XAL" if see o

else output "XeL"
↑

2) today : use random walks to choose bits r +O()
↑

not independent



Plan

· f (random) String we 50
,13 assign it

to mode in graph G
we pick !

· picking random n-bit string AE) picking random node in G

easier ? A

picking several random n-bit strings

# picking several random nodes in 6

I
easier ?

&
picking several strings, one of which is

"good"
=> picking several nodes

,
one of which

is "good" Easier!



The graph 6: we get to pick 6 !!!

· constant degree d-regular, connected, nonbipartite

· transition matrix P for r.w .
on G

has Myl = to
Since<

implies
-> X + d-reg => Stat dist It isform

Gonnected!
· Anodes = 2" corresponds to all

possible choices of r

random bits



The Algorithm
# randombits

· Pick random start node we, r

· Repeat K times :

w random nbr of w
0() X17
↑ ↑

ron A with was random bits
.

& loops
Const

If d(x) = 0
, output "X*L" thalt

W

else continue

· Output "XEL"
total : r + O(k)

&

Behavior : Claim : error of new algorithm is (5) forxel
(still 0 error for X*L)



G each node labelled

/ by r-bitstring
L
a

*

·
Good strings ·

Bad
·
Badstring

Badtrives

Bad strings

Bad
strings

Di Main ea pick-a feeaseto

start location that

afte steps
if (x1) then is likely bad

& fewer +

fewer of tree after K-steps
as K gets bigger

bad case: walk only on "bad strings" o never reach good strings
why is this possible if G arbitrary ? e .g .

line
&Xy is close to!



Proof of Claim

XL : algorithm ever errs (no bad strings)
XL :· (A(x)=1)

most random bits say NEL : 199

define B = Ew/d) with random bils w

is incorrect, 3
i

.
e

. says X* L

"bad wis
"

(B) = G

need lin.aly. way of describing walks that

stay in bad set :

define N diagonal matrix

Nu = E ! ifWeincreT



NDo not
Fora any probability dist :

g . N is ??

(witness)

example:
goodstring

W

q
= (i) N= Co

-

-this

gN = Go)/oventryzeroed out

the 3/4

g . N deletesweight thaton
is

11g .N/l
,

= Prw[w is bad



Can compose :

11 g
· PNIly = Prog I start at q ,

take astep + land on "bad"]

·

1 giNthProcy[statuto ,
take isteps vach is inclu

↑
ignores whether start node

bad .
This just hurtsus,

so ok to ignore .

Lemma Fit IIIPNIz = It1c

First: how do we use lemma ?

answer incorrect only if always see bad was

=> Pr [incorrect] = 11 po (PNI'lly

= 11 p. PWYla
Since IIpl, Vortomainsize · Il pla



= Ilpolly (1)" apply lemma

k times
un

=since start atunifora
=t =Er

= (ot"-great ! our algorithm works !

Proof of Lemma :

let V
.. Ver be e-recs of P that are orthonormal

↓ V ,
is st

. II = 1 1s0 v = (e...)

thenT=Vi

note : 1) llTTI= by (x) proved previously

2) VW IlwNI=w = Kale



So i

IIPNlla = /GivPNIla sinceanyas of
basis rectors

=ILiv NII

-INN S
bound :

11 d
,X ,, N/la = 11 a

,
2

, NI since =

uses that

= Kil.frank since=E, ..., t
uniform dist

~ N = (0%0000o
is unlikely =Kl
to be on

a bad string Kil since #B too
To

ElItIIa sincelItIy = i
To



bound B :

1Nitilla from note

Uses =ii)
"mixing"
of is
for 1 s2 .

=Lok X: Yo

These could be

"heavy"in bad Et lltla
areas, but wout,

so : llTTPNII



Pairwise Independence & Derandomization

Let's start with a simple algorithm for MaxCut :

Max Cut ?

given : G = (VE)

output ; partition V into S
,
T ↳Nand

to maximize (5(u ,
v)/nes

,
veT3)
-

size of S-T cut

Randomized Algorithm :

Flip coins N . " On

Put node i on side i to get S,
T

* if ri = E add i toS

else ri = 1 add i toT

y



Analysis : ↓
u

,vonopposeet

Let Zur =Ed itru

Cut size =tur
E[cut size] = Elcetur]

=EEC1yr]=Pr[In
= & Pr[( =10= 0) or (r = 0 +n = 1)]

(G ,
r)zE

= (E) · [H + +) =

So expect to the edges to cross cut.

Note ; E[cutsize] = => J cut of size E
2

um -

averageseed must be one

that is at least

by algorithm as big as the

average



-Why isEl considered a success?

S
D

i
O

Dthe best you can do is IEL

D IR
/

righ...

Gives multiplicative approximation
to within a factor of 2



Previous lecture

Derandomization via Enumeration

Given : probabilistic algorithm of sinput X

Algorithm :
Run of on every possible random

string of length r(n)

Output majority answer



Randomized Max Cut Algorithm :

Flip coins N . " On

Put node i on side i to get S,
T

Derandomization : first attempt

use "derandomization via enumeration"

Run of on every possible random

string of length r(n)

Output majority answer

here rin) = n
,

so need 2" runs ofo

Hope : reduce r(n) ?

still use "derandomization via enumeration"

find subset SE50,
13 of random strings that "works"

↓ only curmerate over S


