
Lecture 7

Definition of pairwise independence

Max Cut i

randomized algorithm (covered last time)

derandomizing via pairwise independence

Generating pairwise independent bits



(Last time)

Max Cut?

given : G = (VE)

output ; partition V into S
,
T ↳Nand

to maximize (5(u ,
v)/nes, veT3)
-

size of S-T cut

Randomized Algorithm :

Flip coins N . " On

Put node i on side i to get S,
T

* if ri = E add i toS

else ri = 1 add i toT

y



(Last time)

Analysis :

Let Zun =Eb it
resp

Cut size =tur
E[cut size] = Elcetur]

= & E[1yr] = 2 Pr[1nv = 1)
(4

,E (n
,
r)eE

= & Pr[( =10= 0) or (r = 0 +n = 1)]
(G ,
r)zE

= (E) · [H + +) =



(last time)
Randomized Max Cut Algorithm :

Flip coins N . " On

Put node i on side i to get S
,
T

Derandomization : first attempt

use "derandomization via enumeration"

Run of on every possible random

string of length r(n)

Output majority answer

here rin) = n
,

so need 2" runs ofo

Hope : reduce r(n) ?

still use "derandomization via enumeration"

find subset SE50,
13 of random strings that "works"

↓ only curmerate over S



Pairwise Independent Random Variables

Given domain T St
.
ITI = t

Pick n values X....Yn St
.
each Xi E T

& X
:

: In independent if F b... butTh

Pr[X , .Xn = b
,

...bn] = En

pairwise independent if FIFj bibjet
Pr[XiXj = bibj] = Ez

1wise independent ifF distinct 1 : "Ik

b, ... b
,
+Tk

Pr[Xi
... Xix

= b
,

. . . b
,
] = Er



Example :

total independence U=50
,
13 pairwise independence S[50

,
133

bits 151 = Y

distribution
bits & E2 is

distribution
r

, Tz is < 8

-

row
-A = o O B = 1000

Pick random 2 O O 2 O 1 I

row
( 3 01 row,

3 10
output

4 0 output 4 11 OS 610 · S pick from these 4 rows

510

r
, rafz

...
r

, ratz

↑

needs only 2

random bits

g 11 I

picking random row

needs 3 random

bits

Bits of A independent but B is not independent:

e .g. Pr [r,5
= 110]: Pr [v

,B= 110] = +y
A B

B is pairwise independent :

e . g.
Pr [r , E = 11] = PreCr= = Pr[rB= /1 = P- [YE= 10] :IB

works for any Firj = b
, b2 for itj + 31 ,

2
,33 + b

,
b

-
=50

,13



Main points :

· picking from fewer rows requires fewer random bits faster
so need to do fewer calls to of when doing derandomize" derandomization via enumeration

1

· picking from smaller "subset" of rows has some of

3goodroughsame properties as picking from l rows

only need pairwise independence in max cut algorithm
=> analysis of expectation still same if

only use pairwise indep random bits

let's check this :

EScut size]
=EpEECInr]=PrCIn
= & Pr[( =10= 0) or (r = 0 +n = 1)]

pairwise indep enough for (G ,
r)zE

Pr[Tu= Itr=] = PrCru=Ot=1]
->

= (E) · [H + +) = E = - cut of size

= Y4 = IEl2

=> can do "derandomization via enumeration"

on pairwise independent bits

ou

S &



Example using our Max cut :

!
3 pairwise Is

02
max value = 2

indep bits :
IE1 = 2

3
u I

so looking for
Max cut of size E = 1

All cuts :

value=2

:I
value = 1

: lor=rz=Vz=0

T= Tz=0

Tz =

N=
z

=Vz=) · ↳ soto
I

value = 2 : Ojon zo Average value = 1

=>F cut of
T = rz = 0 V = rz= /

value =I
12= 1 r= 0

Pairwise indep cuts: r = +3= 1 M = 0 r= r
z

= 1

r= 0 rz=z=
V= U

/

10-02
r=r= T = 0

10i zuis I
b so

value = o value = 2
value = 1 value = 1

Average value = 1 => F cut of value =1

Its possible that pairwise indep misses biggest cuty but has some are value



Another picture :

b
, ... bm

s "randomness > T
, Erz ... In

generator"
totally ↑ output n

independent
picks random pairwise independent

in row in S random bits
enumerate
all zm using bis

Choices of bis

pick output
in our b

, ba r
, T2 Ts

3-bit 00 - 10 00

example :

0120
11

10 - 10

11
+

4110

Tablelookup : e
.g .

if pick bibz = 01 output UE = 0

Question : What do you do when you need < 3 pi . random bits?

(to be answered soon)



Derandomize Max Cut only indep

totallependra pairwisen m

↓ -
L

Originalb, ... bm randomness ->r
.
... Mn-> Maxiot -> Answer

graph G
generator

> Algorithm

NewMax CutAlgorithm MC Edo derandominata
via enumeration

on this in

012) calls to

words: given m random bit a b 14
One for

graph
G

each setting
of b

,bm

procedure :

generates r
... in (pairwise indept from b....bm

use his to run Max Lot & evaluate cutsize

2. Derandomize MC' :

for all choices of b. bm
run MC' on b. "bm G + evaluate cut size

bick best cutsize



-

b, ... bm
try all

Ddowner. A
G > Algorithm ↑

pick

derandomized MC

runtime : 2m xtime for generator + time for MC

will show m = Ollogn) & time for generator poly (n)

so total time is poly(a)

Comments :

if derandomize MC by enumeration
, you end up

trying all cuts -> get OPT

here
,

we are trying very few arts

so no guarantee of getting OPT. justPT



Generating Pairwise Independent Random Variables :

1 . Bits

· choose K truly random bits b
, bi

FS[[K] St. S #@

set Csb
· output all Cs

1) truly random bits -> 2"-1 p.
i. bits

log n n - 1

proof of correctness :

upcoming homework



2. Integers in [0, ..., g-1] & prime

Ist idea ; if gazt can be represented vial bits

repeat "bits" construction independently
for each positionqi

in 1 ..1

uses Ollogn - logg) bits of true randomness

↑

bits
*

Frepetition

slightly better idea: Ollogg) bits of randomness

· Pick a
,be Lg

·

r= a . X + b modgfx + 50
, ..., q-3

· output r, ...q



Useful to think of construction as

input/output description of a

function :
↓

This is
also Eg

ha : 50, ..,g - Dq
↓ family of fatus 9t = Shap 1 a

,
b + &g3

Family of faths 9 : Sh
, hy ... 3

for hi : [N] -(M] is

"pairwise independent" if

when heat anyloUniformly

(1) FX [N]
,
h(x)u(M] pair

of

↓Ons
X,X2

mapped
(2) FX,X2 [W]

, (h ,
(x)

, hc(x) En[M] uniformly
independently



equivalently :
VX

,
+Xzz[N]

V y ,yz [M]

Pr[h(x) =

y , +h(x) =yz) = +
heat

Comments :

· no single fath is p.i on its own -

need to pick a random feth from

a collection of faths.

·

given haxe(N] ,
h(x) should be

computable in time poly /logM) Shet

· also called "strongly 2-universal hash faths"



Why is our example pi .?

Our family :
H : Shab][g + &g3 recall

g is prime
note :

hy(x) = ax + modg o 14) = g2
proof of p .

i ...

VX+w
,

c
,
d

1aw +b = d] =

zuPr2at haplu)
Ega

(i) . (5) = ()

so det (i) to => unigeson
Ye,X

so nonsingular

how many truly random bits ?

pick ab uniformly
,needsGoga



Morecomments :

Can construct for all finite fields,

even when domainI range
have

different sizes

Original motivation : hashing
Choose hash fiths from p. i.

family instead of totally

random faths
.

why?
how to store random feth ?

need (domain). loglrange
bits to write down input/output
table

how to store p.
i , hash fath?

write down at b


