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1 Maximizing a submodular function

We previously looked at methods for maximizing monotone submodular functions. In
this lecture, we turn our attention to the maximization of non-monotone submodular
functions F(-), but require that F'(S) > 0 for all S € V. Examples of such functions
include graph-cuts and “coverage-minus-cost".

In particular, we will cover the following 3 algorithms for maximizing F'(-):
¢ Random Selection
e Local Search
e Double/bidirectional Greedy

before looking at submodular maximization for two types of diffusion models.

2 Random Selection

Let F' be a non-monotone non-negative submodular function, and pick set R uniformly
at random from V, where
PlieR) =05 VieV

Although the performance of such a set R can be arbitrarily bad, the expected value of
such a set can be shown to be

1
B[F(R)] > {F(S")
where S* € arg max F'(S). Moreover, if F'(-) is a symmetric function, then
scy
1 *
E[F(R)] > §F(S )

Remark: In practice, you might want to do better, e.g. by performing local updates to
improve the set returned by “random selection".



3 Local Search

The algorithm for local search to solve the problem

max F'(5)
SCV
is as follows
1. Let S = arg max F'(S)
ecV
2. While there is an element e € V' \ S such that F/(SUe) > (1 +-5)F(S)
e addeto S

3. If there is an element e € S such that F'(S'\ e) > (1 + -5)F(S)
e remove e from S
e goto step (2)

4. return maximum of F'(S) and F(V \ S).

where € is a user-defined parameter for the tolerance, and n = |V|.

We state! the following result [1].

Theorem 1 ((Feige, Mirrokni, Vondrak 2007)). Let Srs be the set returned by local search.

Then )
F(Sts) > (5 = -)F(S")

In addition, if F(-) is symmetric, then the bound can be tightened to

F(Si) 2 (5 — S)F(5")

Remark: In fact, it has been shown that achieving a lower bound of 3 from optimality is
the best you can do in general for any algorithm that runs in polynomial time.

4 Double (bidirectional) Greedy

Instead of local search, the double (or bidirectional) greedy algorithm maintains 2 sets, as
it makes a single pass through V.

Istated without proof here, to focus on the proof for the double-greedy algorithm in section 4



4.1 Deterministic version

The (deterministic) algorithm is as follows:
1. Startwith A =(and B =V.
2. Forie{l,...,n}
a) Calculate
a; =F(Ai_1Ue;) — F(Ai—1)
Bi=F(Bi-1\¢€)— F(Bj-1)

b) if a; > 5, update A=A, U {61} and B; = B;_1
c) otherwise, update A; = A;_; and B; = B;_1 \ {e;}
3. Return A, (= B,,)

We first study the proof of a weaker result for the deterministic double greedy algorithm,
before sketching out an analogous proof for the randomized version. We need the fol-
lowing two lemmas:

Lemma 1. Foralli € {1,...,n}, we have o; + 3; > 0.

Proof. Note that

(Aic1Ue) U (B;\ e)

B4
(Aic1Ue) N (B \ &) i1

By the submodularity of F'(-), we have

o; + ﬁz = [F(Al;l U ei) — F(Alfl)] + [F(Bi,1 \ ei) — F(Bl;l)]
=[F(S)—F(SNT)]+[F(T)—-F(SuUT)
>0

where

S=A,1Ue;, SNT=A4,,
T:Bi_l\ei, SUT =B,



Lemma 2. Let OPT; be the set that agrees with A;, B; on {ei,...,e;} and with OPT on
{€it+1,...,en}. We have
OPTy, = OPT, OPT, = A, =B,

and for all i € {0,...,n},

Proof. Assume, without loss of generality, that a; > f3;. Then
A;=A,_1Ueg;
B; =B
OPT; = OPT;_1 Ueg;
We have two cases.
Case 1: If ¢; € OPT, then 0 < F(Al) — F(Al_l) = O4.
Case 2: If ¢; ¢ OPT, then by inverse marginal gains,
F(OPT;_1) — F(OPT;) < F(B;_1\ €;) — F(B;_1) = ;i < o

Putting together the two lemmas, we have

Theorem 2. Let F'(-) be a submodular set function, and Sq be the set returned by the double
greedy algorithm. Then

F(Sg) > - F(S")

Wl

Proof.
F(OPT) — F(A,) = F(OPTy) — F(OPT,,)

— En: F(OPT;_;) — F(OPT,,)
=1

<) (F(Ai) = F(Ai-1) + F(B;) — F(Bi-1))
=1

= F(A,) — F(Ao) + F(B,,) — F(By)

< F(Ap) + F(By)

where the first inequality follows from lemma 2, the last equality from telescoping sums,
and the last inequality from the non-negativity of F'(-): F'(Ay), F(By) > 0.

By re-arranging terms, we get F'(OPT) < 3F(A,). O



4.2 Randomized version

In the randomized variant of the algorithm, we perform step (2b) of the algorithm with
probability and perform step (2c) otherwise. Then lemma 2 will be modified
to

Lemma 3. Let OPT; be the set that agrees with A;, B; on {e,...,e;} and with OPT on
{€iy...,en}. We have

ay
a;+fi’

OPTy = OPT, OPT,=A, =08,
and for all i € {0,...,n},

—_

E[F(OPT;-1) — F(OPT;)] < §E[F(Ai) — F(Ai—1) + F(B;) — F(Bi-1)]

By a similar argument to that for theorem 2, replacing lemma 2 with lemma 3, we have
the following result [2]:

Theorem 3 ((Buchbinder, Feldman, Naor, Schwartz 2012)). Let F(-) be a submodular set
function, and Sy be the set returned by the double greedy algorithm. Then

E[F(5,)] > 5 F(S)

4.3 Continuous version

Alternatively, we can look at the continuous relaxation, by using the multi-linear exten-
sion as the cost function, to solve the problem. Instead of sets, we start with the vector of
all “0"s an “1"s, and look at the gains with respect to the multi-linear extension of the set
function. The algorithm is as follows:
1. Start with g = 0y and yy = 1.
2. Forie{l,...,n}
a) Calculate
a; = [g(@i—1 + L¢;) — g(mim1)]+
Bi = [9(yi1 = Le;) — 9(yi-1)]+

b) z; < x;—1 + Le;

a;
a;+pi
Q) Yi < Yi-1 — Giig e
3. Return a random set R(x,,), where ¢; € R(X,,) with probability ;.

Since the multi-linear extension is defined as exactly the expectation over the random sets
for R(xy), we know that in expectation, we obtain a set of value g(z).



5 Diffusion Models

As an example of an application in the data-mining community, we’ll look at diffusion
models, defined on graphs G = (V,&) with n = [V|. In particular, we are interested
in finding a small set S of most influential nodes in G with maximal influence, defined
as

F(S) = Expected number of active nodes after T steps, if cascades started at points in .S

5.1 Linear Threshold Model (LTM)

In the linear threshold model, for each outgoing edge (w,v) € £ from a node w € V, we
have an “influence value" of b,,, > 0 satisfying » ", (w,0)eE byw < 1.

1. We start with an initial set of nodes Sy C V.
2. Fori=1,...,n—1
e Sample a threshold 6, ~ U|0, 1] independently for each node v € V.
e Each vertex v € V' \ Up<;<i—195; is “activated" if
> bw >0,
wEUp<j<i—15j
We define S; to be the set of all vertices activated in iteration i.

e The process stops if S; = 0.

Since the length of a path from any vertex in Sy to any other vertex in the graph is at most
n — 1, the model terminates in at most n — 1 iterations.

5.2 Independent Cascade Model (ICM)
In the linear threshold model, for each outgoing edge (w,v) € £ from a node w € V, we
have a “transition probability" p,., € [0, 1].
1. We start with an initial set of nodes Sy C V.
2. Fori=1,...,n—1
e For each vertex w € S;_1

— For each outgoing edge (w,v) € £, where v € V \ Up<j<;—195;, “activate” v
with probability py,.



We define S; to be the set of all vertices activated in iteration i.

e The process stops if S; = 0.

Since the length of a path from any vertex in Sy to any other vertex in the graph is at most
n — 1, the model terminates in at most n — 1 iterations.

5.3 Submodularity for Diffusion Models

Defining o(Sp) = E[|S,,—1]], we can show that ¢(-) is monotone and submodular for both
the LTM and ICM diffusion models. The key idea is to define an equivalent process which
generates a distribution [P over graphs. Introducing

R(u,G) = {v | v is reachable from u in G}

we observe that 0g(S) = | Uyes R(u, G)| is a coverage function, which is a monotone in-
creasing submodular function. Therefore, as an expectation over coverage functions,

o() = P(Gog()
g

is also monotone and submodular.

The equivalent process for both the LTM and ICM can be described as follows: We gener-
ate a graph G with the same set of vertices V, and introduce edges to G where

e LTM: For each node v € V, we pick an incoming edge (v, w) with probability b,
and no edge with probability 1 — > ., byw. Add all edges that were picked to G.

e ICM: For each node v, pick one incoming activating edge (w,v) with probability
Pow-Add all edges that were picked to G.

The full construction may be found in [3]. For a more general result, we refer the inter-
ested reader to [4].
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