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Abstract

Enveloping,or themappingof skeletalcontrolsto thedeformations
of asurface,is key to driving realisticanimatedcharacters.Despite
its widespreaduse,envelopingstill relieson slow or inaccuratede-
formationmethods.Weproposeamethodthatis bothfast,accurate
andexample-based.Our techniqueintroducesa rotationalregres-
sion model that capturescommonskinningdeformationssuchas
musclebulging, twisting, andchallengingareassuchastheshoul-
ders.Our improvedtreatmentof rotationalquantitiesis madeprac-
tical by model reductionthat ensuresreal-timesolution of least-
squaresproblems,independentof the meshsize. Our methodis
signi�cantly moreaccuratethanlinear blendskinningandalmost
asfast,suggestingits useasareplacementfor linearblendskinning
whenexamplesareavailable.

CR Categories: I.3.7 [ComputerGraphics]:ThreeDimensional
GraphicsandRealism—Animation;I.6.8 [SimulationandModel-
ing]: Typesof Simulation—Animation

Keywords: Enveloping,skinning,deformation,modelreduction,
animation

1 Intr oduction

Enveloping (or skinning) is a commonand fundamentaltask in
computergraphics.Whenever ananimatorcontrolsa charactervia
a skeleton,enveloping is usedto map thesecontrolsto deforma
meshsurface.Thereis no standardway to envelope.An artistmay
run a physical simulationto model muscledeformationsor tune
complex systemsof shapeblendingfor more direct control. For
interactiveapplications,linear blendskinningenjoys themostpop-
ularity. It is easyto useandcanbe acceleratedon graphicshard-
ware.However, linearblendskinningsuffersfrom artifactssuchas
joint collapseandrestrictsthe rangeof deformationsavailable to
theartist.

The shortcomingsof linear blend skinning are well-known, and
therehasbeena rich body of work on alternatives. Much of this
work proposesnew modelingapproaches.However, giventheintri-
cacy of existingmodelingtools,anartistmaynotwantto or beable
to switch. For this case,thereare techniquesthat train on exam-
plesexportedfrom otherenvelopingtools. Most of theseexample-
basedapproacheslearna modelof corrective displacementson top
of linear blend skinning. However, displacementmodelsextend
poorly to correctingthe rotationalerrorsof linear blendskinning.
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Figure 1: Anatomy-basedtechniquesproducegoodresultsbut are
tooslowfor manyreal-timeapplications.Our techniqueaccurately
capturesmuscledeformationsfroma setof examplesgeneratedby
the black-boxanatomicalmodeland ef�ciently evaluatesthemon
graphicshardware. Our techniqueis more accurate than linear
blendskinningandalmostasfast. (Credit: JoelAnderson)

The methodsthat directly model rotationaldeformationsrely on
strongassumptionsaboutwhereandhow thesedeformationsoc-
cur. Finally, mosttechniquesaresimply not fastenoughfor usein
applicationssuchasvideogamesandtrainingsimulations.

We believe thatanartistshouldbeableto useany envelopingtool,
or evenrun a musclesimulation,without worrying aboutthecom-
putationalef�ciency of the resultingmodel. Thus,our technique
learnsfrom examplesexportedfrom any black-boxenvelopingtool
andgeneratesamodelsuitablefor fastevaluationongraphicshard-
ware. We also anticipatethat a commonset of skinning behav-
iors would includedeformationssuchastwisting, musclebulges,
andshoulderdeformations.We designedour rotationalregression
modelwith thesebehaviors in mind. All in all, we areproposing
our techniqueasa moregeneral,lessartifact-ridden,replacement
for linearblendskinning.

We formulatetheenvelopingproblemaslearninga mappingy (q)
from a setof exampleskeleton-meshpairsf (q i ; y i )g. We choose
to learnour mappingin thespaceof deformationgradients.Defor-
mationgradientsencodethe local orientation,scaling,andshear-
ing of a deformedmeshwith respectto themeshin the restpose.
We train and evaluatedeformationgradientpredictorsD (q) that
can relateour input, bonetransformations,to deformationgradi-
entsof ouroutputmeshsurface(Section3). Fromthesepredictions,
we canreconstructthemeshvertex positionsby solvinga Poisson
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Figure 2: Overview. Our modelmapsskeletalposeq to its corre-
spondingmeshy (q). Themappinghastwosteps.First,wepredict
deformationgradientsof themeshbasedon theskeletalpose. We
thenreconstructvertex positionsfromthesepredictionsby solving
a Poissonequation.

equation(Section4). We begin by describinga predictionstepthat
evaluatesthe deformationgradientof every triangle,anda recon-
structionstepthatsolvesfor thepositionof everyvertex. However,
we canexploit coherency andcoordinationof theverticesandtri-
angles(Section5) to reducethe numberof deformationgradients
we have to predictandthenumberof coordinateswe have to solve
for at runtime.Ourreductionnotonly makesCPUevaluationmuch
faster, but alsotakestheparticularform of matrix-paletteskinning,
allowing us to performthe bulk of our runtimeevaluationon the
GPU(Section6).

2 Related Work

Physicall y based and anatom y-based appr oaches have pro-
ducedsomeof the mostrealisticresultsin enveloping[Scheepers
et al. 1997;Wilhelms andGelder1997;Teranet al. 2005]. Com-
mercialpackagesfor musclesimulationsarereadily availableand
commonlyusedin movie productionandspecialeffects [cgChar-
acter2003; Comet2006]. Other approachesusephysics but not
anatomyto describemuscledeformations[Hyun etal. 2005;Capell
et al. 2002;Capellet al. 2005;GuoandCheongWong2005]. We
complementtheseapproachesby transformingthemodelsthey pro-
duceinto a form suitablefor evaluationon graphicshardware. In
fact,our mainapplicationis to take customriggedmodelsthatare
costly to evaluateandlearnan ef�cient form for usein a training
simulationor videogame.

Linear blend skinning is the most pervasive enveloping tech-
niqueusedin interactive applications.This unpublishedtechnique
is also known as single-weightenveloping and skeletal subspace
deformation,whoseacronym SSDwe usefor theremainderof this
paper. The bene�t of SSDlies in its easeof useandapplicability
to moderngraphicshardwarein theform of matrix-paletteskinning
[Lee2006].SSDtransformseachvertex with alinearblendof bone
rotations.Theblendweightsareusuallyhand-painted,but thereare
alsowell-known techniquesfor optimally trainingthemfrom a set
of examples[Mohr andGleicher2003;JamesandTwigg 2005].

Linearly blendingrotationsleadsto well-known artifactssuchas
collapsingjointsandthe“candywrappereffect” [Lewis etal. 2000;
Mohr andGleicher2003]. Therehave beenmany techniquesthat
addresstheseproblems.WangandPhillips [2002]andMerry et al.
[2006]proposevariationsto SSDthattrainsmoreblendweightsper
vertex perjoint. While thesemodelsaremoreexpressive, they also
requiremore training datato prevent over�tting. The remaining
techniquesfall into two broadcategories:displacementinterpolat-
ing approachesandrotationinterpolatingapproaches.

Displacement interpolating appr oaches take asinput a base-
line SSDmodelanda setof trainingposescomposedof skeleton-
meshpairs[Lewis et al. 2000;Sloanet al. 2001;Kry et al. 2002;
Allen et al. 2006;Rheeet al. 2006]. They computecorrective dis-
placementsto theSSDmodelbasedon thetrainingdataandinter-
polatethesedisplacementsin posespace. Adding displacements
workswell to correctminor errorsof SSD.However, we show that
interpolatingdisplacementsto correctSSDrotationalerrors,such
as thosefound in twisting motion, becomesunwieldy, requiring
abundanttraining data. Our techniquecomplementsthe displace-
mentapproachesabovebecauseit providesasuperiorbaselinetech-
niquethatbetterapproximatesrotationaldeformations.

Rotation interpolating appr oaches suchasthework of Weber
[2000],andMohr andGleicher[2003]extendtheexpressivepower
of SSD by introducing additional sphericallinearly interpolated
“half-way” joints. However, thesejoints areaddeda priori , with-
out regardto theactualdeformationsgivenby exampleposes.We
extendthe ideaof introducingadditionaljoints by identifying pre-
ciselywherethey areneeded(Section5) andby �tting thebehavior
of thesejoints to surfacedeformations.Weshow thatthis improves
uponexisting techniques,especiallyfor thecaseof jointswith both
bendingandtwisting. Kavanand �Zára[2005] takeanexistingSSD
model and non-linearlyblend quaternionsinsteadof transforma-
tion matrices.This techniquecorrectstwisting defectsbut cannot
approximatemuscledeformationsthat were never presentin the
originalSSDmodel.

Deformation gradients have beenusedby a variety of tech-
niquesfor posemodeling[Sumnerand Popović 2004; Anguelov
et al. 2005; Der et al. 2006]. We sharewith thesetechniquesa
commonPoissonreconstructionstep,but differ in how we model
thedeformationgradients.Der et al. [2006] describea posespace
with thenon-linearspanof asetof deformationgradientsextracted
from examplemeshes.This posespacecan thenbe exploredby
mesh-basedinverse-kinematics.While this is usefulfor certainap-
plications,animatorsoften want to control a meshwith a speci�c
skeletonor preciselydrive non-end-effector joints. Furthermore,
Der et al. [2006] modelthe posespacenon-parametrically, incur-
ring anevaluationcostcubic in thenumberof trainingposes.The
SCAPEposemodelpredictsdeformationgradientsfrom bonero-
tationsmuchlike our own model[Anguelov et al. 2005]. SCAPE
caneven handledifferent identitiesin additionto differentposes.
On theotherhand,our methodmoreaccuratelypredictsrotational
deformationsandis ordersof magnitudefasterto evaluate.

3 Deformation Gradient Prediction

The deformationgradientD is a local descriptionof orientation,
scaling,andshearingof adeformedmeshsurfacey relativeto arest
(or undeformed)surfaceŷ . For a trianglemesh,the deformation
gradientfor eachtriangle is simply a 3 � 3 matrix [Sumnerand
Popović 2004;JamesandTwigg 2005].

Our task is to predict thesedeformationgradientsD from bone
transformationsq givenasetof examples.For anarticulatedrigid-
body, thismappingis theidentity; thedeformationgradientsof each
rigid segmentareequalto thebonerotationaffectingthatsegment.
Linearblendskinninggeneralizesthismapping,allowing meshde-
formationsto dependon a linear blend of bonetransformations.
We've designedour deformationgradientpredictorsD (q) to cap-
tureadditionaldeformationssuchastwistingandmusclebulges.

Each deformationgradientD can be separatedinto a rotational
componentR anda scale/shearcomponentS usingpolar decom-
position,andthesecomponentsneedto be treateddifferently. We



predicttheformerwith a rotationalregressionmodelandthelatter
with a scale/shearregressionmodel. Together, thesetwo predic-
tionsform ourdeformationgradientpredictorsD (q) (Figure3).

To performtheregressionabove,we requiresequencesof bonero-
tationsq i and deformationgradientsD i . We extract the former
from theexampleskeletalposesandthelatterfrom thecorrespond-
ing examplemeshes.While we describetheconstructionof defor-
mationgradientpredictorsonaper-trianglebasisbelow, ourmodel
canbeappliedto any sequenceof deformationgradients—aprop-
ertyweexploit for our reducedreconstructionstep.

Deformation gradient
sequence

i

Regression W,u H

R(q) S(q) D(q)* =

Deformation
gradient predictor

. . .

. . .

D i

qi

Bone transformation
sequence

Figure 3: We learn a mappingfrom a sequenceof bonetransfor-
mationsto a sequenceof deformationgradients.We build separate
regressionmodelsfor rotation and scale/shear, learning parame-
ters W and u for rotation and H for scale/shear. Therotational
modelR(q) andscale/shearmodelS(q) combineto form our de-
formationgradientpredictor.

3.1 Notation

We denoteeachskeletalposeq to be a vectorof J concatenated
bone transformations[vec(Q1)T ; dT

1 ; : : : ; vec(QJ )T ; dT
J ]T 2

R12J � 1 . Bonetransformationsarede�ned relative to therestpose
but arenot relative to theparentframe.Eachmeshy 2 R3V � 1 is a
vectorof V concatenatedvertex positions.In thenext section,we
�nd it convenientto work in axis-anglerepresentations.We use�
and� to denotetheaxis-angleformsof bonerotationsQ andmesh
rotationsR respectively. We representaxis-anglequantitiesas3-
vectorswith angleencodedin the magnitudeandaxis encodedin
thedirection.

3.2 Rotational Regression

Thebasicassumptionof SSDis thatverticesonthemeshtransform
with somesubsetof the bonesaffecting them. However, whena
musclebulges,somepartsof the meshdo not rotateby the same
amountasthejoint causingthebulge.Otherpartsmayrotatein the
oppositedirectionor alonga differentaxis(Figure4). We propose
amoregeneralmodelrelatingajoint rotationsequenceto atriangle
rotationsequence.

Figure 4: Arm �exing.
While most of the forearm
rotatesin thesamedirection
and amount as the bone,
parts of the bicep rotate
aboutdifferent axesand by
differentamounts.

Below, weassumethatweknow which joint affectsthetriangle.In
practice,we train a modelfor eachjoint in theskeletonandselect
theonethatbestapproximatesthetrianglerotationsequence.

3.2.1 Model

To relatebonerotationsto trianglerotations,we �rst needto ex-
pressboth in the samecoordinateframe. Let ~� and ~� denoteour

bonerotationsandtrianglerotationsexpressedin the joint frame.
Intuitively, ~� is thejoint rotation.Werelatetheangleof thetriangle
rotation to the joint angleby a scalefactoru and the axis of the
trianglerotationto the joint axisby a rotationoffsetW . By using
theaxis-anglerepresentation,this relationship(Figure5) takesona
linearform:

~� (q) = uW ~� b(q);

where� b(q) extractstherotationof boneb from skeletalposeq.

source
rotation

target
rotation

angle
scale

axis
offset

u W

i ... ... ...

Figure 5: Our rotationpredictors learn a constantrotationalaxis
offsetW anda constantanglescalefactor u to relatea joint rota-
tion sequence(source)to a triangle rotationsequence(target).

For eachtriangle,we are�tting only four parameters(threefor the
rotationoffsetW andonefor thescalefactoru). Thissimplemodel
is surprisinglypowerful andgeneral.The modelhandlestwisting
with therotationscalefactoru, while therotationoffsetto theaxis
effectively modelsmusclebulges(Figure6).
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Figure 6: Musclearm error histogram and scaleplot. We plot a
histogramof theerrors for our rotationalregressionheuristiccom-
paredto SSDfor threeposesof a muscle�exing. We alsoshowthe
anglescalefactorin falsecolor. Notethattrianglesonthebicepare
relatedto the joint rotation by a small (but non-zero) scalefactor
while triangleson theforearmmovenearlyrigidly.

3.2.2 Training

For training, we aregiven rotationsequencesfor a boneq i anda
triangle� i . First, we transformbothsetsof rotationsinto thejoint
frame,forming~� b(q i ) and~� i . Theoptimalrotationoffsetandscale
parameters,W 2 SO(3) andu 2 R, aregivenby

argmin
W ;u

X

i 2 1::: N

kuW ~� b(q i ) � ~� i k2 ;

which canbe solved with coordinatedescent,alternatingbetween
solving for u andW separately. Given rotationoffset W , the op-
timal scaleu hasa closed-formsolution. Given scalefactor u,
solvingfor W becomesaninstanceof theProcrustesproblem,also
yieldingaclosedform solution[Eggertetal. 1997].



Weinitialize thescalefactoru independentlyof W :

argmin
u

X

i 2 1::: N

�
uk~� b(q i )k � k~� i k

� 2 :

If therotationaldeformationis well representedby thisscale-offset
model,it canbeshown thatstartingwith this initial guessyieldsthe
optimalparametersin the�rst iteration.

Our training techniqueis fast enoughthat we can afford to �t a
modelfor eachjoint andselectthebestonethat�ts our trianglero-
tationsequence.Wedonot requireany prior informationrelatinga
triangleanda joint. Werely on thispropertyin section5.2to relate
anarbitrarysurfacerotationsequenceto a joint rotationsequence.

Furthermore,we can�t the residualrotationsto additionalbones
for areaswith multiple joint dependencies.In practice,we found
thattwo bonesweresuf�cient for all of ourexamples.

3.3 Scale/Shear Regression

We predicteachcomponentof thescale/shearmatrix linearly with
respectto the axis-anglerepresentationof two joints [Anguelov
etal. 2005],

vec(S(q)) = H ~� b1 ;b2 (q)

The two joint rotations that we use are the joint associated
with the best rotationalpredictor found by the rotational regres-
sion step � b1 (Section 3.2), and its parent � b2 . We concate-
nate thesetwo rotationsand a bias term to form ~� b1 ;b2 (q) =

[~� b1 (q)
T ~� b2 (q)

T
1]T 2 R7� 1 . Givena scale/shearsequenceSi

andbonerotationsequenceq i , we candeterminethe parameters
H 2 R9� 7 of thispredictorusingleast-squares:

argmin
H

X

i 2 1::: N

kH ~� b1 ;b2 (q i ) � vec(Si )k
2
:

4 Mesh Reconstruction

To mapdeformationgradientpredictionsbackto vertex positions,
we solve a Poissonequation.First, we describethis processin its
most generalformulation: whenwe have a deformationgradient
predictionat eachtriangleandnothingelse. Next we modify the
formulationto integratethe global positionsof a setof near-rigid
vertices. Thesenear-rigid verticesare easyto predict with SSD,
andimproveaccuracy by introducingglobaltranslationinformation
into our Poissonproblem.Finally, we formulatea reducedform of
our meshreconstructionoptimizationby exploiting coherency and
coordinationof trianglesandvertices.Thiswill allow usto perform
theentirereconstructionstepon theGPU.

4.1 Poisson Mesh Reconstruction

Poissonmeshreconstructionis theprocessof piecingtogetherthe
deformationgradientpredictionsfrom the previous sectioninto a
single coherentmesh. Our Poissonequationformulation relates
deformationgradientsto verticesthroughedges[Anguelov et al.
2005]:

argmin
y

X

k 2 1:::T

X

j =2 ;3

kD k (q)v̂ k ;j � v k ;j k2 ; (1)

wherev k ;j = y k ;j � y k ;1 denotesthej th edgeof thekth triangle
in the posewe aresolving for andv̂ k ;j denotesthe sameedgein
therestpose.Equation1 is a least-squaresproblemcorresponding
to a linearsystem.We pre-factorthe left-handsideof this system
with thesparseCholesky factorization[Sumneret al. 2005].Given
the per-triangle deformationgradientpredictionsfor a new pose,
wecanobtainthevertex positionsby backsubstitution.

4.2 Near-Rigid/SSD Vertex Constraints

Withoutinformationaboutthetranslationalcomponentof theskele-
ton, the Poissonoptimizationdoesnot detector compensatefor
global translationalproblems.Low-frequency errorscanaccumu-
late (Figure7), andthe extremitiesof a charactermay veeraway
from the joint con�guration. We addressthis problemby identi-
fying a set of near-rigid vertices. Near-rigid verticesare easyto
predict,sinceby de�nition, evenanarticulatedrigid-bodypredictor
wouldsuf�ce. In practice,weusethericherSSDmodel.SSDdoes
notsuffer from erroraccumulationproblemsbecauseeachvertex is
dependenton the translationalcomponentsof the skeleton,which
containsinformationabouttheglobalpositionof eachbone.Fixing
a setof verticesto their SSDpredictionprovidesour optimization
with this informationaswell. An additionalbene�t of this process
is that our methodis exactly asfastasSSDfor regionsthat SSD
predictswell andimprovesthequalitywhereit doesnot.

(a) (b) (c)

Figure 7: “F ixing” Poisson. We usethe Poissonequationto re-
constructvertex positionsfromedgepredictions(a). However, low-
frequencyerrors can accumulate, and the extremitiesof the mesh
mayno longer match the joint con�guration (b). Fixing a setof
near-rigid verticesto their SSDprediction (red dots) solvesthis
problem(c).

Weevaluatetheerrorof eachvertex overthetrainingsetandthresh-
old to selectthe setof verticesbestpredictedby SSD,F . We �x
theverticesof this setF to their SSDpredictionsin our objective
function. De�ne thelinearmap	 a suchthat 	 a q is equivalenttoP J

b wa;b Tb(q)ŷ a , the SSDpredictionof vertex a at poseq. We
obtainour SSDweightswa;b by non-negative least-squares[James
andTwigg 2005]. We substitutey a = 	 a q for all y a 2 F into
Equation1:

argmin
y

X

k 2 1:::T

X

j =2 ;3

kD k (q)v̂ k ;j � v k ;j k2

where

v k ;j =

8
><

>:

y k ;j � y k ;1 if y k ;j =2 F andy k ;1 =2 F
y k ;j � 	 k ;1q if only y k ;1 2 F
	 k ;j q � y k ;1 if only y k ;j 2 F .

(2)

If bothverticesof anedgeare�x ed,theerrortermfor theedgecan
bedroppedcompletelyfrom theobjective function.

We cansolve Equation2 similarly to Equation1, by pre-factoring
the left-handside of the correspondinglinear system,and evalu-
ating new poseswith back-substitution.While this formulationis
suf�cient for someapplications,we introducea fasterformulation
in thenext sectionthatis competitivewith SSDin termsof speed.

4.3 Reduced Mesh Reconstruction

Theoptimizationproblemin Equation2 solvesfor thecoordinates
of everyvertex (3V degreesof freedom)andrequirespredictingthe
deformationgradientof every triangleD k (q). In this section,we
reducethisoptimizationto involveonly thetransformationmatrices
of a setof P proxy-bones(12P degreesof freedom)andto require
thepredictionof only P deformationgradients.Thesizeof P does
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Figure 8: Training a ReducedModel. Givena setof exampleskeleton-meshpairs, we can extract triangle deformationsequencesD i
k .

Our predictor reductionstepgivesussequencesof key deformationgradientsequencesD i
` , fromwhich we train key deformationgradient

predictor. Thesepredictors,combinedwith themeshreconstructionmatricesC1 andC2 , formour model.

not dependon the resolutionof the mesh,but ratheron the com-
plexity of thedeformation.In our examples,P never exceeds100.
While wereformulateouroptimizationin thissection,thedetailsof
selectingthekey deformationgradientsandproxy-bonesaregiven
in Section5.

Our reducedmeshreconstructionscheme(Figure 8) is basedon
the ideathat the trianglesandverticesof an articulatedmodelare
very coordinated.We leveragethis assumptionby expressingeach
triangledeformationgradientpredictorasa linear combinationof
P key deformationgradientpredictors:

D k (q) =
X

` 2 1::: P

� k ;` D ` (q): (3)

We alsoexpresseachvertex astheSSD-like predictionfrom a set
of proxy-bones:

y a (t ) =
X

b2 1::: P

� a;b Tb(t )ŷ a = � a t (4)

where� a is de�ned similarly to 	 a andt packsthe proxy-bone
transformationsTb similarly to q. Ourchoiceof anSSD-likemodel
hereis signi�cant becausetheevaluationof y (t ) canbeperformed
on theGPUwith matrix-paletteskinning.

We substituteEquations3 and4 into Equation2 andsolve for the
proxy-bonetransformationst :

t (q) = argmin
t

X

k 2 1:::T

X

j =2 ;3








X

` 2 1::: P

� k ;` D ` (q)v̂ k ;j � v k ;j








2

where

v k ;j =

8
><

>:

� k ;j t � � k ;1 t if y k ;j =2 F andy k ;1 =2 F
� k ;j t � 	 k ;1q if only y k ;1 2 F
	 k ;j q � � k ;1 t if only y k ;j 2 F

(5)

Becausewe choselinear modelsfor both predictorandvertex re-
ductions,thesolutiont (q) is alsolinearwith respectto thedefor-
mationgradientpredictorsD ` (q) andthebonerotationsq, taking
theform of

t (q) = C1d(q) + C2q; (6)

whered(q) = [vec(D 1(q)) T : : : vec(D P (q)) T ]T . Thederivation
of C1 andC2 aregivenin thesupplementalmaterials.To obtainthe
vertex positionsy , wesubstitutet (q) for t in Equation4.

Thuswe have reducedour entirePoissonmeshreconstructionstep
into a matrix-vectormultiplication(Equation6) andmatrix-palette
skinning(Equation4). We describein Section6 thatbothof these

operationscanbe performedon the GPU. The costof evaluating
P deformationgradientpredictorsis negligible comparedto mesh
reconstruction,involving only nine7-componentdot productsand
ahandfulof quaternionmultiplicationsperpredictor.

5 Dimensionality Reduction

In theprevioussection,we describeda reducedformulationof the
meshreconstructionstep. We outlined the form of the reduction
to bematrix-paletteskinningfor verticesanda linearblendmodel
for deformationgradients.In thissectionwe�nd theparametersre-
quiredby thereduction:theSSDweights� for thevertex reduction,
theblendweights� for thepredictorreduction,andthekey defor-
mation gradientpredictorsD ` (q). Given the formulation of our
reducedreconstructionmodel,wecanwrite objective functionsfor
�nding eachof theseterms.As weshallsee,however, solvingthese
optimizationproblemsdirectly canbeintractable,andwe describe
a clusteringtechniquefor �nding thesequantitiesapproximately.
Notethatour proposedclusteringis oneof many thatarepossible.
In particular, themean-shiftapproachadvocatedin skinningmesh
animationsby JamesandTwigg [2005]couldbesubstitutedfor the
vertex reductionbelow. Mean-shiftclusteringis lesssusceptibleto
noise. On the otherhand,our approachis faster, progressive, and
clustersbonesbasedonvertex error.

5.1 Vertex reduction

We measuretheerrorof our vertex reductionover a setof training
meshesy i by theL 2 differencebetweentheSSD-basedproxy-bone
prediction and the ground truth vertex position, E (T i

b ; � a;b ) =P N
i

P V
a ky i

a �
P P

b � a;b T i
b ŷ a k2 . Ideally, wewouldliketo �nd the

solutionwith theminumumnumberof proxy-bonesP for a given
maximumerrorthreshold� . Thiswould requireusto solve

min
T i

b ;� a;b

P subjectto E (T i
b ; � a;b ) < �:

Given �x ed P and �x ed transformationsT i
b , we can solve for

weights� a;b using non-negative least-squares[Jamesand Twigg
2005]. Similarly, given �x ed P and �x ed � a;b , we can �nd the
least-squaressolution for proxy-bonetransformationsT i

b . How-
ever, wecannotsolve for bothsimultaneously, andwedonotknow
P beforehand.Instead,we take anapproximateapproachinspired
by work in meshdecimation[Cohen-Steineret al. 2004; Diebel
etal. 2006].

De�ne theerrorEA ! B of joining proxy-boneA to proxy-boneB
as

P N
i

P
a2 G A

ky i
a � T i

b ŷ a k2 . This error is anupperboundfor
the real approximationerror of joining the verticesof groupGA



to groupGB . Weaddall possiblejoinsbetweencontiguousgroups
into apriority queueanditeratively performthejoin with thelowest
erroruntil ourerrorthresholdis reached(Figure9). Speci�cally:

1. Begin with a proxy-bonefor eachtrianglek initialized to the
transformationmatricesT i

k mappingtheverticesof k from the
restposeto eachposei . Initialize theassociatedgroupGk to
containtheverticesof trianglek.

2. Greedilypick thejoin A ! B with thesmallesterrorEA ! B

andaddtheverticesof groupA to groupB .

3. Solvefor theweights� a;b giventhecurrentsetof transforma-
tionsT i

b

4. Solve for the transformationsT i
b given the current set of

weights� a;b .

5. If E (T i
b ; � a;b ) < � go to Step2.

P=500 250 120 60 30
Predictor
Reduction

Figure 9: Vertex clustering. Successiveiterationsmerge coordi-
nated verticesinto fewer and fewer proxy-bones. The resulting
transformationsalsoform a goodinitial guessfor predictorreduc-
tion.

In practice,we neednot evaluatesteps3, 4, or 5 at every iteration.
Error increasessmoothly, andwe only needto becarefulwhenwe
getcloseto thethreshold.For ef�ciency reasons,wealsoonly con-
siderjoins of contiguousproxy-bones[Cohen-Steineret al. 2004].
We restricteachvertex to dependon only theproxy-bonetransfor-
mationsof the groupit belongsto andthe groupsadjacentto that
group.This reducesover�tting andalsoboostsperformance.

5.2 Predictor Reduction

To obtainkey deformationgradientpredictorsD ` (q), we �rst �nd
key deformationgradientsequencesD i

` from triangledeformation
gradientsequencesD i

k . We then train predictorsfrom thesese-
quencesasin Section3 (Figure9). Our errormetricfor �nding the
bestkey sequencesis theobjective function from Equation2 with
thesubstitution

D i
k =

X

` 2 1::: P

� k ;` D i
`

where� k ;` aretheblendweights:

argmin
� k ;` ;D i

`

X

i 2 1::: N

X

k 2 1:::T

X

j =2 ;3








X

` 2 1::: P

� k ;` D i
` v̂ k ;j � v i

k ;j








2
:

We cansolve theoptimizationabove usingcoordinatedescent,al-
ternatingbetweensolvingfor � k ;` andD i

` separately. Fortunately,
vertex reductionallows us to start from a particularlygoodinitial
guessfor D i

` . Weinitialize D i
` to betheupper-left 3x3matrixof the

T i
b matrixwefoundfrom vertex clustering.Thecoordinatedescent

convergesin threeiterationsor lessfor all of our examples.Hav-
ing obtainedkey deformationgradientsequences,D i

` , we cantrain
deformationgradientpredictorsD ` (q) asdescribedin Section3.

C1 C2
+

Matrix 
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Mesh Reconstruction 

=

Matrix 
vector 
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qd(q)
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Figure 10: Meshreconstructionon theGPU. We load C1 , C2 and
the boneweightsfor matrix-paletteskinningon the GPU before-
hand. At runtime, we needonly sendthe vectors d(q) and q per
model.

6 GPU Implementation

Therearetwo componentsof our GPUimplementation:a matrix-
vectormultiplicationandmatrix-paletteskinning(Figure10). Both
operationsare straightforward on moderngraphicshardware and
our implementationis one of many that are possible. We take a
total of threepassesto skin our character, not including the �nal
renderingpass.The�rst passperformsthematrix-vectormultipli-
cation. Thenext passusesmatrix-paletteskinningto computethe
vertex positions.Thethird passcomputesthenormalvectorsof the
skinnedcharacterfrom the post-transformedgeometry. The only
datathat we sendto the GPU at runtimearethe vectorizeddefor-
mationgradientpredictionsd(q) andbonetransformationsq—the
remainderof thecomputationis performedcompletelyontheGPU.

Matrix-vector multiplication: We precomputeand upload C1

andC2 into video memoryasa static �oating-point texture. For
eachmodel, we upload texturesd(q) and q at eachframe and
usea fragmentprogramto perform the matrix-vector multiplica-
tion, onecolumnat a time. Theresultsarerenderedon to thesame
12P � 1 rectangleandaccumulatedusinghardwareblending.We
storethe�nal result,a vectorof concatenatedproxy-bonetransfor-
mationmatrices,asa texture.

Matrix-palette skinning: Therearemany waysto applymatrix-
paletteskinningon moderngraphicshardware;seeLee[2006] for
a recentsurvey. In light of the increasein multi-passrendering
in video games,we choseto skin only onceper framein a sepa-
ratepass,storing the positionsin a texture. Theseresultscanbe
playedback for eachsubsequentrenderingpass. This avoids re-
dundantskinningon eachrenderingpassandis similar to DirectX
10 memexport skinning[Lee 2006] anddeferredshading[Har-
greaves2004]. For eachvertex, we sendthe proxy-boneweights
andindicesastexturecoordinateswhichcanbeusedto look up the
proxy-bonetransformationmatricescomputedin thepreviouspass.

Normal vector s: While traditional normal vector computation
for a skinnedcharacteris usually approximatedon the GPU, we
performthis computationmoreaccuratelyusing the trianglenor-
malsof the skinnedvertices.For eachvertex, we precomputethe
indicesof its 1-ring of neighbors. At runtime, theseindicesare
passedalongastexture coordinatesandusedto fetch the position
of eachneighborcomputedfrom the skinningcomputationin the
previouspass.We thentake theappropriatecrossproductsto com-
puteeachtrianglenormal,andnormalizethe sumof the triangle
normalsto obtainthevertex normal.
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Figure 11: Our errors are not only generally lower thanSSD,but
their standard deviations(error-bars)aresmalleraswell, meaning
that theerrors are usuallyharder to detectvisually. All errors are
normalizedsothat 100%correspondsto thebestrigid-articulated
bodypredictorfor each example. Bothapproximationerror (dotted
line) and generalization error (solid line) for both SSDand our
rotationalregressionmethod(RR)areshown.(Loweris better.)

7 Results

Our techniquecomparesfavorablyin quality to SSD,displacement
interpolating approaches,and rotation interpolating approaches.
We alsocomparethespeedof our GPUimplementationto matrix-
paletteskinning. Our datasetsincluded artist-createdexamples
from Poser, anatomicallysimulatedexamplesusing the cMuscle-
System[2006],and3-D humanscandata[Anguelov etal. 2005].

7.1 Error Metric

Weevaluateall ourexamplesusingametricinspiredby thepercent
positionerror (PPE)developedby Karni andGotsman[2004] in
thecontext of animationcompression.PPEmeasuresthetotalerror
of eachpredictedvertex, normalizedby thebestconstantprediction
of theanimation.However, in thecontext of enveloping,theanima-
tion of a moving walk couldbeglobally well preservedbut locally
proneto artifacts. We areonly interestedin theselocal deforma-
tions;theglobalmotionis alreadygivenby theskeletalinformation
ateachpose.Ourenvelopingerror metricnormalizesthetotalerror
at eachpredictedvertex by the error of the bestarticulatedrigid-
bodypredictionof theanimation:

E E =

s P N
i

P V
a ky a (q i ) � y i

a k2

P N
i

P V
a kr a (q i ) � y i

a k2
;

wherer a (q i ) is the bestarticulatedrigid-body predictionof y i
a

basedon the skeletalframesq i , computedby selectingthe single
bestbonetransformationfor thevertex overall theposes.

Wemeasurebothapproximationerrorandgeneralizationerror. Ap-
proximationerroris measuredby evaluatingthemodelonthetrain-
ing set. We measuregeneralizationin two ways. For the datasets
wherewe aregivenananimationsequence,we samplekey frames
from the sequencefor training and evaluateover the entire se-
quence. For the datasetswhere we are given a set of random
anddisjoint poses,we evaluatethe leave-one-outcrossvalidation
(LOOCV) error. That is, for eachexamplei 2 1 : : : N we train on
theN � 1 posesnot includingi andevaluatetheresultingmodelon
posei .

Example Vertices Joints
Proxy 
bones

Train 
Poses

Test 
Poses

Our 
flops

SSD 
flops

Our 
fps

SSD 
fps

Our 
Mem

SSD 
Mem

Train 
Time

James 11106 73 80 31 LOOCV 5.1M 2.6M 595 1000 5.2M 530K 6m

Drago 12500 16 80 49 LOOCV 5.0M 2.9M 618 1030 4.2M 600K 7m

Gorilla 25438 61 100 46 LOOCV 9.9M 5.9M 449 673 8.1M 1.2M 18m

Dragon Leg 2210 14 40 9 86 1.0M 0.5M 681 1144 1.1M 110K 35s

T-Rex 29380 155 60 11 121 9.4M 6.8M 443 583 5.8M 1.4M 6m

Elbow 2610 2 30 3 15 1.0M 0.6M 685 1164 880K 130K 30s

Bar 80 2 25 3 50 0.2M 0.0M 711 1228 310K 3K 5s

Muscle Arm 5256 3 30 4 40 2.0M 1.2M 692 1200 860K 250K 50s

Shoulder 2610 2 40 10 100 1.0M 0.6M 690 1172 880K 130K 30s

Table 1: While our methodis slower than SSD,we are usually
within a factor of two in termsof both frame-rateand thenumber
of �oating-point operations. Our resultscompare mostfavorably
for large detailedmeshes,such as the T-rex, becausemostof the
time is spenton the samematrix-paletteskinningcomputationas
SSD.Our absolutespeedand memoryrequirementsare suf�cient
for usein interactiveapplications.

Comparison with SSD: We comparedour modelboth in terms
of quality andspeedto SSD.All of our SSDmodelsweretrained
using non-negative least-squares[Jamesand Twigg 2005]. Like
JamesandTwigg [2005], we capthe numberof non-zeroweights
at four. In Figure 11, we show that our techniqueis superiorin
termsof qualityoneveryexamplewetried. Bothour totalenvelop-
ing errorandthevarianceof our errorsacrosstheverticesis lower,
meaningthat our errorsarelow-frequency andlessdistractingvi-
sually. Wecompareparticularposesin Figure12.

We evaluatethe speedof our techniquein Table1. While we are
slower than SSD, the performancedifferenceis always within a
factorof two. While fasterGPUimplementationsarepossible,we
usethe samematrix-paletteskinningimplementationfor both our
methodandSSD.Both methodswerebenchmarked on a Pentium
4 2.8GHz machinewith anNVIDIA GeForce8800GTX. We also
estimatethenumberof �oating-point operationsfor eachmethodto
provideahardwareindependentperspectiveonperformance.

The memoryusagefor our techniqueis signi�cantly higher than
that of SSD.However, even for the largestmodels,the memory
usageis well within thecapabilitiesof moderngraphicshardware.
Trainingfor our modelis alsoreasonablefor anof�ine processing
step.

Overall, our techniqueapproximatesdeformationssigni�cantly
better than SSD, while generalizingwell and being comparable
enoughin speedto serveasits replacement.

Comparison with Displacement Interpolating Appr oaches:
We highlight the limitations of displacementinterpolationfor the
caseof asimpletwo-joint twistingmodel,illustratedin theBarand
Elbow examplesof Figure13. Onejoint twists180degreeswith re-
spectto theother. Thisexampleis aspecialcaseof whenEigenskin
[Kry etal.2002]andposespacedeformation[Lewis etal.2000]are
equivalent.Our modelcanlearnthetwisting deformationwith just
threetraining examples,while posespacedeformation,thougha
perfectapproximator, fails to generalizecorrectlyto thenew pose.

Comparison with Rotation Interpolating Appr oaches: Thein-
sertionof half-way joints andexpanding/contractingjoints aspro-
posedby Mohr andGleicher[2003] canperfectlymodelthetwist-
ing effectsin Figure13. In othercases,thetechniqueis lessaccu-
rate.Wehighlight thelimitationsof Mohr andGleicher's technique
with ananatomicallyriggedarm(Figure14). In thiscase,theelbow
is undergoingbothbendingandtwisting. Applying Mohr andGle-
icher's modelallows theverticesof the forearmto choosea linear
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Figure12: Our modelcapturesdeformationsof 3-D humanscandataandartist createddata. In bothcases,wearebetterat approximating
theshoulders thanSSD.

Ground 
truth

SSDEigenskin/
PSD

Our 
method

EvaluationTraining

Figure13: Twistingbar andarmtest.We tookthreeposesfroman
animationsequenceof a twistingbar andtrainedanSSDmodel,an
EigenSkin/PSDmodel,and our model. We evaluatedeach model
on an unseentestpose. WhileSSDhasdif�culty evenrepresenting
the twisting deformation,the EigenSkin/PSDmodelovertrains on
thesmallsetof posesandfails to correctlyinterpolatethetwist.

combinationof the bendingjoint and the half-way twisting joint,
but not thecorrectsolution—ajoint thatbendsandtwistshalfway.
While morejoints canalwaysbe addedmanually, our methodlo-
cateswherethey aremostneededandaddsthemautomatically.

8 Conc lusion

Wehavepresentedanexample-basedenvelopingmodelsuitablefor
usein interactive animationsystems.Speci�cally, our experiments
have shown thatrotationalregressionis aneffective way of captur-
ing musclebulging, twisting andareassuchas the shoulder. We
havetestedourtechniqueonawidevarietyof examples,measuring
bothapproximationandgeneralizationerror. Ourmethodcompares
favorably to previous techniquesin termsof quality andis usually
within a factorof two of SSDin termsof speed.

Our modelis goodat approximatingsmooth,large-scaledeforma-
tions suchasmusclebulges. However, moresophisticateddefor-
mations,andin particular, deformationsthatcannotbelinearly re-
latedto theunderlyingbonerotationsmaynotberobustlycaptured.
We strike a carefulbalancebetweensimplicity andexpressiveness,
capturingonly commondeformationsto avoid over�tting. If train-
ing posesneedto bereproducedexactly, our techniquecanbeaug-
mentedwith a displacementcorrectionmodelsuchasposespace
deformation. While our runtimemodel is slower thanSSD, it is

Training Evaluation

Ground 
truth

Our
method

[Mohr and
Gleicher] SSD

Figure 14: Anatomicalarm test. We extracteda setof posesfrom
an anatomicallymotivatedarm rig with bothbendingandtwisting
at theelbow. Thetwistingandmusclebulgesareenoughto prevent
SSDfromapproximatingtheexampleswell. Thetechniqueof Mohr
andGleicher [2003] doesbetter, but therearestill differences.Our
modelproducesa resultalmostindistinguishablefrom the ground
truth.

still fastenoughto not bea bottleneckfor real-timerendering.Our
memoryrequirementsaresigni�cantly higherthanthatof SSD.For
highly memory-sensitiveapplications,the� parameterfrom Section
4.2canbeusedto smoothlyreducememoryusageby sacri�cing ac-
curacy. Furthermore,our modelis morecomplex thanlinearblend
skinning,displacementinterpolatingtechniques,and the work of
Mohr andGleicher[2003].

Wehaveshown thatrotationalregressionis asurprisinglypowerful
modelthat, combinedwith a reducedPoissonformulationanddi-
mensionalityreduction,canbe usedin real-timeapplications.An
exciting avenueof futurework is to �nd ananalogto our rotational
modelfor dynamics.
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