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1 Abstract

Imageregistrationalgorithmsbasedon gradientmethodsprovide quantitative motionmeasurementsfrom sequencesof video
images.Although suchmeasurementscanbe degradedby imagenoise,larger degradationstypically result from systematic
biasin thealgorithmsthat is presentevenif the imagesarenoise-free.To improve theaccuracy of motionmeasurements,we
have developeda new classof multi-imagealgorithmsbasedon multi-dimensionaldigital filters. Thenew algorithmsprovide
betterestimatesof spatialandtemporalgradientsandalsocompensatefor motionblur causedby thenon-zeroacquisitiontime
of the imager. We have optimizedfilters for measuringarbitrarymotions,andwe illustrateresultswhenthosefilters areused
to estimateconstantvelocity movements.We alsoshow resultsfor filters thatareoptimizedfor harmonicanalysisof periodic
motions. Using thesealgorithms,systematicbiasin the amplitudeof sinusoidalmotion is lessthan0.001pixels for motions
smallerthanonepixel in amplitude.This representsahundred-folddecreasein biascomparedto existing methods.

Keywords: opticalflow, registration,subpixel, gradient,tracking,spatio-temporalfilters

2 Intr oduction

Recentadvancesin CCD imaging technologyhave made
high quality videoimagerswidely available. In combination
with a computer, video imagersallow not only qualitative
observationsof motion but also quantitative measurements.
Our goal is to take advantageof this combinationto enable
high resolutionmotion analysisof biological and artificial
micromachinesthatareotherwisedifficult targetsof study[1;
2; 3; 4; 5; 6].

Our approachis to estimatemotionsfrom sequencesof
imagesobtainedusingstroboscopicillumination [3]. While
motions can be estimatedby processingsequencesof im-
agespairwise, processinglarger groupsof imagescan be
advantageous.For example,combiningmultiple imagesinto
higherlevel constructions,suchas“mosaics,” canleadto an
efficient andcompleterepresentationsthat canbe usefulfor
videocompression,videoindexing,search,andmanipulation
[7]. Furthermore,processingsequencesnaturally leadsto
iterativeschemesthatcandramaticallyimproveaccuracy and
reducecomputationalcosts[8]. Onemechanismthatleadsto
increasedaccuracy is that increasingthe numberof frames
in the estimationproceduretends to increasethe number
of constraints[9; 10]. Our goal is to take advantageof
multiple imagesto develop algorithmsto estimatemotions
with subpixel accuracy.

Our algorithmsarebasedon spatio-temporalgradients
[11; 12; 13; 14]. Unlike edgedetectionmethods[15] or
point-correspondencemethods[16; 17], algorithmsbasedon
spatio-temporalgradientscan be usedto register arbitrary
images: no prior knowledge of the target is necessary.
Furthermore,thesealgorithmstake advantageof information
from all partsof theimage(ratherthanjust at edgesor other
features),which is particularlyimportantfor the registration
of noisyimages.

Many groups have examined multi-image spatio-
temporalfilters for motion estimation. Several groupses-
timate velocity using tunedGaborfilters [18; 19; 20; 21].
Other groupsexaminedmulti-imagegradientmethods[22;
23;24]. Theseauthorsgenerallyaddressthecomplicationsof
detectingarbitrarymotionfields,occlusion,androbustnessto
small localgradients(“the apertureproblem”).

We have focusedon a differentissue:how eachstepin
a motion detectionalgorithmaffects the ultimate resolution
of the resultingestimates.Specifically, we focus on deter-
mining the relationshipbetweengradienterrorsandmotion
estimationerrors.

Many physical factorscontribute to errors in motion
estimatesbasedon video images,including shot noisedue
to the quantumnatureof light, Johnsonnoise in electrical
amplifiers,fixed-patternnoisedue to pixel-to-pixel changes
in imagersensitivity, and mechanicalstability of the mea-
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surementapparatus[3; 25]. Algorithmic factorsare also
important. In fact, errorsdueto intrinsic biasin algorithms
basedonfirst differenceapproximationsto gradients[11] are
typically largerthanthosedueto physicalfactorsfor modern
scientific-gradecameras[26].

Weview motionestimationasasignalprocessingprob-
lem. To remove the algorithmic limitations, we developed
a new class of multi-image algorithms basedon multi-
dimensionaldigital filters. Becausefilter errors decrease
roughly exponentially with filter support [27], a small in-
creasein filter supportcanleadto significantlymoreaccurate
gradientestimates,andthereforemotionestimates.

The filters can be optimizedfor specificapplications.
We demonstrategeneralmotion detectionalgorithms. Al-
so, becausethe measurementof sinusoidalmotions is so
important in measuringthe modesof mechanicalsystems,
we createalgorithmsspecializedfor harmonicanalysisof
periodicmotions.Simulationsof thenew methodsshow that
the systematicbiasin the amplitudeof sinusoidalmotion is
lessthan0.001pixels for motionssmallerthanonepixel in
amplitude. This representsa hundred-folddecreasein bias
comparedto first-differencemethods. In fact, systematic
errorsdue to bias in the new algorithmsare reducedto the
point that they are tiny comparedto randomerrorsdue to
noise,evenfor imagesfrom low-noise,scientificgrade,CCD
imagers.

3 Motion Estimation Algorithms

Translationsof a scenecausebrightnesschangesthat are
related by the “constant brightnessassumption”[11; 12]
which canbeexpressedas���������
	��
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	��������������������������
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3.1 Gradient Estimation

We estimate the gradients # � $ & �(')�+*5, , # � $ & �(')�+*!, , and# � $ & �9')�+*!, by convolution of the discreteimages #%$ & �(')�+*!,
with linearfilters. For example,convolutionwithT R $ & ,��VU $ & ��W�,�N?U $ & , (4)

where
U $ �<,X�YW

and
U $ & ,X�C�

for &%Z�[�
, providesa first dif-

ferenceapproximationto the gradientof a one-dimensional
function. This first differencefilter bestapproximatesspatial
gradientsbetweenpixels. To obtaina gradientestimateat a
pixel, onecanaveragetwo first differenceestimatesto obtainT;\ $ & ,��]��U $ & ��W�,�N?U $ & N^W_,`+a<b=c (5)

To satisfy Equation 2, all three gradientsmust be
estimatedat one location in spaceand time. (Examplesof
problemswith gradientsthatarenot co-locatedcanbefound
elsewhere[27; 28; 24].) If the filter in Equation5 is used
to estimateall three gradients,then the gradientsare co-
locatedat a pixel. However if the first differencefilter is
used,the gradientsdo not satisfy the co-locationcondition.
To co-locategradientsin multiple dimensions,we introduce
interpolationfilters. For exampleT;d $ & ,S�e�fU $ & �gW_,5��U $ & ,`+a<b (6)

providesafirst orderapproximationof thevalueof afunction
at pointsbetweenpixels.In general,we let# � $ & �9':�6*!,��]�`h:� $ & , T � $ ':, T � $ *!,`�i #%$ & �(')�6*!,# � $ & �9':�6*!,��]� T � $ & ,jh:� $ ':, T � $ *!,`�i #%$ & �(')�6*!,# � $ & �9':�6*!,��]� T � $ & , T � $ '<,kh<� $ *!,`�i #%$ & �(')�6*!,
where

h � $ & , , h � $ ':, , and
h � $ *!, representgradientapproxima-

tions,
T � $ & , , T � $ '<, , and

T � $ *!, representinterpolators,and
i

representsconvolution.

3.2 Spatial Filters

Imagesfrom a video microscopeare low-passfunctionsof
spatialfrequency becauseof thefinite apertureof theoptical
train [29]. By controlling the numerical apertureof the
objective and total magnificationof the optical train, one
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Figure1. Spatiallow-passfilter. Thecurve shows themagnitudeof
thefrequency responseof asymmetric,4-point,low-passfilter used
to attenuatehigh frequency imagenoise.

canlimit the maximumspatialfrequency projectedonto the
camera,and therebyavoid “aliasing” [30]. An additional
sourceof low-passfiltering resultsbecauseeachpixel in a
CCD cameracollectslight from a portionof the imagewith
an areaon the orderof the squareof the interpixel distance
(i.e., “fill factors” are typically closeto 1). This non-zero
samplingareatendsto decreasehighspatialfrequencies[30].
Effects of this low-passfiltering could be compensatedby
using inversefilters. However, such compensationis not
necessaryfor accuratemotionestimation.Becausethesame
linear filtering is appliedto eachimagein a sequence,the
spatialfiltering is equivalentto changingthespatialfrequency
contentof thetargetwithoutchangingits motion.

Unlike the imageof the target, imaging noisedue to
the quantumnatureof light and due to Johnsonnoise in
the amplifiers tendsto be broadband. For the majority of
our microscopeimages,signalenergy decreaseswith spatial
frequency and is smaller than the noise energy for spatial
frequenciesabove 2, where o is the Nyquist frequency. The
differencein spatialfrequency contentbetweenthesignaland
noiseencouragestwo actions. First, we usea spatial low-
passfilter (Figure1) to attenuatehigh frequency noise(asin
a Weiner filter). Second,we ignorehigh frequencieswhen
designingthe gradientestimationfilters. This allows us to
createmoreaccuratefilters in thespectrumof interest.

3.3 Temporal Filters

Imagesareobtainedby integratingthe light that falls on an
imager during a non-zeroacquisitiontime. The non-zero
acquisitiontime smoothestemporalchangesin brightness,
blursmoving objects,andleadsto errorsin motionestimates
[3]. Sucherrorscanbereducedby incorporatingknowledge
of the acquisitionprocessinto the motion estimationalgo-
rithm. For example, if the imagercollectslight uniformly
during the image acquisition time, then temporalchanges
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Figure 2. Temporalcompensationfilter. Thecurve shows theideal
magnitudeof afilter thatwouldcompensatefor non-zeroacquisition
time for an imager. Theacquisitiontime is takento beequalto the
temporalsamplingperiod.

in brightnesswill simply be low-passfiltered; the cutoff
frequency of thefilter decreasesastheimageacquisitiontime
increases.Supposethatmotionsof a targetcausechangesin
brightnesswith temporalradianfrequency q . If the image
acquisitiontime is equalto the samplingperiod(so that the
imager collects light striking its surface during the entire
samplingperiod)thenthenon-zeroacquisitiontime reduces
theapparentmagnitudeof thebrightnesschangesduring the
cycleby a factorof r�s t:uwv=x \+yv�x \ [30]. Suchchangesin brightness
canbecompensatedby inversefiltering withz��f{�| v �� q a:b}�~8� q a<b
which is shown in Figure2.

3.4 Filter Design

The Parks-McClellanalgorithm [31; 30] createsfilters that
minimize a weightederror in the frequency domainwith a
weightingfunctionthatdeterminestherelative importanceof
an error at a particularfrequency. For spatialfilters, we set
theweightingfunctionto be q Q�R for frequenciesbelow

b
and�

for frequenciesabove. An ideal interpolatingfilter hasa
magnitudeof

W
atall frequenciesq ; anidealdifferentiatorhas

a magnitudeequalto q [30]. Filters werecalculatedusing
the Matlab 5.1 “remez” function [32] and are listed in the
appendix.Examplesareshown in Figure3.

Figure 3 illustratesthe fundamentaltradeoff between
odd and even filters. Derivative filters of odd length best
approximatethe derivatives at points co-locatedwith pixel
centers. However, due to their symmetry, the magnitudes
of suchfilters are

�
at q � o . Derivative filters of even

length best approximatethe derivatives at points midway
betweenpixel centers.The magnitudesof suchfilters better
approximateideal derivative filters at high frequenciesthan
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do thosewith odd length. However, symmetryrequiresthat
the magnitudesof interpolationfilters of even length are

�
at q � o . Conversely, the bestodd interpolationfilter is
simply

T $ � ,��[U $ � , , which is exactly the ideal interpolation
filter. Thus,even lengthfilters betterapproximatederivative
filters thanoddlengthfilters of comparablelength.However,
odd length filters (which are always of length 1) better
approximateinterpolationfilters thando even lengthfilters,
which arealwayslonger.

It is possibleto changethe filter accuracy tradeoff by
consideringthe pre-filter. The pre-filter canbe implement-
ed by convolving it with both the spatial derivative and
spatial interpolationfilters. In the frequency domain, this
is equivalent to multiplying the spectrumsof the gradient
and interpolation filters by the spectrumof the pre-filter.
The resulting spectrumsneednot resemblethoseof ideal
interpolationor differentiationfilters. Only the ratio of the
spectrumsmustremainneartheidealratio, Rv .

One can createmuch more accuratefilters by design-
ing interpolation and gradient filters together, rather than
separately. A small error in the gradient filter spectrum
can be correctedby a correspondingidentical error in the
interpolationfilter spectrum. We designspatial filters by
minimizing a weightederrorof theratio of thespectrumsof
the interpolationandgradientfilters. We usea squarederror
with a weightingfunction that is the sameasthatusedwith
thePark-McClellanalgorithmexceptat low frequencies.The
new weighting function wasset to

W��!a o for all frequencies
lessthan o a�W�� . Thischangeproducedsignificantlyimproved
the performanceof the resulting filters. We initialize our
minimizationusingthePark-McClellanfiltersconvolvedwith
the pre-filter. We then searchfor a local minimum in the
weightederror of the ratio using the simplex method[33].
The error in ratio of a few example filters are shown in
Figure4; thefilters aregivenin theappendix.Theshapesof
the spectrumsof the individual filters areunremarkableand
arenot shown.

Thesamemethodof designdoesnot work for temporal
filters. Changingthepre-filter in spacechangestheimageof
the target without changingits apparentmotion. Changing
the pre-filter in time changesthe apparentmotion of the
target.

3.5 Small Motions

Motions of a target causechangesin pixel brightnessesthat
dependonboththetemporalpropertiesof themotionandthe
spatialpropertiesof the scene.For example,large changes
in pixel brightnesscanresultfrom eitherlargedisplacements
of a low contrasttarget or from small displacementsof a
high contrasttarget. Temporalchangesin pixel brightness
areparticularlysimplefor motionsthat aresmall compared
to thedistancesoverwhich thespatialgradientsin brightness
changesignificantly. For such motions, temporalchanges
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in pixel brightnessare proportionalto temporalchangesin
target displacement(proportionality constantis the spatial
gradient in target brightness). In contrast, large motions
generatebrightnesschangesat frequenciesthat are related
to the spatial frequency contentof the target. Considera
target that consistsof a single spatial frequency and that
is moving with constantvelocity

7
. Brightnesschangesas}
~�� � q ����N�7!����g��
 . Thus,a spatialfrequency q leadsto a

temporalfrequency q 7 .
TemporalfiltersaredesignedusingtheParks-McClellan

algorithm,with a weighting function of Rv from
��c_c�c
b

and�
elsewhere. By excluding high temporalfrequencies,we

are able to make significantly more accuratefilters in the
remainderof thespectrum.We choosethe q Q�R weightingso
that for smallmotion,andthereforesmall temporalfrequen-
cies, the filters are particularly accurate. The gradientand
interpolationfilters are madeto include the pre-filter. The
resultingfilters areshown in Figure5. Noticethat thelength
8 derivativefilter is asignificantlybetterapproximationto the
idealthanis thelength7 derivativefilter.

3.6 Periodic Motions

For periodic motion, changesin brightnessare periodic,
consistingof alinearcombinationof afundamentalfrequency
andits harmonics.The temporalfilters needto be accurate
in only a small bandwidtharoundthosefrequencies. For
the caseof eight imagesper cycle, those frequenciesare� � � � \ � d �� � o where o is theNyquist frequency. We definethe
regionof non-zeroweightingfunctionaroundeachfrequencyq to be

��c �)�:� q to
W)c �)�=W q , exceptfor o for which theregion

is
��c �)�:� o to o . We usean q QSR weighting as before. For

temporalinterpolators,the weightingfunction is zeroin the
region including spatial frequency o becausethe response
of a symmetriceven supportfilter must be zero at spatial
frequency o , asdiscussedin Section3.4. The gradientand
interpolationfilters are madeto include the pre-filter. An
example8-pointfilter is shown in Figure5.

Sincethemotionsareassumedto beperiodic,we allow
the temporalfilters to wrap, using the first picture as if it
followed the last and the last picture as if it precededthe
first. Eight velocitiesareestimatedat timesmidwaybetween
samplingtimes. The amplitudeandphaseof the first three
anda half velocity harmonicsareestimatedusinga discrete
Fourier transformof the eight velocities. To determinethe
displacementamplitudeand phase,we divide the velocity
amplitudeby thedriving frequency andshift thephaseby 90
degrees.

3.7 Volumesof Support

We testmulti-imagegradient-basedalgorithmswith gradient
filter designsof four differentvolumesof support: �XG��XGj� ,� G � G�� , �XGA�XG�� , and

� G � Gk� where
� G 	 G � represents
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thetemporalcompensationfilter shown in Figure2. Thecontinuous
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anddottedblackcurvesshow themagnitudesof 8- and7-pointfilters
designedfor arbitrarymotions.

the numberof pixels in the
�
,
	
, and

�
directionsthat are

usedto calculateeachof the gradientsin Equation3. The� G � G�� algorithmusesspatialfilters that areconvolutions
of 6-point Parks-McClellanfilters with the spatialpre-filter.
The remainingalgorithmsusespatialfilters designedusing
theratio minimization. All of thesealgorithmsusethesame
8-point temporalfilter designedusing the Parks-McClellan
algorithm.In onecase,wevary thetemporalsupportandtest
algorithmswith support��G���Gj� , ��G���Gj� , ��Gj��G � , ��Gj��G�� ,
and ��GH��G b . We comparethe resultsfor the multi-image
gradient-basedalgorithmsto resultsfrom thepairwiselinear
biascompensated(LBC) imageregistrationalgorithmfor a
sinusoidalestimator[26; 3] andto resultsfor afirst difference
algorithm in which

h:� $ & , , h:� $ ':, , and
h<� $ *!, are given by

Equation4 and
T � $ & , , T � $ ':, , and

T � $ *!, aregivenby Equation6
[11; 12].
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4 Methods

Motion estimationalgorithmsare testedby applying them
to estimate motions of computer-generatedimages and
computer-generatedshifts of measuredimages. Computer-
generatednoiseprocessesareappliedto the imagesto simu-
lateeffectsof imagingnoise.

4.1 Images

We analyzemotion estimatesfor threedifferent test images
(Figure6). The first is a dark spoton a bright background.
This imageis definedmathematicallyby

#%$ & �(':,��[�F�?  �/W�N R�¡S¢�£ r \ �<¤ x+¥¦ 
for § ¨=§�@©� ��?  otherwise

(7)

where ¨ is the distancefrom pixel & �(' to the center of
the spot and �   controls the backgroundintensity. The
small featuresizeprovideslittle signalenergy andthebright
backgroundproduceslargeamountsof shotnoise(described
below). Thus, this image tests the algorithmsunder low
signal-to-noiseconditions. Furthermore,the mathematical
representationallows its center to be placed at arbitrary
locationsin the image— on or betweenpixel centers. To
avoidartifactsthatcouldresultif thespotwerealwaysaligned
with thepixel grid, thecenterof thespotis chosenrandomly
(
�

and
	

coordinatesuniformly distributed ª W pixel around
the centerof the image) for eachtest. The secondimage
is a light micrographof silicon micromachinedesignedby
ExponentFailureAnalysisAssociates.This imagerepresents
ourinterestsin metrologyof microelectromechanicalsystems
(MEMS). Thethird imageis asyntheticapertureradar(SAR)
imageof theGalapagosIslands1. This imagehassignificant
energy in high spatialfrequenciesandteststherobustnessof
thealgorithmsto high spatialfrequencies.

4.2 Translations

Translationsof the simulatedspot are accomplishedby re-
calculating imagesusing Equation7. Translationsof the
fatigue test device and SAR imagesare accomplishedby
takingthediscreteFouriertransformof the512by 512pixel
images,multiplying by space-shiftingfilters(

{ |
«�¬ v ¬ ¡ |
«� v  )and then inversetransforming. To avoid artifactsnear the
boundariesof the image,gradientsareevaluatedin only the
center32by 32 pixel region(sothatonly thecenter40 by 40
pixelsareusedfor eventhelongestof thefilters tested).The
analysisregionsareshown in Figure6

To simulatefinite imageacquisitiontime, we average
100 imagesevenly spacedin time during the acquisition
period. For the fatiguetest structureand SAR images,we

1Image(P-43899)courtesyof the JetPropulsionLaboratory, Pasadena,
CA.

Simulated Image of
a Spot

Optical Microscope Image of
The Fatigue Device

SAR Image of
The Galapagos

Figure 6. Testimages.The top panelshows a simulatedimageof
a spot(Equation7). Themiddlepanelshows anopticalmicrograph
of a fatigueteststructure.Thebottompanelshows anSAR image
of theGalapagosIslands.Theinsetin eachpanelshowsamagnified
view of theanalysisregion.

transformtheimages,multiply by theaverageof 100different
space-shiftingfilters,andtheninversetransform.

For eachconstantvelocity test,motionis parallelto the�
-axisonly. For eachsinusoidaltest,displacementsin the

�
-

directionaregivenby ® � }
~�� �_� � ��N?W:c �  anddisplacementsin
the

	
-directionaregivenby ® � }
~8� � � � ��NMW)c �  , where® � and® � arethedisplacementamplitudes.

4.3 Simulated Noise

We simulatethe effects of imaging noise, including fixed-
patternnoise, shot noise and quantizationerrors. Motion
is simulatedby creatinga sequenceof eight high-precision
imagesrepresentingthe averagenumberof electronscol-
lected at eachpixel. Fixed-patternnoise is simulatedby
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multiplying theseimagesby aspatialarrayof pseudo-random
gain factorstaken from a Gaussiandistribution (mean= 1,
standarddeviation = 0.00315)simulatingfixedpatternnoise
with energy that is

N � �
dB below theaveragesignalenergy.

The samespatialarray is usedfor eachof the eight images
within onemotion sequence.Shotnoiseis simulatedusing
a pseudo-randomPoissonnumbergeneratorto convert the
averagenumberof electronsto an integer representingthe
numberof electronsin onerandomlychoseninstance.The
numberof electronsis then divided by 32 (the numberof
electronsneededto incrementthe A/D output of a camera
by one)andtruncated(to modelquantizationerrors).

All noise simulationsare repeatedusing 10 different
sequencesof imagesfor each of 10 different fixed-noise
patterns.Differentshotnoisepatternsareusedfor eachimage
in eachof the 100sequences.Theaveragebrightnessin the
analysisregion of eachof theinitial imagesis normalizedso
thattheshotnoiseis

N � �
dB smallerthanthesignalenergy.

5 Results

To investigateerrors in motion estimatesbasedon video
images, we simulate the performanceof four classesof
algorithms: first differences[11; 12], LBC [26; 3], multi-
imagegradient-basedmethodsspecializedfor periodicmo-
tion,andmulti-imagegradient-basedmethodsgeneralizedfor
arbitrarymotion.Simulationsin theabsenceof imagingnoise
reveal systematicbiasesthat limit the ultimate resolution
of the motion estimationalgorithm. Studieswith imaging
noiseillustratetherelativeperformanceof eachalgorithmfor
particularimagingconditionsaswell asconditionswhenbias,
noise,or bothareimportant.

5.1 Bias in Estimatesof SinusoidalMotions

Fourmulti-imagealgorithmsweredesignedto estimatesinu-
soidalmotionsof atarget(Section3.6).Filtersfor threeof the
algorithms( ��G���G�� , � G � G�� , and ��GX�SG¯� ) weredesignedby
minimizingerrorsin theratioof thegradientandinterpolation
filters(Section3.4). For comparison,filters for theremaining
algorithm(

� G � G�� ) weredesignedusingtheParks-McClellan
algorithm. Differencesamong thesealgorithms, the first
differencealgorithm, and LBC were assessedusing noise-
free imagesof the spot (Equation7) undergoing sinusoidal
motion.Resultsareshown in Figure7.

For eachalgorithm,errorsin estimatingthemagnitude
of the motion tend to increasewith the amplitudeof the
motion. However, trendsfor small andlargemotionsdiffer.
Forsmalldisplacementamplitudes(lessthan1pixel), thebias
is (1) a nearlylinear functionof displacementamplitudefor
eachalgorithm,(2) morethananorderof magnitudesmaller
for multi-imagealgorithmsthan it is for the first-difference
or LBC methods,and(3) morethantwo ordersof magnitude

smallerfor the
� G � G�� and ��G��°G�� algorithmsthanit is for

thefirst-differenceor LBC methods.For largedisplacement
amplitudes(greaterthan 3 pixels), the magnitudebias is
similar for the first-differenceandmulti-imagemethodsand
is significantlysmallerfor LBC.

Biasesfor the
� G � G%� and ��G±��G%� algorithmsare

very similar. We find that the the performanceof the two
algorithms is significantly different only when processing
imagesof high spatial-very contentsuchas the Galapagos
Islands. For the SAR imageof the GalapagosIslands(not
shown), the ��G��°G�� algorithmperforms10 timesbetterthan
the

� G � G�� algorithmfor smallmotions.The
� G � G�� algorithm,

which usesspatialfilters createdwith the Parks-McClellan
algorithm rather than the ratio-minimization, performs as
well asthe ��G°��G�� algorithmandsignificantlyworsethanthe� G � G�� and ��Gj��G�� algorithms.Becauseof their relatively
poor performanceusing small filter supports,multi-image
gradient-basedalgorithmswhosespatial filters are created
with the Parks-McClellanalgorithmarenot explored in the
remainderof this paper.

Sinusoidalmotions of the spot image sequencewere
alsoestimatedusingmulti-imagealgorithmswith filters de-
signed for arbitrary motions (Section3.5). The resulting
biases(not shown) weregenerallylargerthanthosefor algo-
rithmsthatwerespecializedfor periodicmotions:amplitude
biaseswere typically 10% greaterand phasebiaseswere
approximately3 timeslarger.

Noise-free images of the fatigue device undergoing
sinusoidaldisplacementsweresimulatedto assesserrorsin
motion estimatesusing the multi-image algorithm with a�5G���G�� volumeof support(Figure8). Errorsin estimatingthe
amplitudeof the

�
-componentof displacement( ® � ) depend

on both ® � and ® � . Amplitude errorsare lessthan 0.001

pixels for motions with total magnitudes² ® \� � ® \� less

than 1.2 pixels. For larger motions, the amplitudeerrors
gradually increase,becomingas large as 0.05 pixels for® � � ® � �³b

pixels. For a given valueof ® � , errorstend
to increasewith ® � . Thereis exceptionsto this trend; for
example,errorsareunusuallysmall for ® � �YW

pixel when® � �1�
. The atypically small error is the boundarywhere

theamplitudeestimatesswitchfrom beingtoo largeto being
too small.Errorsin estimatingthephaseof the

�
-component

of displacementalso dependon both ® � and ® � . Phase
errorsareparticularlysmall for ® �P´µ��c � pixel, markingthe
locationwherethe error switchesfrom negative to positive.
Phaseerrorsaresmallerthan

W�� Q \ radiansfor all ® � @ b
and ® � @ b

pixelsdroppingto well below
W�� Q � radiansfor

small motions. Similar trendsare observed for analysesof
thespotandSAR imagesequences(not shown).
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Figure 7. Amplitude dependenceof bias in estimatesof sinu-
soidal motion. Sinusoidaldisplacementsof the spot (Equation7)
were analyzedfor for 17 displacementamplitudes(Section4.2,¶¸·<¹�ºH»V¼X½¾»D¶6·

,
¼¯¿ � · ). For eachamplitude,8 imageswere

generatedusinga samplingperiodequalto one-eighthof theperiod
of thesinusoidandanimageacquisitionperiodequalto thesampling
period. Symbolsin the top panelrepresentthe differencebetween
theestimatedamplitudeof thedisplacementandtheamplitudeused
to generatethe images.Symbolsin thebottompanelrepresentthe
differencebetweentheestimatedphaseof themotionandthephase
usedto generatethe images. Labelsidentify the algorithms: first
differences,LBC, andperiodicspecific,multi-imagemethodswith
4 volumesof support( À�Á¯À�Á¯Â , Ã�Á�Ã�ÁXÂ , Ä�ÁXÄ�Á¯Â , and Å�Á¯Å�Á¯Â ).
For reference,straightlineswith unit slopeareshown in thetopplot.
Phasebiasessmallerthan

¶¸·<¹�Æ
areplottedas

¶¸·<¹�Æ
for clarity.

5.2 Bias in Estimatesof Uniform Motion

Eightmulti-imagealgorithmsweredesignedto estimatearbi-
trarymotionsof a target(Section3.5).Fourof thealgorithms
have the sametemporalfilters anddifferent spatialsupport
( �SG��SG�� , ��G°��G�� , � G � G�� , and ��G���G�� ); theremainingfilters
have the samespatialfilters and different temporalsupport
( �SGX��G b , ��GX��G�� , ��GX�SG � , and �SGX��GX� ). Dif ferencesamong
thesealgorithms, the first differencealgorithm, and LBC
wereassessedusingnoise-freeimagesof thespot,fatiguetest
device, andGalapagosIslandundergoinguinform (constant
velocity)motion.Resultsareshown in Figure9.

Many of the trendsfor algorithmsusing 8-point tem-
poral filters (Figure9, left panels)aresimilar to thoseseen
in Figure 7. For example,errorstend to increasewith the
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Figure 8. Amplitude dependenceof sinusoidalmotion estimates
usingtheperiodicspecificÄ�Á)Ä�Á:Â multi-imagealgorithm.Sinusoidal
displacementsof the fatigue device were analyzedfor for 1682
pairs of displacementamplitudes

¼¯½
and

¼X¿
(Section4.2). For

eachamplitude,8 imagesweregeneratedusinga samplingperiod
equal to one-eighthof the period of the sinusoidand an image
acquisitionperiodequalto thesamplingperiod. Theuppersurface
map illustratesthe differencebetweenthe estimatedamplitudeof
displacementin the Ç directionand

¼¯½
asa functionof both

¼¯½
and¼ ¿

. The lower surfacemap illustratesthe differencebetweenthe
estimatedphaseof displacementin the Ç directionandthe Ç phase
usedto generatethe images. The contoursshow lines of constant
bias(integralpowersof 10). For clarity, thesurfacemapsareshaded
(right scale)to indicatebias.

velocity of the motion. Also, trendsfor small andlarge ve-
locitiesdiffer. For smallvelocities(lessthan0.5pixel/frame),
thebiasis a nearlylinearfunctionof displacementamplitude
for eachalgorithmandroughlyanorderof magnitudesmaller
for multi-imagealgorithmsthanit is for thefirst-differenceor
LBC methods.Thebiasesof the

� G � G=� and �ÈG;�ÉG=� algorithms
areat leasttwo ordersof magnitudesmallerthanthebiasof
LBC or the first differencealgorithm. For the fatiguetest
structureandthe Galapagos,biasis smallerfor multi-image
methodswith larger volumesof support. However, for the
spotimage,the �!G;�!G�� algorithmoutperformsboththe

� G � G;�
and ��G���GÊ� algorithms. The performanceof the ��G���GÊ�
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algorithm(notshown) fallsbetweenthe
� G � G�� andthe �:G;�:G��

algorithms.
For thelargestvelocities( Ë W pixel/frame),thebiasfor

LBC is muchsmallerthanthat for the multi-imagemethods
or for thefirst differencealgorithm.

For thespotandtheGalapagos,thebiasfor the ��G���G�� ,��G���G5� , and ��G���G b algorithms,areidenticalfor asymptotically
small motions. Thesealgorithmshave the samesupportin
spacebut differentsupportin time. For larger motions,the
biasesin the algorithmsdiffer by up to a factorof 10. Note
that thefirst differencealgorithm(

b G b G b ) andthe ��Gj��G b
algorithmdiffer only in their spatialfilters. Thebiasesof the
multi-imagealgorithmswith oddsupportin time, the �SG¯��G¯�
and ��Gk��G � algorithms,is many ordersof magnitudelarger
than the biasesof the algorithmswith even supportin time
(consistentwith Figure5).

5.3 Effectsof Noise

To characterizeeffectsof imagingnoise,imagesof sinusoidal
motions were calculatedand then degradedby simulated
fixed-patternnoise (with energy 50 dB below that of the
signal), shot noise (with energy 50 dB below that of the
signal),andquantizationerrors(12-bit resolution).Biasesin
motionestimatesusingtheperiodic-specific�:G��:G;� algorithm
and using LBC are shown in Figures 10 and 11. The
bias functions for the multi-image algorithm shareseveral
featuresacrossimages. First, the bias in the estimateof
the

�
componentof amplitude ® � dependson both ® � and® � . Generally, the biasesaresmallerwhen ® � and ® � are

small thanwhen ® � or ® � is large. Second,biasesfor large
amplitudes(near ® �]� ® �D�Ìb

) are similar for eachof
the imagesequences.However, biasesfor small amplitudes
differ significantly— beingsmall for theSAR image,larger
for the fatiguedevice, andlarger still for the spot. Notably,
the standarddeviation of the motion estimates(not shown)
increasesin thesameorder.

For the spot,the amplitudebiaschangeslittle with the
amplitudeof the displacement. The bias is on the order
of
�=c �=W

pixels for the multi-imagealgorithm and nearly an
orderof magnitudelarger for LBC. Standarddeviationsfor
both algorithms(not shown) areapproximately0.01 pixels,
independentof theamplitudeof thedisplacement.

For the SAR andfatigueteststructures,the amplitude
errorsof the multi-imagealgorithmin the presenceof noise
arequalitatively similarto theamplitudeerrorsin theabsence
of noiseshown in Figure8. For motionssmallerthanroughly
1.2pixels,amplitudeerrorsaresmallerthan0.001pixels.

Bias functions for LBC dependstrongly on ® � and
only weakly on ® � [26]. Thus, errors in estimatingthe�

componentof motion are only weakly affected by the
amplitudeof motion in the

	
direction. The bias is nearly

constantfor ® � Ë �=c8W
pixels and decreasesrapidly as ® �

dropsbelow 0.1pixels.Exceptat thehighestamplitudes,the

biasfor LBC is significantlygreaterthanthat for the multi-
imagemethod.

Figure 12 shows standarddeviations for the multi-
imagealgorithmfor thefatigueteststructureimagesequence.
Noticethatthestandarddeviation varieslittle with either ® �
or ® � , remainingnear0.001pixels. Standarddeviationsof
LBC weresimilar. For the imageof the the Galapagos(not
shown), standarddeviationsfor both algorithmswere0.006
pixelsanduniform.

Phaseerrorsfor themulti-imagealgorithmfor thespot
sequenceareon the orderof

W�� Q d radiansfor all valuesof® � and ® � . By contrast,phaseerrorsof LBC becomealmost
aslargeas

W�� Q \ radians.For boththemulti-imagealgorithm
and LBC, phaseerrorsfor the SAR imageand fatiguetest
structureimagearequantitatively similar. The multi-image
algorithm phaseerrors range from

W�� Q � radiansto
W�� Q \radians.LBC phaseerrorsremainmostlybetween

W�� Q d andW�� Q \ radians. Figure 12 shows the multi-imagealgorithm
standarddeviationof phasefor thefatiguetestdevice image-
sequence.Thestandarddeviationsrangefrom about��G W�� Q dto
W�� Q \ radians. The standarddeviations of phasefor the

SAR image-sequencearequantitatively similar to thosefor
the fatigue test image-sequence.Standarddeviations for
phaseestimatesof themotionof thespotrangefrom a factor
of threeto afactorof fivehigherfor bothalgorithms,retaining
thesameform seenin Figure12.

6 Discussion

The accuracy of motion measurementsfrom video images
is limited not only by physical factorssuch as noise but
also by algorithmic factors, including systematicbias that
is presenteven in the absenceof noise. Our goal was to
createan algorithm whoseinherenterrorsare smaller than
the errorsandvariationscausedby noise. We accomplished
that goal. Considerthe estimationof sinusoidalmotions
of a high contrasttarget (the fatigue test structure). Even
the small amountsof imaging noise expectedfor a high
quality, 12-bit, scientificimagingsystemcausevariationsin
amplitudeestimateson theorderof 0.001pixels(Figure12).
By contrast,algorithmic errorsfor this imagesequenceare
significantlylessthan0.001pixel for motionssmallerthana
pixel (Figure8). Thusthebiasin thealgorithmcanbeignored
for motionssmallerthanapixel.

The spot image sequencewas chosento representa
difficult motion target. The small size of the spot means
that fewer than 30 pixels contribute useful information for
the motion estimate,even thoughall 1024pixels in the spot
imagesequencecontributeto thenoise.Imagingnoisetypical
for a high quality cameracausevariations in amplitude
estimatesof the spoton theorderof 0.01pixel (not shown).
Errors in the absenceof noise for all of the multi-image
algorithmsaresmallerthan0.01pixel for motionamplitudes

9



10–6

10–4

10–2

100
Í

3
m

x3x8
5
Î

x5x8

5
Î

x5x8

7
�

x7x8

7
�

x7x8

5
Î

x5x8

First Diff

LBC

Fatigue Test Structure

10–6

10–4

10–2

100
Í

B
ia

s 
in

 D
is

pl
ac

em
en

t (
pi

xe
ls

)
S
n

pot

10–3 10–2 10–1 100
Í

10

 Displacement per frame (pixels)

10–6

10–4

10–2

100
Í G

Ï
alapagos

7
�

x7x2

7
�

x7x4

7
�

x7x5

7
�

x7x7

7
�

x7x8

Fatigue Test Structure

S
n

pot

10–3 10–2 10–1 100
Í

10

 Displacement per frame (pixels)

G
Ï

alapagos

7x7x4

7
�

x7x8

7x7x8

3
m

x3x8

3
m

x3x8

7
�

x7x8

First Diff

First Diff

7x7x2

7
�

x7x2

7
�

x7x5

7x7x5

7
�

x7x7

7x7x7

LBC

LBC

First Diff

First Diff

First Diff

Figure 9. Amplitude dependenceof bias in estimatesof constantvelocity. Constantvelocity motionsof the spot (upperpanels),fatigue
testdevice (middlepanels),andGalapagosIsland(lower panels)wereanalyzedfor 17 differentvelocities.For eachvelocity, 8 imageswere
generated,eachdisplacedfrom theprevious by a constantamountin the Ç direction(abscissa)and0 in the Ð direction. Symbolsrepresent
thedifferencebetweentheestimateddisplacementperframeandthedisplacementusedto generatetheimages.Theplotsontheleft compare
LBC, thefirst differencealgorithm,andmulti-imagealgorithmswith varioussupportsin space.Thepanelson theright comparemulti-image
algorithmswith varioussupportsin time. Thefirst differenceand ÄSÁ�ÄSÁ�Â algorithmsareshown onboththeleft andright plotsfor clarity.

less than 3 pixels (Figure 7). Furthermore,the bias in
estimatesusingthemulti-imagealgorithmsaremorethanan
orderof magnitudesmallerthanthosefor previousalgorithms
(first differencesand LBC) for motion amplitudessmaller
than1 pixel.

As would be expected,in the presenceof noise,per-
formanceof the multi-imagemotion estimationalgorithms
wasdifferentfor differentimages.Amplitudebiasesreached
0.05 pixels for large motions(near2 pixels) for all of the
images(Figure10). For themulti-imagealgorithm,biaswas
smallestfor the SAR imageand largestfor the spot image.

This resultis consistentwith thefactthatthesignalenergy is
greatestfor theSAR imageandleastfor thespot.In contrast,
biasesfor LBC arenot only larger thanthosefor the multi-
image method, they are also much less target dependent.
Thebiasin LBC is not significantlyimprovedby thegreater
amountof signal that is available in the fatigue and SAR
imagesequencesthanin thespotimagesequence.
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Figure10. Biasfor theestimateof amplitude(
¼¯½

) using Ä�Á�Ä�Á�Â algorithm(left) andLBC (right) plottedasa functionof driving amplitude,
in thepresenceof Ñ¯Ã · dB of shotnoise,fixed-patternnoise,andquantizationerrors.Otheraspectsof thisfigureareasdescribedfor Figure8.

6.1 Motions larger than a pixel

The bias in estimatingthe amplitudeof sinusoidalmotion
becomeslarge for displacementamplitudesgreaterthan a
pixel (Figure 7). One reasonfor the increaseis that while
motionsmaybesinusoidal,thebrightnessof a pixel doesnot
vary sinusoidallywith time. As motionsbecomelarger, the
energyathightemporalfrequenciesof thebrightnessfunction
increases. For motions larger than about a pixel, there is
significantenergy in temporalfrequenciesgreaterthan the
Nyquistfrequency; thisenergy is aliasedto otherfrequencies,
causingerrors.

Performanceof the multi-image algorithmsfor large
amplitudemotions can be improved. For example, if the
imagesaredown-sampled,super-pixel motionsareconverted
to sub-pixel motions. The critical part of such a down-
samplingstrategy is the low-passfiltering, which removes
largespatialfrequencies.As notedin Section3.5,theselarge
spatialfrequenciescauselarge temporalfrequencies.From
this argument,it follows that the low-passfilter usedaspart
of our spatialfilters (Figure1) is not only importantto filter
outlow signal-to-noiseregionsof thespectrum.It alsoaffects
thedynamicrangeof themotionestimator.
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Figure11. Biasfor theestimateof phaseusingthe Ä=Á°Ä=Á�Â algorithm(left) andLBC (right) plottedasa functionof driving amplitude,in the
presenceof Ñ¯Ã · dB of shotnoise,fixed-patternnoise,andquantizationerrors.Phaseis measuredin radians.Otheraspectsof this figureare
asdescribedfor Figure8.

6.2 VolumeSupport

Filter errorscausemotion estimationerrors. This is most
apparentin Figure9 wherethe ��G��=G � and �=G���G°� algorithms
performmany ordersof magnitudepoorerthanthe ��Gj��G b ,��G���G°� and ��G���G�� algorithms.Figure5 showsthattheerror
in the 7-point temporalderivative is muchlarger thanthe 8-
pointderivativefilter. Sincethe �)GS�)G�� and �)GS�)G�� algorithms
areotherwisethesame,weconcludethattemporalfilter error
dominatesthe �°G���G�� algorithm.

For small motions, errors in spatial filters dominate
errorsin temporalfilters. Figure 9 shows that for motions

smallerthanabout0.1 pixels per frame,changingfrom the��G¯�SG b to the ��G¯��G�� to the �SG¯��G�� algorithmhasalmostno
discernibleeffects.Conversely, changingfrom the ��G¯��G�� to
the

� G � G=� or �ÈG;�ÉG=� algorithmhasalargeeffect. Weconclude
thaterrorsin spatialfiltersdominateerrorsin temporalfilters
for thesmallestmotions.

For motionslarger thanabout1 pixel, theperformance
of the ��Gk��Gk� , � G � Gj� and �¯G��¯Gk� algorithmsconverge.
Thus, for large motions, spatial filters support is almost
unimportant. This canbe explainedfrom the discussionin
the last section: thereis significantenergy in high temporal
frequenciesfor large motions. Thus, temporalfilters which
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Figure 12. Thestandarddeviation of amplitudeandphaseestimatesfor sinusoidalmotionsof the fatigueteststructureusingthe Ã�Á�Ã�ÁXÂ
algorithm. The standarddeviations are computedfor the sameimagesused to computethe biasesfor the fatigue device panelsof
Figures10and11.

are accuratefor high temporal frequenciesproducemore
accuratemotion estimatesthan temporal filters which are
accurateonly in the smallestpart of the spectrum. For the
largestmotions,temporalfrequenciesarealiasedleadingto
errorsin all temporalfilters, regardlessof support.

6.3 Comparison of multi-image algorithms
with LBC

The bias in LBC estimatesis smaller than those for the
multi-image algorithms for the largest amplitude motions
(Figure 7). This is not surprising,since reducingbias for
large amplitude motions was the problem that motivated
developmentof LBC [26]. Also, LBC usesa king stepping
approachwhich allows it to better handle motions larger
thana pixel. The bias in LBC estimatesis larger than that
for the multi-image algorithmsfor the smallestamplitude
motions. In fact, the bias in LBC is nearlyequalto that of
thefirst-differencemethod.It is possibleto show that in the
limit of small displacements,estimateswith LBC approach
thosebasedon thefirst-differencealgorithm. Thusfor small
motions,thebiasof LBC is largerthanthebiasof themulti-
imagegradientbasedmethodsbecausethenew methodsuse
moreaccuratefilters.

6.4 Computational Costs

The motion estimationalgorithmsthat arecomparedin this
paperdiffer not only in statisticalperformancebut also in
computationalcosts. Implementingthe filters directly, the
numberof computationsfor multi-imageandfirst-difference
algorithmsscalesas � � � � � � ®�ÒPÓ where � � , � � , and � � are
the dimensionsof the analysisregion and ® , Ò , and Ó are
thedimensionsof thegradientandinterpolationfilters in the�

-,
	
- and

�
- directions.Using symmetriesin the filters and

normalizingthefilters leadsto significantcomputationalsav-
ings; approximately90% of the computationsareadditions,
not multiplications. The numberof computationsfor LBC
is approximately4 timesthe numberfor the first-difference
algorithm.The ��G���G�� algorithmrequiresslightly morethan
2 timesasmany computationsasdoesLBC. Similar factors
for
� G � G)� and �_G���G!� algorithmsare7.3,and14.2respectively.

On a moderncomputer, we have found that this increase
in computationtime is insignificant comparedto the time
requiredto readthe imagesfrom a disk (which is invariant
acrossalgorithms). For further speedenhancement,it is
alsopossibleto take advantageof the fact that the gradient
filtersarecomposedfrom onedimensionalfilters to achievea
scalingof � � � � � �¸� ® � Ò � Ó  .
6.5 Other ImageSequences

The imageswe examinedare not standardonesin the ma-
chinevision community. Most of the standardimageshave
beendesignedto test issuessuch as occlusion,regions of
small gradients,andcomplex motion fields. We have only
addressedaccuracy in this paper, not theseothercomplicat-
ing issues(althoughwe believe that our methodscould be
incorporatedinto otheralgorithmsdesignedto addressthese
issues).

We briefly report results testing our algorithmswith
threestandardimagesfrom Barronet. al: Sinusoid1,Sinu-
soid2 and the TranslatingTree Sequence[34]. Insteadof
the temporalfilters reportedin this paper, we usetemporal
filters that do not compensatefor the finite acquisitiontime
of a camera. For the Sinusoid1image sequence,where7-�Ô��W:c � � � �
��c � � �  pixels/frame,the ( �kGH�ÊGP� , � G � GH�
and ��Gk��G�� ) algorithmsall performedroughly thesame—
generatingerrorslessthan0.02and0.01pixels/framein each
directionrespectively. Theseerrorsarecomparableto those
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reportedfor the spot, fatiguedevice, and GalapagosIsland
imagesin this paper. For the image sequenceSinusoid2,7P�]�/W)�_W�

, ourmethodshaderrorssmallerthan
W�{�N � pixels.

For theTranslatingTreeSequence,wedesignedaLucas
andKanade[35] windowing schemeexactly asdescribedby
Barron [34], using our derivative filters. Preliminary tests
show ourfilters yield resultscomparableto thosereportedby
Barron. Barroneffectively uses

W � G W:W G W:W filters in his
gradientestimates(larger thanthe filters usedin this study).
TheTranslatingTreeSequencesuffersfrom temporalaliasing
along the bordersof the objectsin the scene. We have not
attemptedto optimizeour filters to compensatefor temporal
aliasing.

7 Conclusions

We have developeda classof multi-image gradient-based
algorithmswhoseinherenterrorsfor measuringmotionsare
smaller than the errors and variationsintroducedby noise
typical for scientific-gradeCCD cameras. The algorithms
use filters to accuratelyestimatederivatives and therefore
accuratelyestimatemotions. The methodshave more than
an order of magnitudeless error than the first difference
algorithmcreatedby Horn andSchunck[11] andDavis and
Freeman’sLBC [26].

We introduceda methodof usingfilters to compensate
for theeffectsof thenon-zeroacquisitiontime of an imager.
The non-zero acquisition time blurs moving objects and
would otherwiseleadsto errors in motion estimates. We
alsointroduceda methodfor designingspatialderivativeand
interpolationfilters togetherin orderto obtainhigh accuracy
motionestimateswith relatively smallfilter support.Finally,
we note that even with only two images,it is possibleto
improve the error of the first differencealgorithmby using
higherorderspatialfilters.
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