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1 PROBLEM DEFINITION

In the maximum 2-satisfiability problem (abbreviated as MAX 2-SAT), one is given a Boolean
formula in conjunctive normal form, such that each clause contains at most two literals. The task
is to find an assignment to the variables of the formula such that a maximum number of clauses is
satisfied.

MAX 2-SAT is a classic optimization problem. Its decision version was proved NP-complete
by Garey, Johnson, and Stockmeyer [7], in stark contrast with 2-SAT which is solvable in linear
time [2]. To get a feeling for the difficulty of the problem, the NP-completeness reduction is sketched
here. One can transform any 3-SAT instance F' into a MAX 2-SAT instance F’, by replacing each
clause of F' such as

c; = (@1 V oy V 63),
where {1, {5, and {3 are arbitrary literals, with the collection of 2-CNF clauses
(41), (€2), (€3), (ci), (mlr V ~La), (mla V ~ls), (1 V l3), (01 V i), (b2 V 26;), (€3 V i),

where ¢; is a new variable. The following are true:

e If an assignment satisfies ¢;, then exactly seven of the ten clauses in the 2-CNF collection can
be satisfied.

e If an assignment does not satisfy ¢;, then exactly six of the ten clauses can be satisfied.

If F is satisfiable then there is an assignment satisfying 7/10 of the clauses in F’, and if F' is not
satisfiable then no assignment satisfies 7/10 of the clauses in F’. Since 3-SAT reduces to MAX
2-SAT, it follows that MAX 2-SAT (as a decision problem) is NP-complete.

Notation A CNF formula is represented as a set of clauses.

The symbols R and Z denote the sets of reals and integers, respectively. The letter w denotes
the smallest real number such that for all € > 0, n by n matrix multiplication over a ring can be



performed in O(n“*¢) ring operations. Currently, it is known that w < 2.376 [4]. The ring matrix
product of two matrices A and B is denoted by A x B.

Let A and B be matrices with entries from RU{oc}. The distance product of A and B (written
shorthand as A ®,4 B) is the matrix C defined by the formula

Clid) = min_{Afi,k] + Bk,

A word on m’s and n’s: in reference to graphs, m and n denote the number of edges and the
number of nodes in the graph, respectively. In reference to CNF formulas, m and n denote the
number of clauses and the number of variables, respectively.

2 KEY RESULT

The primary result of this article is a procedure solving MAX 2-SAT in O(m - 2¥/3) time. The
method can be generalized to count the number of solutions to any constraint optimization problem
with at most two variables per constraint (cf. [17]), though the presentation in this article shall
be somewhat different from the reference, and much simpler. There are several other known exact
algorithms for MAX 2-SAT that are more effective in special cases, such as sparse instances [9, 8,
3, 13, 15, 16, 11, 12]. The procedure described below is the only one known (to date) that runs in
O(poly(m) - 2°™) time (for some fixed § < 1) in all possible cases.

2.1 KEY IDEA

The algorithm gives a reduction from MAX 2-SAT to the problem MAaAX TRIANGLE, in which
one is given a graph with integer weights on its nodes and edges, and the goal is to output a
3-cycle of maximum weight. At first, the existence of such a reduction sounds strange, as MAX
TRIANGLE can be trivially solved in O(n?) time by trying all possible 3-cycles. The key is that
the reduction exponentially increases the problem size, from a M AX 2-SAT instance with m clauses
and n variables, to a MAX TRIANGLE instance having O(22%/3) edges, O(2"/3) nodes, and weights
in the range {—m, ..., m}.

Note that if MAX TRIANGLE required ©(n?) time to solve, then the resulting MAX 2-SAT
algorithm would take ©(2") time, rendering the above reduction pointless. However, it turns out
that the brute-force search of O(n?®) for MaX TRIANGLE is not the best one can do— using fast
matrix multiplication, there is an algorithm for MAX TRIANGLE that runs in O(Wn%) time on
graphs with weights in the range {-W,..., W}.

2.2 MAIN ALGORITHM

First, a reduction from MAX 2-SAT to MAX TRIANGLE is described, arguing that each triangle of
weight K in the resulting graph is in one-to-one correspondence with an assignment that satisfies
K clauses of the MAX 2-SAT instance. Let a,b be reals, and let Z[a,b] := [a,b] N Z.

Lemma 1. If MAX TRIANGLE on graphs with n nodes and weights in Z[—W, W] is solvable in
O(f(W) - g(n)) time, for polynomials f and g, then MAX 2-SAT is solvable in O(f(m) - g(2"/?))
time, where m is the number of clauses and n is the number of variables.



ProOOF: Let C be a given 2-CNF formula. Assume without loss of generality that n is divisible
by 3. Let F' be an instance of MAX 2-SAT. Arbitrarily partition the n variables of F' into three
sets Py, P3, P3, each having n/3 variables. For each P;, make a list L; of all 2n/3 assignments to
the variables of P;.

Define a graph G = (V, E) with V' = L1 U Ly U L3 and E = {(u,v)|u € P;,v € Pj,i # j}. That
is, G is a complete tripartite graph with 2/ nodes in each part, and each node in G corresponds
to an assignment to n/3 variables in C. Weights are placed on the nodes and edges of G as follows.
For a node v, define w(v) to be the number of clauses that are satisfied by the partial assignment
denoted by v. For each edge {u, v}, define w({u,v}) = =Wy, where W,,,, is the number of clauses
that are satisfied by both u and v.

Define the weight of a triangle in G to be the total sum of all weights and nodes in the triangle.

Claim 1. There is a one-to-one correspondence between the triangles of weight K in G and the
variable assignments satisfying exactly K clauses in F'.

ProoOF: Let a be a variable assignment. Then there exist unique nodes v; € L1, vy € Lo, and
vy € L3 such that a is precisely the concatenation of vq, ve, v3 as assignments. Moreover, any triple
of nodes vy € Ly, vo € Lo, and v3 € L3 corresponds to an assignment. Thus there is a one-to-one
correspondence between triangles in G and assignments to F'.

The number of clauses satisfied by an assignment is exactly the weight of its corresponding
triangle. To see this, let T, = {v1,v2,v3} be the triangle in G corresponding to assignment a. Then

w(Ta) = w(vr) +wlvz) +w(vz) + w({vy, v2}) + w({vz, v3}) + w{vr, v3})

(2

3

= {c € F | v; satisfies F'}| — Z {c € F | v; and v; satisty F'}|
=1 i ;i

= |{c € F | a satisfies F'}|,

where the last equality follows from the inclusion-exclusion principle. |

Notice that the number of nodes in G is 3 - 2"/3, and the absolute value of any node and edge
weight is m. Therefore, running a MAX TRIANGLE algorithm on G, a solution to MAX 2-SAT is
obtained in O(f(m)-g(3-2"/3)), which is O(f(m)-g(2"/?)) since g is a polynomial. This completes
the proof of Lemma 1. [ |

Next, a procedure is described for finding a maximum triangle faster than brute-force search,
using fast matrix multiplication. Alon, Galil, and Margalit [1] (following Yuval [20]) showed that

the distance product for matrices with entries drawn from Z[—W, W] can be computed using fast
matrix multiplication as a subroutine.

Theorem 2 (Alon, Galil, Margalit [1]). Let A and B be nxn matrices with entries from Z[—W, WU
{o0}. Then A®q4 B can be computed in O(Wn“logn) time.

PROOF: (Sketch) One can replace oo entries in A and B with 2W + 1 in the following. Define
matrices A’ and B’, where

A'li,j] = WA B ) = 2P P



and z is a variable. Let C = A’ x B’. Then
C[Z,]] — ZxGW—A[i,k]—B[kJ}.
k=1

The next step is to pick a number x that makes it easy to determine, from the sum of arbitrary
powers of z, the largest power of x appearing in the sum; this largest power immediately gives the
minimum Al[i, k] + B[k, j]. Each C[i,j] is a polynomial in z with coefficients from Z[0,n|. Suppose
each C[i,j] is evaluated at = (n + 1). Then each entry of C[i,j] can be seen as an (n + 1)-ary
number, and the position of this number’s most significant digit gives the minimum A[i, k] + B[k, j].

In summary, A ®,; B can be computed by constructing
A,[’i,j] _ (’I’L + 1)3W—A[ivﬂ’ B/[’i,j] _ (’I’L + 1)3W—B[i,j]

in O(Wlogn) time per entry, computing C = A’ x B’ in O(n* - (W logn)) time (as the sizes of
the entries are O(W logn)), then extracting the minimum from each entry of C, in O(n?- W logn)
time. Note if the minimum for an entry C[i, j] is at least 2W + 1, then C[i, j| = oc. [ |

Using the fast distance product algorithm, one can solve MAX TRIANGLE faster than brute-
force. The following is based on an algorithm by Itai and Rodeh [10] for detecting if an unweighted
graph has a triangle in less than n? steps. The result can be generalized to counting the number
of k-cliques, for arbitrary k > 3. (To keep the presentation simple, the counting result is omitted.
Concerning the k-clique result, there is unfortunately no asymptotic runtime benefit from using
a k-clique algorithm instead of a triangle algorithm, given the current best algorithms for these
problems.)

Theorem 3. MAX TRIANGLE can be solved in O(Wn®logn), for graphs with weights drawn from
Z[-W,W].

ProoOF: First, it is shown that a weight function on nodes and edges can be converted into an
equivalent weight function with weights on only edges. Let w be the weight function of G, and
redefine the weights to be:

w(u) + w(v)

5 +w({u,v}), w'(u)=0.

w'({u,v}) =

Note the weight of a triangle is unchanged by this reduction.

The next step is to use a fast distance product to find a maximum weight triangle in an edge-
weighted graph of n nodes. Construe the vertex set of G as the set {1,...,n}. Define A to
be the n x n matrix such that Ai,j] = —w({i,j}) if there is an edge {i,j}, and Ai,j] = oo
otherwise. The claim is that there is a triangle through node ¢ of weight at least K if and only
if (A®qA®qA)i,i < —K. This is because (A ®q A ®q A)[i,i] < —K if and only if there are
distinct j and k such that {i,j}, {j,k}, {k,i} are edges and A[i, j] + A[j, k] + Alk,i] < —K, i.e.,
w({i,j}) +w{s, k}) + w({k,i}) = K.

Therefore, by finding an i such that (A ®4 A ®q A)[¢,7] is minimized, one obtains a node i
contained in a maximum triangle. To obtain the actual triangle, check all m edges {j, k} to see if
{i,j,k} is a triangle. [ |



Theorem 4. MAX 2-SAT can be solved in O(m - 1.732™) time.

PRrROOF: Given a set of clauses C, apply the reduction from Lemma 1 to get a graph G with 0(2"/ )
nodes and weights from Z[—m,m]. Apply the algorithm of Theorem 3 to output a max triangle
in G in O(m - 2°™/31og(2"/3)) = O(m - 1.732") time, using the O(n**7%) matrix multiplication of
Coppersmith and Winograd [4]. [ |

3 APPLICATIONS

By modifying the graph construction, one can solve other problems in O(1.732") time, such as M AX
CuT, MINIMUM BISECTION, and SPARSEST CUT. In general, any constraint optimization problem
for which each constraint has at most two variables can be solved faster using the above approach.
For more details, see [17] and the recent survey by Woeginger [19]. Techniques similar to the above
algorithm have also been used by Dorn [6] to speed up dynamic programming for some problems
on planar graphs (and in general, graphs of bounded branchwidth).

4 OPEN PROBLEMS

e Improve the space usage of the above algorithm. Currently, @(22"/ 3) space is needed. A
very interesting open question is if there is a O(1.99") time algorithm for MAX 2-SAT that
uses only polynomial space. This question would have a positive answer if one could find an
algorithm for solving the k-CLIQUE problem that uses polylogarithmic space and n*~9 time
for some 6 > 0 and k£ > 3.

e Find a faster-than-2" algorithm for MAX 2-SAT that does not require fast matrix multipli-
cation. The fast matrix multiplication algorithms have the unfortunate reputation of being
impractical.

e Generalize the above algorithm to work for MAX k-SAT, where k is any positive integer.
The current formulation would require one to give an efficient algorithm for finding a small
hyperclique in a hypergraph. However, no general results are known for this problem. It is

conjectured that for all £ > 2, MAX k-SAT is in 0(2"(1_’#1)) time, based on the conjecture
that matrix multiplication is in n?T°(1) time [17].

5 CROSS REFERENCES

Matrix Multiplication and All Pairs Shortest Paths, CNF SAT and MAXSAT Algorithms, Max
Cut, Minimum Bisection, Sparsest Cut
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