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Abstract

Computer-generatedcharacteranimation,wherehumanoranthropomorphiccharactersareanimated
to tell a story, holdstremendouspotentialto enricheducation,humancommunication,perception,
andentertainment. However, currentanimationproceduresrely on a time consuminganddiYcult
processthat requiresboth artistic talentandtechnicalexpertise. Despitethe tremendousamount
of artistry, skill, andtime dedicatedto theanimationprocess, there are few techniquesto helpwith
reuse.Althoughindividualaspectsof animationare well explored,there is little work that extends
beyond the boundariesof any onearea. Asa consequence,the sameprocedure must be followed
for eachnew characterwithout the opportunity to generalize or reusetechnicalcomponents. This
dissertationdescribestechniquesthateasetheanimationprocessby oVeringopportunitiesfor reuse
anda more intuitive animationformulation. A diVerential speci�cationof arbitrary deformation
providesa general representationfor adaptingdeformationto diVerentshapes, computingsemantic
correspondencebetweentwo shapes, and extrapolatingnatural deformation from a �nite set of
examples.

Deformation transfer addsa general-purposereusemechanismto the animationpipelineby
transferring any deformationof a sourcetriangle meshonto a diVerent targetmesh. The transfer
systemusesacorrespondencealgorithmtobuildadiscretemany-to-manymappingbetweenthesource
andtargettrianglesthatpermitstransferbetweenmeshesof diVerenttopology. Resultsdemonstrate
retargetingbothkinematicposesandnon-rigid deformations, aswell astransfer betweencharacters
of diVerent topological andanatomicalstructure. Mesh-basedinversekinematicsextendsthe idea
of traditionalskeleton-basedinversekinematicsto meshesby allowing the userto posea meshvia
directmanipulation.Theuserindicatestheclassof meaningful deformationsby supplyingexamples
that canbecreatedautomatically with deformationtransfer, sculpted,scanned,or producedby any
othermeans. Thistechniqueisdistinguishedfrom traditionalanimationmethodssinceit avoidsthe
expensive charactersetupstage.It is distinguishedfrom existingmesheditingalgorithmssincethe
userretainsthe freedomto specifythe classof meaningful deformations. Resultsdemonstratean
intuitive interfacefor posingmeshesthatrequiresonly asmallamountof usereVort.

ThesisSupervisor: JovanPopović
Title: AssistantProfessorof ElectricalEngineeringandComputerScience
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Introduction 1
Animatorsbring�ctional charactersto lifethroughmovement.Theircentraltaskistomakeacharacter

actwith personalityandstyle,andthereby tell astory. Theanimationprocessbeginsin themodeling

stagewith theconstructionof a three-dimensional(3d) digital representationof a character’sshape.

The3d modelcanbecreatedwith software toolsor sculptedout of clay andscanned.Theendresult

of modelingisastaticshapethatmustbeinstrumentedwith so-calledrigging controlsto changeits

posture, bulgemuscles, changefacialexpressions, andgenerateothernecessary deformations. The

riggingstageiscriticalsincethesecontrolsdeterminethefull rangeof deformationthatwill beseen

in the �nal result. During the animationstage,the animatorusesthe rigging controlsto create

continuousmovementby reposingthecharacterover thecourseof theanimation.

AlthoughthisprocessiseVective,all aspectsof it arechallengingandlaborintensive. Therigging

procedure isperhapsthemostexpensivestagein theanimationpipelinesinceit requiresbothartistic

talentandtechnicalexpertise.Craftingthedeformationsrequiredfor lifelikemovementisanartistic

endeavor, while building the rigging controlsto achieve thesedeformationsis inherently technical.

Onceariggingcontrolhasbeendesigned,specializingit foraparticularcharacter’sshapeofteninvolves

timeconsumingparametertuningin orderto ensure that thegenerateddeformationsareacceptable

for all controlsettings. Therigging processis toleratedbecauseit is anessentialcomponentof the

animationpipeline.It allowstheuserto parameterize thespaceof meaningful deformationssothat

thecharactercanbeanimatedeYciently.
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Despitethe tremendousamountof artistry, skill, andtime dedicatedto the animationprocess,

there are few techniquesto helpwith reuse.In order to reusea deformationcreatedfor oneshape

on another, thespeci�cparametersthatcontrolthedeformationmustbeadaptedto thenew shape.

Hand-sculptedalterationsmadeduringmodelinghavenoinherentparameterizationandarenoteasily

adapted. For mostrigging controls, re-tuningthe parameters is just astime consumingasstarting

from scratch. Special-purposetransfer algorithmscanadapt someformsof rigging andassociated

animation,but may fail in thecommoncasewereavarietyof riggingtechniquesareusedin tandem.

Asa result,the work spentmodeling,rigging, andanimatinga charactercannotbereusedafterits

plannedapplication.

Currentresearchin characteranimationaddressesindividualaspectsof theanimationpipeline,but

doesnot extendbeyondtheboundariesof any single stage.Asaconsequence,theglobalprocedure

remainsunchanged.The modeling,rigging, andanimationphasesmust be followed, in order, to

createa characterandmakeit move. With no general methodof reuse,the entire processmust

berepeatedfrom scratchfor eachnew character. Therigid procedure for characteranimationand

the absenceof reusealgorithmsare signi�cantproblemsin computeranimationaddressedin this

dissertation.

Challenges

Shapedeformationplaysanessentialrole throughouttheanimationpipeline.Editingtoolsemploy

deformationalgorithmsto sculpta character’sshape,rigging controlsparameterize meaningful de-

formations, andanimatorsusetheriggingcontrolsto createcontinuousdeformationsovertime. The

deformationsemployed by animationrangefrom thosethat are primarily skeletalin nature (e.g.,

bendingat theelbow) to onesthatarenon-rigid (e.g.facialexpressions, cloth).To accommodatethis

widerange,agenericreusemechanismmustprovidesomeway to representarbitrary deformations

without makingdomain-speci�cassumptionsthatwouldlimit itsapplicability.

In order to eVectively reusethe motion of oneshapeto deform another, deformationsmustbe

appliedto semantically similarcomponents:the legsof onecharactershoulddeform like the legs

of the other, the headlike the head,the tail like the tail, andsoon. To resolve all ambiguities, this

associationshouldcontinue to the smallestgeometricentities. For example,whentriangle meshes

representacharacter’sshape,reuseshouldensurethatindividualtrianglesaredeformedappropriately.
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DiVerencesin meshtopology mustalsobeconsideredin orderto accommodatecharactersthathave

adiVerentnumberof triangles, numberof vertices, connectivity, or genus.

In orderto escapethetraditionalanimationpipeline,alternatemethodsarerequiredto specifythe

meaningful deformationsof acharacterandcreateanimationusingthisspeci�cation.Exampledata

demonstratingprototypicaldeformationsisa convenientspeci�cation,but requiressometechnique

to generalizefrom thegivenexamples.

Contributions

Theresearch I presentin thisdissertationeasesthe animationprocessby addinga general-purpose

reusemechanismto theanimationpipelineandbreaking thetraditionalmodeling-rigging-animation

sequencesothatanimatorscanskip thetime-consumingriggingstageandspecifytheclassof mean-

ingful deformationsthroughexamples. A diVerentialspeci�cationofarbitrary deformationprovidesa

representationto transferdeformationbetweendisparatemeshes, computesemanticcorrespondence,

andextrapolatenaturaldeformationsfromacollectionof examples. Thesetopicsarediscussedbelow

andsummarizedin Figure1-1.

Deformation Transfer. Deformationtransfer retargetsany deformationof asourcecharacteronto

a diVerent target character. Sincethis algorithmmakesno assumptionsabout the methodused

to deform the sourceshape, it addsa general-purposereusemechanismto the animationpipeline.

Deformationsfrom hand-sculptedalterationsmadeduringmodelingor individualposesproduced

with rigging controlscanbereappliedto new characters. An animationsequencecanberetargeted

by applying the transfer algorithmframe-by-frame. This functionalityallows anentire databaseof

animationsto becompiledandretargetedontonew characterswhenneeded.

In order to support a completely general speci�cationof deformation, my algorithmusesa

representationbasedon the deformationgradienttensor�eld. Usedin continuum mechanics, this

quantityisadiVerentialspeci�cationdesignedto representlargedeformations. Sincechangein shape

ismostnaturally speci�edasadiVerentialquantity, deformationgradientsare anappropriatechoice

for the transfer problem. A deformationgradientis the 3 � 3 Jacobianmatrixof a globalfunction

that mapspointsfrom R3 to R3. Sincethis functionis de�ned for volumesandcharactersusedin

animationareoftenrepresentedastriangulatedsurfaces, I proposeaboundary-basedapproximation
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of thedeformationgradienttensor�eld on a triangle mesh.Eachper-triangle deformationgradient

encodesthechangein orientationandstretchinducedby thedeformationon thetriangle. Takenas

awhole,theper-triangledeformationgradientscanrepresentany meshdeformationregardlessof its

origin or complexity.

Deformationtransferemploysadiscretecorrespondence,discussedbelow, thatassociatestriangles

of a sourcemeshwith thoseof a diVerent target meshin order to indicatewhich trianglesshould

deform similarly. Thismappingmakesthetransferalgorithmbroadly applicablesincethesourceand

targetneednothavethesametopology or evenanatomicalstructure. Per-trianglesourcedeformation

gradientsencodethechangein shapeof thesourcemeshfrom areferenceposeto adeformedpose.

Thetransferalgorithmconstructsthesesourcedeformationgradients, relatesthemto thetargetmesh

viathecorrespondencemap, andreconstructsadeformedtargetfrom thisdiVerentialspeci�cationof

deformation.Thereconstructionprocessisexpressedasaquadraticoptimizationproblemsothatthe

reconstructedtargetmeshwill mimic thesourcedeformationasclosely aspossible in a least-squares

sense.The resultingnormal equationsare eYciently solved usingsparseCholeskyfactorization.

After factoring,transferring a new deformation to the target meshonly requiresperforming the

backsubstitutionstep.

Correspondence. A correspondencealgorithmrelatessemantically similarmeshcomponentsto

oneanotherusingauser-guidedtemplate-�ttingprocedure to �nd apartial parameterizationof one

meshwith respectto the other. Theusercontrolsthe processthroughthe speci�cationof marker

pointsat matchingfeatureson eachmesh. The �tting procedure deformsonemeshto matchthe

shape of the other. This deformation is formulatedasan optimizationproblem usingthe same

deformationgradientsthat enable deformationtransfer. Thealgorithmis appliediteratively until a

closematchin shape is achieved. Sinceonly a partial parameterizationis required, the procedure

canhandlesituationswhere astrictparameterizationdoesnot exist: the two meshesneednot beof

thesamegenus, andthealgorithmisrobustto topological“errors” whereconnectivity is improperly

speci�ed.

Oncea closematchin shape is found,a discretecorrespondencemap is extractedby searching

for pairs of triangleswhosecentroidsare in closeproximity. Thispairingindicatesthe parts of the

two shapesthatshoulddeform similarly andprovidesaversatilespeci�cationof correspondencesince
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it supports a general many-to-many mapping. The generality enablestransfer betweenmeshesof

diVerenttopology or evengrossanatomicalstructure.

Mesh-BasedInverseKinematics. Mesh-basedinversekinematics(MeshIK) extendsthe ideaof tra-

ditionalskeleton-basedinversekinematicsto meshesby allowing theuserto posea meshvia direct

manipulation.With MeshIK, theuseravoidsthetime-consumingriggingstageandinsteadindicates

theclassofmeaningful deformationsusingexamples. Theexamplescanbescanned,hand-sculpted,or

designedwith deformationtoolsfrom any stageof theanimationpipeline.Becauseof theversatility

with whichexamplescanbecreated,MeshIK simpli�esposingtasksevenwhentraditionalanimation

or editingmethodsdonot apply. Furthermore,thiswork buildsupondeformationtransfersincethe

requiredexampledeformationscanbeautomatically transferredfrom anothermesh.

Oncetheseexamplesaregiven,theusercanselectanddragany subsetofmeshverticesto produce

a meaningful changein shape. Althoughtheuserretainscompletefreedomto precisely specifythe

positionof any vertex,mosttasksonly requiremovingafew. Asaresult,MeshIK achievesmeaningful

meshdeformationsandposechangesin anintuitivemannerwith only asmallamountof work by the

user. Theanimatorcanposeanobjectby movingonly afew verticesor bringit to lifeby keyframing

thesevertex positions. Furthermore, the useralways retainsthe freedomto choosethe classof

meaningful deformationsfor any mesh.

In MeshIK, a feature vectorof deformationgradientsis computedfor eachuser-given example

deformation. A nonlinearspanof thesefeature vectorsde�nesa feature spaceof appropriatemesh

deformations. Whenthe userdisplacesa few meshvertices, MeshIK positionsthe remainingones

to producea meshwhosefeature vectoris ascloseaspossible to the feature space.Thisprocedure

ensuresthat thereconstructedmeshmeetstheuser’sconstraintsexactly while it bestreproducesthe

exampledeformations.
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Deformation Gradients

Deformation Transfer Correspondence

Mesh-Based Inverse Kinematics

Figure1-1: Anoverview ofthecontributionsin thisdissertationisdepictedabove. Deformationtransfer
addsageneral-purposereusemechanismtotheanimationpipelinebytransferringanydeformationofa
sourcetrianglemeshontoadiVerenttargetmesh.Thetransfersystemusesacorrespondencealgorithm
tobuildadiscretemany-to-manymappingbetweenthesourceandtargettrianglesthatpermitstransfer
betweenmeshesof diVerent topology. Mesh-basedinversekinematicsallows the animatorto skip
the time consumingrigging stageandinsteadspecifytheclassof meaningful deformationsthrough
examples. Theexamplescanbecreatedautomatically with deformationtransfer, sculpted,scanned,
or producedby any othermeans. Eachof thesealgorithmsemploysthesamediVerentialspeci�cation
of deformationbasedon thedeformationgradienttensor�eld from continuummechanics.
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2Character-Animation Pipeline

Characteranimationis dividedinto threestages—modeling,rigging, andanimation—thatmustbe

followed, in order, to createa characterandmakeit move. Animatinga new characterrequires

starting theprocessoverat thebeginning.Theresearchpresentedin thisdissertationaimsto provide

a degreeof compatibilityin the animationprocessthat previously did not exist. My work allows

disparate characters to be relatedto one anotherso that changesin one, whetherhandsculpted

alterationsmadeduringmodeling,individualposesproducedwith rigging controls, or movement

madeby manipulatingthecontrolsover time,canbetransferredto theother. I show how to break

themodeling-rigging-animationsequencesothatartistscanleveragetheeasewith whichacharacter’s

shapeismodeledandavoid thediYcultiesinherentin theriggingprocess.

Naturally, thesecontributionsarebestunderstoodin thecontext of currentanimationprocedures.

Thischapterpresentsthethreeprimary stagesin thecharacteranimationpipeline.Eachstageentails

adiVerentsetofgoalsandchallenges. I describetheissuesinvolvedanddiscussthesubstantialamount

of relatedresearchin theseareas.

2.1 Modeling

The �r st stepin animationis generatinga digital representationof the characterto be animated.

Theshapecreationprocessisvariously calledmodeling,sculpting,or meshediting,andavarietyof
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techniquesexist to accomplishit. In computeranimation,sculptinga characterout of realclay or

othermaterialsisstillacommontechniquesinceit givesartistsahighly expressivemediumwith which

they are well trained.Thephysicalmodelof thecharacter, calleda“maquette,”isscannedto create

a digital representation.While sculptingfrom realclay hasbeenperfectedover thousandsof years,

newermodelingtechniqueswork directly with adigital representation.Theformatusedto represent

a character’sshapein�uencesthe typeof modelingoperationsthat canbeperformed. Thus, I �r st

summarize commonformatsusedto representdigital geometry andthendescribemodelingtools

usedto sculptacharacter’sshape.

2.1.1 GeometricRepresentations

Digital representationsof geometricobjectsareabundant.Sinceeachrepresentationhasadvantages

anddisadvantages, the choiceof which oneto useshouldbegovernedby the requirementsof the

applicationfor which it is needed.Triangle meshesare oneof the mostcommonandwidely used

formatsbecauseof the easewith which triangle meshdatacanbe acquired using3d scanners. A

triangle meshconsistsof a sequenceof verticesV = (v1; v2 : : : vn) andfacesF = (f 1; f 2 : : : f m).

Eachvertex isapositionin 3d spaceandeachfaceisasequenceof threevertex indicesindicatinghow

theverticesare connectedto form a triangle. Theunionof all trianglesrepresentsthesurfaceof an

object. Thetopology of themeshrefers to themeshstructure: thenumberof verticesandfacesas

well astheir connectivity. In contrast,the shapeof the meshis determinedby the positionsof the

vertices.

Meshesareoftenacquiredthrough3d scanning.While scannedmeshesinclude�ne details, they

require a largeamountof storageto do so. Sinceeachfaceof apolygonmeshisplanar, many faces

arerequiredto faithfully reproducehigh-frequency surfacedetail.Asaresult,mesheswith hundreds

of thousandsof trianglesarecommonplace.Thelargestorageandcomplexity in termsof numberof

verticesandfacesrequiredto reproduce�ne-scalefeaturesaredisadvantagesof trianglemeshes.

Onecommontopologicalconsiderationwith respectto trianglemeshesiswhetheror not agiven

meshisamanifold. A manifoldwith boundary isasurfacein whichtheneighborhoodof every point

istopologically equivalentto adisc, for interiorpoints, or ahalf-disc, for boundary points. In orderfor

atrianglemeshto bemanifold,every interioredgemusthaveexactly two incidenttrianglesandevery

boundary edgemusthaveexactly one. In addition,triangleswhichshareagivenvertex mustform a
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closedlooparoundthatvertex,or asingle fanfor boundary vertices[Garland1999]. Many algorithms

requiremeshesthataremanifoldwith boundary. Othersrequiremanifoldmeshes(with noboundary)

whichare calledwatertight. Still otheralgorithmsrestrictthe genus, or, informally, the numberof

holesin the mesh. Unfortunately, triangle meshdatageneratedby scanningsystemsis notoriously

“messy”andoftennon-manifold. Repairingsuchmeshesis anactive areaof research (cf. [Ju 2004;

Sharfet al.2004; NooruddinandTurk 2003; Liepa2003]). However, thealgorithmspresentedin this

dissertationdonot requiremanifoldsurfacesor placerestrictionson themeshgenus.

Another consideration with meshesis parameterization. A parameterizationis a mapping

P : R2 ! R3 from 2d pointsin the planeto 3d pointson the surface. Triangle meshesprovide

no explicit parameterizationandcomputingoneis non-trivial. Becauseof their importancein tex-

ture mappingandmeshprocessing,computinghigh-qualityparameterizationshasreceived much

attention. For the purposesof my research, so-calledcross-parameterization[Kraevoy andSheVer

2004] or inter-surfacemapping[Schreineret al. 2004] is more important. Thesemethodscompute

a parameterizationof onetriangle meshwith respectto another. This typeof parameterizationis

discussedin Chapter4asit relatesto meshcorrespondence.

AlthoughI considertriangle meshesto bethemostappropriaterepresentationfor thepresented

research, it is important to considerother representationsthat are actively usedin modelingand

animation.Trianglemesheshavetwo advantagesoverpolygon meshes, in whicheachfaceisaplanar

polygonwith anarbitrary numberof vertices. First,every facein trianglemeshhasthesamenumber

of vertices, whichsimpli�esimplementation.Second,eachtriangleis, by de�nition, planar, unlikein a

generalpolygonmeshwherefacesmay becomenon-planardueto programmingor precisionerrors.

On theotherhand,somesurfacesarebetterapproximatedby non-triangularfaces[Donget al.2005;

Cohen-Steineretal.2004].

A parametricsurfaceisamappingof the�at 2d planeto acurved3d surfacethattakestheform:

r (u; v) = x(u; v){̂ + y(u; v)|̂ + z(u; v)k̂:

Thus, parametricsurfacesadmitanaturalparameterization,whichisoneof theirprimary advantages.

NURBSsurfacesareacommonparametricrepresentation[Piegl 1991] thatgeneralizeB-splinecurves

to surfaces. NURBShave beenwidely usedin computer-aideddesignapplicationssincethey can
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succinctly representmany smoothshapes, areeYcientto evaluate,andsupport avarietyof geometric

operationsimportant to designers. Sinceasingle NURBSsurface,or “patch,”mustbetopologically

equivalentto a sheet,cylinder, or torus, complex shapesare modeledby stitchingtogethermany

patches. A collectionof NURBSpatchesstitchedtogetherin thisway isanalogousto apolygonmesh

whereeachpatchrepresentsacurvedportionof theobject.Theprimary drawbackofNURBSsurfaces

is thediYculty in maintainingsmoothnessacrosspatchboundaries. Creaseswhere NURBSpatches

join areoftenunavoidable [DeRoseet al.1998]. Nonetheless, many animationtoolsemploy NURBS

patchesto modelthecomplex shapesof animatedcharacters.

Subdivisionsurfacesprovidethe�e xibility of polygonmeshesyetstill naturally representsmooth

surfaces[DeRoseet al.1998]. A subdivisionsurfaceiscomprisedof apolygonalbasemeshandaset

of subdivisionrulesthat indicatehow thebasemeshshouldbesubdivided. Eachstepof subdivision

dividesthe meshpolygonsinto �ner onesby addingnew verticesanddisplacingthem. Iteratively

applyingthesubdivisionrulesto thebasemeshyieldsameshof increasingsmoothness. Thus, acoarse

basemeshwith asmallnumberofverticescanrepresentasmoothobjectin thelimit of thesubdivision

procedure. Sharp featurescanbe representedby addingspecial“crease”rulesto the subdivision

schemethatcausesomemeshedgesto beonly partially subdivided.

Subdivision surfacesare �e xible sincethe basemeshis a polygon meshthat can be created

or modi�ed usingany mesheditingtools. The limit surfacegeneratedafter repeatedsubdivision

is smoothwithout the continuity problemsthat are commonwith NURBSrepresentations. This

�e xibility andguaranteedsmoothnessmakesthemwell suitedfor animationandhasresultedin their

widespreadadoptionin recentyears [Zorin andSchr̈oder2000]. Like triangle meshes, subdivision

surfacesgive no explicitparameterizationof the2d plane.However, aparameterizationof the limit

surfaceto the basemeshis a natural consequenceof the subdivisionprocedure. Sinceany triangle

meshcanbeusedasa basemeshfor subdivision,the algorithmsin thisdissertationare compatible

with subdivisionrepresentations.

Point-basedrepresentations[Zwickeretal.2002] use3d pointsto representacontinuoussurface.

In essence,a point-basedsurfaceis a polygonmeshwith theconnectivity informationremovedand

henceissometimescalleda“meshless”representation.Point-basedsurfacessimplifymany geometric

operationssuchasediting,deformation,surfacecompletion,andresampling.However, they require

moresophisticatedalgorithmsfor othertasksincludingnormalestimationandsurfaceextraction.
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An implicit surfaceisde�nedastheisosurfaceof a3d scalarfunction:

f (x; y; z) = constant:

One advantageof implicit surfacesis their ability to representsurfacesof complex andchanging

topology. Thus, they are a natural choicein situationssuchas�uid simulationwhere topological

changesare common. When topological changesare not required, implicit surfacesmay be a

hindrancesincepreventingachangein topology canbediYcult. Distanceandinside/outsidequeries

areeYcientwith implicit surfaces. Often,theimplicit functionrepresentsthedistanceto thesurface

so that the distancefrom a point in spaceto the surfaceis computedby simply evaluatingthe

functionat thatpoint. With otherrepresentations, distancequeriesare more diYcult to implement

eYciently.

I choosetrianglemeshesto representgeometricobjectsfor theresearchpresentedin thisdisserta-

tion overotheroptionsfor several reasons. On thepracticalside,trianglemeshesare,in my opinion,

the simplestrepresentationwith which to work. They do not require complex datastructuresfor

storage,for display, or for othertaskssuchasnormalestimation.Becauseof 3d scanners, meshdata

is abundant. Triangle meshesprovidethe highestdegreeof compatibilitysinceany otherrepresen-

tationcanbeconvertedto a triangle mesh:polygonmeshesandsubdivisionsurfacesat any level of

re�nementcanbe triangulated[O’Rourke2000], parametricsurfacescanbesampledin parameter

spaceto generateatrianglemeshatany resolution,implicitsurfacescanbetriangulatedusingeYcient

polygonizationalgorithms[LorensenandCline1987; Bloomenthal1994], andtriangulatedsurfaces

canbeextractedfrom point-basedrepresentations[CurlessandLevoy 1996]. Due to thishigh level

of compatibility, they are well supportedby commercialsoftware whichfacilitatesthegenerationof

examplemesheswith whichto testthepresentedalgorithms.

From a technicalstandpoint,the algorithmsin my dissertation dealwith the deformation of

geometricobjects. Sinceeachtriangle is a piecewiselinearapproximationof the object’s shape, it

is possible to extract the eVectof the deformationon a single triangle asan aYne transformation.

In contrast,a single aYne transformation may not be able to capture the changethat a general

polygonor entireNURBSprimitiveundergoesduringdeformation.At theotherextreme,point-based

representationsprovidetoo little informationto computesuchatransformationfor eachpoint. With

21



implicit surfaces, the conceptof deformation is ill-de�ned sincethere is no clearcorrespondence

betweensurfacesextractedfrom diVerentimplicit functions.

On the otherhand,someaspectsof usingtriangle meshesare cumbersome. For example,the

correspondencealgorithmin Chapter 4 relieson a compatible-closest-pointcomputation.EYcient

implementationof thisquery with trianglemeshesrequiresprecomputingaspatial-binningdatastruc-

tureandperformingacomplicatedbreadth-�rstsearchfor eachquery. Furthermore,theeYciency of

thedeformationtransfer(Chapter3),correspondence(Chapter4),andmesh-basedinversekinematics

(Chapter 5) algorithmsdependson the numberof verticesthat comprisethe mesh. Performance

suVerswith densely sampledmeshes.

2.1.2 ModelingTools

Oncethechoiceofhowto representgeometricobjectshasbeenmade,theactualshapeof thecharacter

mustbesculpted.Thisprocessmay involvecreatingthecharacter’sshapefrom “scratch”(sometimes

calledabinitio design[Zorin etal.1997; Kobbeltetal.1999a])or modifyinganexistingversioncreated

earlier or acquiredby ascanner.

Whenbuildingashapefromscratch,toolsfocusonthecreationof smoothsurfaces. For example,

geometricprimitivessuchasspheresandcylinderscanbecombinedto makemore complex shapes,

NURBSpatchescanbestitchedtogetherto form a smoothsurface,andvariationaltechniquesyield

smoothsurfacesthat interpolateuser-speci�edcontrolpoints[WelchandWitkin 1992; Sorkine and

Cohen-Or2004]. Teddy, oneof the mostwell known research eVorts exploringnovel interfacesfor

ab initio design,“in�ates” hand-drawn sketchesto createsmooth3d shapes[Igarashiet al. 1999].

Early work in modelingfocusesonspacedeformationsthatgeneratelarge-scalechangesby modifying

only a few parameters. Spacedeformationsmergewell with theshapedesignprocessasthey easily

accomplishscales, twists, bendsandothermodi�cationsthatarerequiredwhensculptingfromscratch.

Becauseof theincreasingprevalenceof meshrepresentations, recentresearchfocusesonsculpting

toolsfor meshesthatprovidemore�e xibility thanspacedeformations. Editingascannedmeshentails

diVerentrequirementsthanabinitio design.Meshesacquiredwith 3d scannersareextremely detailed

andmay containhundredsof thousandsor evenmillionsof vertices. Wheneditingthesemeshes, the

focusshiftsfrom creatingsmoothshapesto detailpreservation: low-frequency changesto themesh

shouldpreserve the high-frequency details. Detail preservation is a necessary consequenceof the
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complexityofscannedmeshes. Generatingabroadchangeinshapebymovingeveryvertexindividually

wouldbetediousandineYcient.Mesheditingtoolsallow editsatdiVerentfrequenciesto becreated

more eYciently. Two major categoriesof detail-preserving editingtechniquesare multiresolution

methodsanddiVerentialrepresentations. In thissectionI �r st discussspacedeformationsandthen

thesetwo mesheditingtechniques.

SpaceDeformations

Spacedeformationsdeform solidor surfaceprimitivesby remappingthespacein whichtheprimitives

are embedded.They canbeappliedto any of thegeometricrepresentationsde�nedin Section2.1.1.

In 3d, aspacedeformationisde�nedby aglobalfunctionU : R3 ! R3 where

U(p) = U(p1; p2; p3) =

2

6
6
6
6
4
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:

Barr [1984] is the �r st to usethis typeof functionasa modelingtool. He refers to U asa “globally

speci�eddeformation” andproposesseveral examplesincludingfunctionsfor twisting,bending,and

tapering. Barr demonstrateshow to construct a chairusingsixprimitivesandsevenbends. These

deformationsare still in usetoday andare incorporatedinto present-day modelingandanimation

software asso-callednonlineardeformers [Alias2005]. Figure2-1shows several examplesof these

deformations.

Barr alsode�nesa“locally speci�eddeformation” to bethe3 � 3 Jacobianmatrixof U:
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@U
@p

=

2

6
6
6
6
6
4

@U1
@p1

@U1
@p2

@U1
@p3

@U2
@p1

@U2
@p2

@U2
@p3

@U3
@p1

@U3
@p2

@U3
@p3

3

7
7
7
7
7
5

: (2.1)

ThematrixJindicateshow diVerentialvectorsare transformedby thefunctionU. If somesurfaceis

embeddedin thespaceoperatedonby U andthevectort istangentto thesurfacebeforedeformation,

thenthe vectorJtwill betangentto the surfaceafterdeformation. If the vectorn is normal to the

surfacebefore deformation then j Jj J� 1> n is normal to the surfaceafterdeformation,where j � j
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Figure2-1: A box (farleft) isdeformedby severalBarr-styledeformations.

Figure2-2: Manipulatingtheverticesof afree-form deformationlatticeinducesadeformationon the
enclosedspace.
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indicatesthe determinant. Barr alsode�nesa procedure to convert a locally speci�eddeformation

of a primitive backto a global speci�cationvia integration. Starting from somearbitrary origin

(theconstantof integration),the diVerentialchangesare integratedacrossthe primitive to �nd the

globaldeformedpositions. ThisprocedurerequiresJto actually betheJacobianmatrixof somespace

deformation. AsBarr notes, hisdescriptionof deformationiscompletely general. For thisreason,it

formsthebasisof thedeformationrepresentationI usefor thealgorithmspresentedin thisdissertation.

AlthoughBarr’s globalandlocaldeformationsare well suitedfor algebraicoperationssuchas

bending,twisting,andtapering,hismethoddoesnot provideaninterfacefor moregeneralsculpting

operations. Free-form deformation(FFD)is analternatespacedeformationtechniquewith a long

history in graphics. In theoriginalformulationof SederbergandParry [1986], FFDisamappingfrom

R3 to R3 determinedby atrivariatetensorproductBernsteinpolynomial.A 3d parallelepipedlattice

formsthecontrolpointsof thepolynomialsothatdeformingthelatticepointsinducesadeformation

on the enclosedspace.Figure2-2 shows an example. An important property of FFD is that the

generateddeformationsare independentof thecomplexity of theobjectbeingdeformed. Sederberg

andParry easily sculptarod into theshapeof atelephonehandsetusingthreeFFDlattices.

FFDhasbeenextendedin many ways. GreissmairandPurgathofer [1989] extendthe original

formulationto trivariateB-Splines. Coquillart [1990] provideanextendedsetof latticeswhile Mac-

CrackenandJoy [1996] allow latticesof arbitrary topology. Hsu[1992] allowstheuserto manipulate

theembeddedobjectdirectly ratherthanindirectlyviathelatticecontrolpoints. Thechangeincontrol

pointpositionsissolvedfor automatically to matchthesurfacepointchange.

TheWIRESframeworkof SinghandFiume[1998] borrowstheideaof deformationscontrolledby

polynomialcurvesfrom theFFDsetting(where thecurvesareencodedastrivariatetensorproducts)

but removesthe tensorsetting. Instead,objectgeometry is boundto curvesdrawn on its surface.

Subsequentmanipulationof thecurvesinducesaspacedeformationthat isappliedto thegeometry

accordingto adistancefunction.

MultiresolutionMeshEditing

Multiresolutioneditingtechniquesallow the userto edit highly detailedmeshrepresentations. As

opposedto spacedeformations, multiresolutionmethodsaddressmeshdetaildirectly: theusershould

beable to decideat whichscaleto altera mesh.Detailsencodedin higherfrequency bandsshould
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bepreserved.Multiresolutionmethodsachievedetail-preservingeditsatvaryingscalesby generating

a hierarchy of simpli�ed meshestogetherwith correspondingdetailcoeYcients. When the user

changesthemeshatacoarseresolution,�ner scaledetailsarepreserved.Theoriginalformulationby

Lounsbery, DeRose,andWarren[1997] extendsmultiresolutionanalysisbasedonwaveletsto polygon

meshesin orderto achievenotonly multiresolutioneditingbut alsocompression,continuouslevel-of-

detail,andprogressivedisplay/tr ansmission.Thisrepresentationconsistsofabasemeshtogetherwith

asequenceofdetailcoeYcientsthatindicatehow to recovertheinputmeshfromrepeatedsubdivision

of thebase.ThisschemesuVersfrom two primary problems. First,sinceit isbasedon subdivision,

theoriginalmeshmusthaveso-calledsubdivisionconnectivity or, equivalently, besemi-regular: each

sub-region of the input meshthatcorrespondsto asingle faceof thebasemeshmusthave thesame

connectivity that resultsfrom repeatedsubdivisionof the face. In order to edit arbitrary meshes,

researchers have proposedremeshingstrategiesto enforcethe requiredconnectivity (cf. [Ecket al.

1995; Leeetal.1998; Kobbeltetal.1999b;Boier-Martin etal.2004]). However, remeshingissometimes

undesired asit yieldsonly an approximationof the original geometry. Second,oncethe desired

connectivity hasbeenachieved,low frequency editsarerestrictedto theverticesof thesimpli�edmesh

at theproperresolutionfor that frequency. However, theseverticesmay not alignwith featuresthat

theuserwantsto change.

To addresstheseproblems, Kobbeltandcolleagues[Kobbeltet al. 1998; Kobbeltet al. 1999a]

proposegeometricsimpli�cation(i.e.,smoothing)asopposedto topologicalsimpli�cation. Discrete

fairing[Kobbelt1997] is usedto createa smoothedversionof the meshwith the sametopological

structure. DetailcoeYcientsstorevertex displacementsbetweenthesmoothedandoriginalsurface.

Theauthorsproposeaneditinginterfacewhichhasbeenusedby many subsequentapplications. The

userselectsanarbitrary support region on themesh,or region of interest(ROI).Thesupport region

will bemodi�ed by theuserwhile the restof themeshremainsunchanged.Next, theusermarksa

handleregionwithin thesupport. Thehandlecanbemanipulatedby theuserby applyingtranslations,

rotations, or othertransformations. Whentheuserselectsthesupport region, it issmoothedsubject

to continuity constraintswith thehandleandtheremainderof themesh.DetailcoeYcientsare then

computed. As the handleis moved, the smoothedsurfaceis updatedandthe detailsare addedto

reconstruct the editedshape. BotschandKobbelt[2004] extendthis methodto allow continuous

controlof themeshcontinuity at thehandleandsupport region borders.
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The ideaof usingvertex displacementsto store meshdetailsis well explored. Zorin andcol-

leagues[1997] extendtheoriginalmultiresolutionmethodof Lounsbery, DeRose,andWarren[1997]

to usedetailcoeYcientsbasedon displacementsratherthanwaveletsfor mesheswith subdivision

connectivity. Guskov, Sweldens, andSchr̈oder[1999] remove this restrictionin their work on mul-

tiresolutionsignalprocessing.Guskov andcolleagues[2000] andLee,Moreton,andHoppe[2000]

developmeshrepresentationsbasedon displacementvectors. Kobbelt,Bareuther, andSeidel[2000]

removetherestrictionof any hierarchalstructure linkingdiVerentlevelsof detailin amultiresolution

framework: eachlevelcanhaveanarbitrary vertexconnectivity. Detailinformationisfoundby casting

raysfromverticesin onelevelto thenext to computenormaloVsets. Byprovidingaparameterization

[Kraevoy andSheVer 2004; Schreineret al. 2004] of onebasemeshwith respectto a diVerent one

(with adiVerentgeometry and/or connectivity), thedetailscanbetransferredto thenew mesh.This

form of transferprecipitatestheexpressiontransferwork of NohandNeuhmann[NohandNeumann

2001] whichusesaparameterizationto transfervertex displacementvectorsfrom onefacemeshonto

another. Thelengthandorientationof thevectorsare correctedusingheuristicsbasedon the local

vertex neighborhood.

DiVerentialRepresentationsfor MeshEditing

The modelingtoolsdiscussedsofar focuson the Cartesianrepresentationof geometry: a shape is

de�nedby theCartesianpositionsof itsverticesor controlpoints. Sincethegoalofmany meshediting

applicationsis detailpreservation, it is advantageousto representa shape in termsof thesedetails.

DiVerential representationsstore informationaboutthe localshape propertiesof a mesh,suchas

curvature,scale,andorientation.Byrepresentingameshin termsof thesedetails, editingoperators

canbedevelopedthatstriveto preservethem.

Perhapsthe mostwidely useddiVerentialrepresentationis that of Laplaciancoordinates, which

are alsoknown asdiVerentialcoordinatesor � -coordinates. (For detailedinformation,seeSorkine’s

recentsurvey [2005].) Laplaciancoordinateswere�r stusedby Alexafor morphing[2001; 2002b;2003b]

andby Lipmanandcolleagues[2004] for meshediting.In thisframework,ameshisrepresentedasthe

diVerenceof eachvertex andaweightedsumof itsneighbors. If theweightsarechosento betheso-

calledcotangentweights[Meyeretal.2003] theneachLaplaciancoordinateapproximatesthesurface

normalandmeancurvature. ThelinearoperatorL whichextractstheLaplaciancoordinatesfromthe
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Cartesianrepresentationof ameshisasquarematrixwith onerow andcolumnfor eachvertex that

discretizestheLaplace-Beltramioperatorfor triangulated2-manifolds[doCarmo1976]. Extractingthe

Laplaciancoordinatesamountsto applyingthelinearoperator(i.e.,matrixmultiplication);converting

backto CartesiancoordinatesinvolvesinvertingL. Mesheditingisachievedby �xing someverticesas

constraintscontrolledbytheuserwhenreconstructingtheCartesianpositions. ThismethodiseYcient

sincetheresultingnormalequationsneedto befactoredonly once,afterwhichthefactorizationcan

bereusedto reconstruct theeditedsurfaceviabacksubstitution.

A persistentproblem with the Laplacianrepresentationits lack of rotation invariance. The

reconstruction procedure strives to preserve the global orientationof the Laplaciancoordinates,

and,therefore, to preserve the orientationof local features. As a result,local featuresexperience

shearingin anattemptto maintaintheir globalorientationwhenthe meshis reconstructed. More

naturaldeformationsresultfromrotatingthefeatures. Indeed,themultiresolutionmethodsdiscussed

previously achievenaturaldeformationsby computingdetailcoeYcientsin localframesthatrotateas

thesurfacedeforms. In Laplacianediting,Lipmanandcolleagues[2004] solve theLaplaciansystem

andthen smooththe resultto obtainestimatesof the changesin surfaceorientation. Then, they

explicitly rotatethe Laplaciancoordinatesby theseamountsandre-solve to obtainthe �nal result.

Sorkineandcolleagues[Sorkineetal.2004; Lipmanetal.2005a]�nd theoptimaltransformationofeach

Laplaciancoordinatewhichrequireslinearizationoftherotationconstraintinordertomaintainalinear

reconstructionprocedure. Yu andcolleagues[2004] extendPoisson-basedgradient�eld manipulation

techniqueswhichhaveprovensuccessful for imagemanipulation[Fattalet al.2002; Pérezet al.2003;

Agarwalaet al. 2004] to meshediting. Asin the imagemanipulationalgorithms, Yu andcolleagues

solveaproblemof theform

r 2f = r � w; (2.2)

subjectto Dirichletboundary conditions. In thisequation,r 2f = @2f
@x2

1
+ @2f

@x2
2

+ @2f
@x2

3
istheLaplacian

of f with respectto the threecoordinatesx1, x2, andx3, andr � w = @w1
@x1

+ @w2
@x2

+ @w3
@x3

is the

divergenceof the vector�eld w de�nedon the mesh. Theunknown f representsoneof the three

scalarcoordinatefunctionsde�ned on the mesh. Discretizingthis partial diVerentialequationfor

trianglemeshesleadsto thesamelinearoperatorL, andsolvingit �nds themeshdeformedaccording

to theguidance�eld w [Sorkine2005]. Theadvantageof thePoissonframework isthat theguidance

�eld w may beeasierto specifythandevisingaway to transform theLaplaciancoordinatesdirectly.
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Yu andcolleagues[2004] computetheguidance�eld by usinggeodesicsto propagatetransformations

inducedby handlevertices, whileZayerandcolleagues[2005] proposeaharmonic�eld for computing

theguidance�eld morenaturally.

Otherresearchershavesearchedfor rotationinvariantmeshrepresentations. Thepyramidcoordi-

natesof SheVer andKraevoy [2004] are invariantunderrigid transformations. In thisrepresentation,

only lengthsandanglesareusedto representthemesh,givingit thedesiredinvariance.However, the

algorithmto reconstruct theCartesianrepresentationfrom thepyramidcoordinatesisnonlinearand,

in theirimplementation,tooslow for interactivemeshediting.Lipmanandcolleagues[2005b]present

a meshrepresentationinvariantto rigid transformationsbasedon the �r st andsecondfundamental

formsdiscretizedfor trianglemeshes. Thismethodalsostoresonly lengthsandangles. However, their

reconstructionalgorithmrequiresonly linearsolves. First,a linearsystemissolvedto �nd the local

framesat eachvertex, andthenadiVerentsystemissolvedto reconstruct theCartesiancoordinates

of theverticesfrom theframes. Themethodof Lipmanandcolleagues[2005b] aswell asthePoisson

framework [Xuetal.2005] alsopermit shapeinterpolation.

Otheradvancementsin mesheditingaddressmore sophisticatedmodelingmetaphors. Nealen

andcolleagues[2005] provideasketch-basedinterface.Theusermarksthesupport region andthen

drawsascreenspacecurve that indicatesthedesiredchangein silhouette.Softpositionalconstraints

arederivedfrom thiscurveandusedto solveaLaplaciansystemfor thedeformedmesh.Llamasand

colleagues[2003] presentatwo-handedinterfaceforderiving3dspacedeformations, whileIgarashiand

colleagues[2005b] developatechniquefor deforming2d shapesusingamultiple-pointinputdevice.

2.2 Rigging

After theshapeof acharacterhasbeendesigned,it mustbeinstrumentedwith asetof controlsthat

allow theanimatorto deform thecharacterinto diVerentposes. Themodelingtechniquesdiscussed

in the previoussectionare not appropriatefor animationsincethe numericalcriteriaemployedby

modelingtoolsdoesnot encodetheanimator’shigh-level knowledgeabouthow a charactershould

deform. For example,whenmanipulatinga character’s leg, it shouldbendonly at the hip, knee,

andankle—notin an arbitrary location. The restrictedsetof meaningfuldeformationsdetermines

the meshkinematics, or how the meshverticesare allowedto move. Thekinematicsincludesthe
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animator’ssemanticknowledgeaboutwhichdeformationsareappropriatefor themeshin question.

Sincemodelingtoolsdonot addressmeshkinematics, aprocesscalledriggingisusedinstead.

Duringrigging,acharacter’sshapeisaugmentedwith asetof controlsthatapproximatethechar-

acter’skinematics. Thesecontrolsincludebothgrossskeletalchangesthatdeterminethecharacter’s

postureaswellasmoresubtledeformationssuchasmusclebulgingandfacialexpressions. Therigging

controlsare like the stringsof a marionette:they are usedby the animatorto makethe character

move. Therigging processis oneof the mostimportant but alsoexpensive stepsin the production

pipeline.Thesecontrolsdeterminethe �nal shapethat theviewer will see.Thus, thequalityof the

deformationsgeneratedby thecharacter’s rigging hasa tremendousin�uenceon thequalityof the

�nal animation.Furthermore,sinceriggingissolely responsiblefordeformingthecharacter’svertices,

every nuanceof expressionthattheanimatorrequiresto convey thestory—fromthebendingof joints

to subtlefacialmotionsuchasfurrowingthebrow—mustbecapturedby theriggingcontrols.

Themostcommonform of rigging isskeleton-subspacedeformation(SSD),whichissometimes

referredto as“skinning”or “enveloping.”Thisalgorithm,althoughunpublished,isincludedin almost

all animationsoftware packagesandused,in someform, in most characteranimationgenerated

for �lm, television,andvideogames. Weber [2000] givesanexcellentpracticalover of SSD. Asthe

nameimplies, SSDaddressesskeletaldeformationandbeginswith the constructionof a kinematic

skeleton. A skeletonhasthe topological structure of a treeandconsistsof a collectionof nodes

(“joints”) connectedby edges(“bones”)that approximatesthe character’s trueanatomicalskeleton.

Theskeletonisusually built manually by theartist,althoughsomeautomatictechniquesexist[Wade

andParent 2002; KatzandTal 2003; Liu et al. 2003; Thorneet al. 2004]. Thebonesof the skeleton

typically havea�xed lengthandthejointsapproximaterealjointswith eitherone(e.g.,elbow, knee),

two (e.g.,wrist,ankle),or three(e.g.,neck,shoulder, hip, waist)rotationaldegreesof freedom.The

skeletoncanbe posedvia forward kinematicsin which valuesfor the joint rotationsare selected

manually, or viainversekinematicsin whichpositionsfor theendeVectorsarespeci�edandthejoint

anglesarefoundautomatically [ZhaoandBadler1994; Grochow etal.2004].

In orderto deform acharacter’smeshusingSSD, theskeletonis �r stplacedin abindposewhich

matchesthe kinematiccon�gurationof the mesh. Then,the meshverticesare associatedwith the

jointsof theskeletonthroughacollectionof vertex weights. Theseweightsindicatehow theposition

of eachvertex shouldbein�uencedby thepostureof theskeleton.A posedvertex positionisgivenby
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aweightedsumof itspositionin thelocalframeof eachjoint:

ṽi =
jJjX

j =1

wi;j Mj Bj vi ; (2.3)

where ṽi is the posedpositionof vertex i , vi is its unposedposition,J representsthe setof skeletal

joint frames, Mj is theconcatenationof joint frametransformationsfor theposedskeletonfrom the

root to joint j , andBj isamatrixthatexpressestheundeformedvertex in theframeof thejoint’sbind

pose.Theparameterwi;j indicateshow vertex i isin�uenceby joint j . Theweightsfor agivenvertex

aretypically restrictedto bepositiveandto sumto one.Theinitialweightingmay becalculatedusing

distanceheuristics, andsoftware packagesoftenprovidea “painting” interfacefor additionaltuning

[Alias2005]. If theseweightsarecarefully selected,agradualbendwill occurat thejoints.

SSDformalizesthe spacedeformationsof Barr [1984] (Section2.1.2) in a way that makesthem

appropriatefor kinematicanimation. Barr’s formulation includesglobal bendsparameterized by

bendingangleandbendingrate.SSDcomputesabendingtransformationforeachjointparameterized

by angle (but not rate).Theglobalnatureof Barr’sdeformations, whichbecomesunmanageable for

kinematicanimation,is tradedfor a hierarchicalstructure andexplicit weighting. Thehierarchical

structure imposedby SSDallows changesin jointscloseto the root to automatically in�uence the

extremities. Theweightingallowstheuserto managewhichpartsof themesharein�uencedby which

transformations.

Themainadvantageof SSDisspeed.In mostsituations, avertex will havenonzeroweightsfor at

mostfour joints. Thus, only afew matrix-vectormultiplicationsare requiredto computeeachposed

vertex position. Furthermore, thisalgorithmcanbeimplementedentirely on commoditygraphics

hardware[Lindholmetal.2001; FernandoandKilgard2003]. WhileSSDissimpleandfast,it isalsowell

known for artifactssuchasthe“collapsingelbow” (Figure2-3). Unfortunately, theusermay struggleat

lengthto removetheseartifactsandneverarriveatanacceptableresult.No amountof weighttuning

cansolve theseproblemssince,in many cases, the desireddeformationdoesnot lie in the spaceof

deformationsspannedby theSSDalgorithm[Lewiset al.2000]. Thisspaceisunclearandnot easily

exploredsincethe useronly hasindirectcontrolover the meshshapevia the weights. In response,

Mohr, Tokheim,andGleicher[2003] makethetuningprocesseasierby visualizingthespaceofpossible

deformationsandallowingtheuserto directly manipulateverticeswithin thisspace.

31



Figure2-3: Anarm mesh(Left) isposedusingskeleton-subspacedeformation.SSDperformsthegross
skeletaldeformationbut suVersfromcollapsingartifactsneartheelbow whenthearm isbent(Middle)
whichbecomemorenoticeablewhenthearm istwisted(Right).

In order to generatedeformationsoutsidethe spaceof thosespannedby SSD, Lewis andcol-

leagues[2000] andSloanandcolleagues[2001] developahybridmethodthatcombinestraditionalSSD

with shapeinterpolation,allowing theuserto sculptcorrectionsto thecharacter’sshapeat arbitrary

kinematicposes. During charactersetup, the artist adjuststhe joint parameters to posethe mesh

usingnä�veSSD. Thentheshapeof themeshcanbealteredusingany meshmodelingtoolsto repair

artifactslike the collapsingelbow or to addmore detailssuchasmusclebulges. Thesealterations

are storedandassociatedwith the character’s kinematicpose. During runtime, the hand-sculpted

changesare interpolatedusingradialbasisfunctionsbasedon the kinematiccon�guration of the

skeleton.EigenSkin [Kry et al. 2002] �nds a reducedbasisfor the alterationsthat canbeevaluated

on graphicshardware. While not usingSSDper se,Allen,Curless, andPopović [2002] augmenta

skeletalmodelwith displacementsderivedfrom rangescansof ahumantorsowhileSand,McMillan,

andPopović [2003] computedisplacementsfrom silhouetteinformationtakenfrom videoof anactor.

Thesehybrid techniquesusetheskeletonto encapsulatethemeshrotationsandaddlinearoVsetsin

therotatedframes. In thisway, they addresssimilarissuesasmesheditingalgorithms[Lipmanet al.

2004; Sorkineet al.2004; Lipmanet al.2005a;Sorkine2005] whichmust �nd someway to compute

rotationssothatfeaturesaretransformedin anatural fashion.

The qualityof SSDcanalsobe improvedby addingadditionalparameters to the modelwhich

are automatically tunedto bestreproduceuser-suppliedexamples. With multi-weightenveloping,

WangandPhillips[2002] extendtraditionalSSDby allowing eachvertex to weigheachentry in each

joint framematrix independently. Thus, every vertex hastwelve weightsper joint ratherthanone.
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They show how to solvefor theseweightsusingaleast-squares�tting proceduresothattheresulting

deformationsapproximatea user-providedtrainingset. Mohr andGleicher[2003] addressa similar

problem.TheyusetraditionalSSDastheirarticulationmodelbutaugmenttheskeletonwithadditional

heuristically chosenjoints, assuggestedby Weber[2000]. Then,they useauser-providedtrainingset

to solve for both the vertex weightsandthe bind posepositions. OthermethodsprovidediVerent

interpolationschemesin orderto reduceartifacts[Kavanand �Zára2003; Kavanand �Zára2005].

Asanalternative to SSD, researchersgeneralize free-form deformation(Section2.1.2) to address

riggingandanimationproblems. Chadwick,Haumann,andParent[1989] useaskeletonto in�uence

thecontrolpointsofaFFDlatticein orderto induceadeformationonacharacter’smesh.Thislayered

approachin which the FFDlatticeloosely representsmuscleandfatty tissueprecipitatesthe more

involvedanatomicalmodelsdiscussedbelow. SinghandKokkevis[2000] developahybriddeformation

algorithmthat bears resemblanceto both FFDandmultiresolutionmodeling.A deformer objectis

computedasa simpli�ed approximationof a character’smesh.Themeshverticesare boundto the

deformer objectbasedon Euclideandistance,afterwhicha changein the shapeof the deformer is

propagatedto themesh.

Anotherimportant classof animationtechniquesextendsFFDwith physicalsimulationto gen-

eratedynamicdeformations. Faloutsos, van de Panne,andTerzopoulos[1997] providea dynamic

generalizationof traditionalFFD[SederbergandParry 1986]. Capellandcolleagues[2002b] apply the

�nite elementmethod(FEM)to acontrollatticede�nedusingvolumetricsubdivision[MacCracken

andJoy 1996]. Thesameauthors[Capelletal.2002a]apply thistechniqueto skeletal-drivendeforma-

tion by usinga skeletonto infer constraintsin the FEMsimulation. Thisallows traditionalskeletal

animationto generatedynamiceVects. Capellandcolleagues[2005] extendtheirworkbeyondskeletal

deformationsto acompletephysically-basedriggingsystem.

Whileprocedural techniquessuchasSSDcomputeapproximatedeformationsvery quickly, more

realisticskin deformationscanbegeneratedby modelingtheanatomicalstructuresunderneathit ata

muchhighercomputationalcost.Anatomicalmodelsof thehumanheadfor facialanimationhavean

extensivehistory. Kähler[2003] givesahistoricalreview of thisliteratureaspart of hisdissertationon

thesubject.For thehumanbody, ChenandZeltzer[1992] developaphysically-basedmodelofmuscles

andcompare theirsimulationsto realmuscleexperiments. WilhelmsandVanGelder[Wilhelmsand

Gelder1997; Wilhelms1997] presentan anatomically-basedmodelof animalsthat includesbones,
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muscles, andtissue. Scheepers andcolleagues[1997] develop a musclemodelof the humanarm

andtorso. Teranandcolleagues[2003] focuson numericalaspectsof musclesimulationin order to

improve computationaleYciency. Theactualgeometricshapeof themusclesandotheranatomical

structurescanbe createdby hand[Scheepers et al. 1997; Aubel andThalmann2001], constructed

semi-automatically to conform to the3d shapeof amesh[WilhelmsandGelder1997; Wilhelms1997;

Pratscheret al. 2005], or built from medicaldatasuchasMRI scans[ChenandZeltzer 1992] or the

visible-humandataset[hongZhu etal.1988; Hirotaetal.2001; Teranetal.2005].

Someriggingmethodsrely completely onshapeinterpolation.In blend-shapeanimation,motion

is generatedby varying the blendingweightsin the linearcombinationof a collectionof example

meshesin topologicalcorrespondence.Thistechniqueisastandardapproachfor facialanimationthat

hasbeenusedfor twentyyears[Lewiset al.2005]. Its compatibilitywith modern graphicshardware

helpsto maintainits popularitytoday. The successof blendshapesfor facialanimationaswell as

methodsthatbuild linear[BlanzandVetter1999; Zhanget al.2004] or multilinear[Vlasicet al.2005]

modelsof facialexpressionssuggeststhat facialdeformationsare primarily linearin nature. Linear

modelsof full bodyshapevariationarealsosuccessful [Allenetal.2003] but requireamorecomplicated

representationin orderto accommodatekinematicdeformations[Seoetal.2003; Anguelov etal.2005].

Oneimportantproperty of blendshapeanimationisthatit canberetargetedontoanew characterby

replacingeachshapewith acorrespondingexampleof thenew characterin thesameposeor making

the sameexpression. For example,Bregler andcolleagues[2002] develop a systemto capture 2d

cartoonsequencesusingblendshapeanimation.RetargetingtheanimationontoadiVerentcharacter

requiresreplacingeachposeof the blendshapemodelwith a drawing of the new character. They

alsodemonstratethatkinematicdeformationsof 2d graphicscanbereproducedusingblendshapesif

thespaceisdensely sampled.However, whenapplyingtheir methodto 3d characters, they opt for a

skeletalrepresentation.

Ngoandcolleagues[2000] presentaformalismof theconceptof rigging. Theynotethatthecon�g-

urationspaceof ashape—thespacespannedby itsdegreesof freedom(e.g.,meshvertices)—contains

nonsenseshapesin muchhigherproportion thanmeaningful ones. They proposeto parameterizea

shapeby modelingprecisely theportionof itscon�gurationspacethatismeaningful. To representthis

subspace,theyuseacrossproductofsimplicialcomplexeswhichcanaccommodatearbitrary topology.

Eachvertex in thecomplex isassociatedwith apoint in theshape’scon�gurationspace.Pointsinside
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asimplex indicateinterpolationviaBarycentricweights. WhileNohandcolleaguesproposebuilding

the complex by hand,Kovar andGleicher[2001] provideaneasiermechanismfor constructingit in

whichtheuserisaskedto classifyaseriesof drawingsasvalidor invalid. Oncethecomplex isbuild,

theuserisfreeto selectany position(or sequenceof positionsto createananimation)within it andis

guaranteedto getameaningful result.Similarly, aSSDskeletonor otherriggingcontroldescribedin

thissectionisusedtoparameterizethespaceofmeaningful meshdeformations—themeshkinematics.

2.3 Animation

Oncea characterhasbeenmodeledandrigged,it is readyfor animation.Animatinga characteris

the processof settingthe valuesof the rigging controlsover time in order to createthe illusionof

movement. More stylizedmotion isusually createdusingkeyframingin whichthe rigging controls

are setat key momentsin time. The valuesof the controlsat in betweenframesare interpolated

by the computer. Keyframinggivesthe artist full creative controlover the resultinganimationbut,

asaconsequence,burdenstheartist with generatingevery requirednuanceof motion. Whenmore

realisticmotion is appropriate,the movementof a realactorcanbe digitized in a motion capture

studio. Motion capture returnsskeletalmotion thatcanbeusedto deform ameshviaSSDor other

skeleton-basedrigging methods. Physics-basedanimation,which entailssimulationof the physical

lawsthatgovern thecharacter’smovement,cangeneraterealisticmotionfromsparseconstraintsand

generalize capturedmotion. However, the diYculty of controllingphysicalsimulationscanposea

problemwhenartisticrequirementsdemandaparticulareVect. Indeed,in bothmotioncaptureand

physics-basedanimation,theartist givesupcontrolin orderto simplifytheanimationprocess. Much

of theresearchin theseareasfocusesonregainingthelostcontrolwithout sacri�cingthebene�ts.

2.3.1 KeyframeAnimation

Keyframe animationextendsthe processof traditionalhand-drawn animationto the computer-

generatedsetting.In traditionalanimation,acharacterisdrawn in key posesthatcapture theoverall

actionof thesceneandits timing. Oncethekey poseshavebeenestablished,theonesin betweenare

drawn in aprocessaptly named“inbetweening”[JohnstonandThomas1995]. Ananalogousprocedure

isfollowedin computer-generatedanimation.Thevaluesfor theriggingcontrolsaresetatkey points
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in time andthe valuesin betweenare computedby the animationsoftware. Splineinterpolationis

mostoftenusedfor thispurposesinceit givestheanimatorcontrolovercontinuity at thekeyframes,

whichisnecessary to achievethepropertimingof movement.Whengeneratingkeyframeanimation,

ananimatorworksmuchlikeasculptor. First thegrossmotion ismappedout by settingkeyframes,

say, for the global translationof the character. Then, little by little, more detailsare added. The

animatorconstantly “scrubs”throughthemotion generatedsofar to getanideaof whatshouldbe

animatednext. Theendresultis�uid movementwith bothexaggerationsandsubtletiesthat,if done

properly, maskthedeliberateintentionsof theanimatorandmakeit seemasif thecharacterisacting

on itsown volition [JohnstonandThomas1995].

Becauseof thestrongcorrespondencebetweenhand-drawn andcomputer-generatedanimation,

it isno surprisethat thesamefundamentalprinciplesthatguidetheart of hand-drawn 2d animation

apply to its 3d counterpart. Lasseter[1987] enumeratesthe principlesperfectedby the Walt Disney

Studio[JohnstonandThomas1995]—squashandstretch,timing,anticipation,staging,follow through,

overlap, slow in / slow out, arcs, exaggeration,secondary action,andappeal—anddescribeshow to

apply themin thecomputergeneratedsetting.Althoughtherootsof theseprinciplesare in art, they

are surprisingly applicable to technicalresearch in computergraphics. For example,theprincipleof

squashandstretchsaysthatobjectsin motionshouldbe�attenedor elongatedto emphasize action

andspeed.However, thevolumeof theobjectmustremainconstantduringthesechanges. Boththe

spacedeformationsof Barr [1984] andfree-form deformation[Sederberg andParry 1986] describedin

Section2.1.2 providethe facility to generatesquashandstretch. However volumepreservationhas

longbeenandcontinuesto beanactive areaof research [Sederberg andParry 1986; Leeet al. 1995;

Rappoport etal.1996; Hirotaetal.1999; BotschandKobbelt2003; Angelidisetal.2004].

Timing is a criticalaspectof animationthat conveys weight,size, speed,resistance,andforce,

permitsanticipation,follow through,overlap, andreaction,andevensuggestsmood[Whitakerand

Halas2002]. In responseto the importanceof timing, researchers investigateintuitive interfacesto

specifyingit. TerraandMetoyer[2004] developamechanismto re-timekeyframeanimationby “acting

out” thedesiredtimingusinga2dsketchinginterface.Thorne,Burke,andvandePanne[2004] provide

a completeauthoringsystemfor computer-generatedanimationbasedon sketchingthat includesa

“cursivealphabet” formotionspeci�cation.Tokensin thealphabetaremappedto keyframeanimation

sequenceswhicharere-timedto matchthespeedwith whichthecurvesaredrawn.
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Igarashi,Moscovich,andHughes[2005a]presentanalternative to temporal keyframingin order

to accommodateperformance-drivenanimation.In spatialkeyframing, key posesare associatedwith

positionsin 3d spaceratherthanpositionsin time. Posesatotherpointsin spacearecomputedusing

radialbasisinterpolation.An animationisgeneratedinteractively by drawing apaththroughthe3d

domain.Thismethodisquitesimilarto shapeinterpolationtechniquesthat allow theuserto place

shapesat arbitrary locationsin an abstractspace[Lewis et al. 2000; Sloanet al. 2001]. The spatial

keyframingmethodrestrictsthe spaceto threedimensionsandinterpolatestransformationsrather

thanvertex positions. In cartoon capture [Bregler et al.2002], a subsetof n hand-selectedexamples

fromanexistinganimationform ann-dimensionalspace.A paththroughthisspace(analogousto the

pathdrawn interactively in spatialkeyframing)isfoundautomatically in orderto reproducetherestof

theanimation.Replacingthen exampleswith n new onesof adiVerentcharacterin thesameposes

retargetstheanimationto thenew character. Likewise,replacingtheposesusedin spatialkeyframing

with onesofanew characterwouldretargetany recordedanimationscreatedwith thismethod.James

andTwigg[2005] solveaproblemsimilarto thatofcartooncapturewheredeformationsarecontrolled

by SSDratherthanshapeinterpolation.In orderto approximateananimationprovidedasasequence

ofmeshposes, acollectionofbonesandSSDweightsarefound,aswellasasetofbonetransformations

for eachanimationframe. Thistransformationsequencecanbethoughtof asa “path” throughthe

SSDparameterspaceanalogousto thepathfoundfor cartoon capture. However, thesimilaritiesdo

not extendto transfersincethereisnosimpleway to transferaSSDanimationontoanew character.

The animator’s overarchinggoalis to imbue a characterwith personalityandstylein order to

tell a compellingstory. Thecharactershouldappearasif all of its actionsare the resultof its own

decisionsandthoughtprocesses[Lasseter2001]. In the research community, two notable attempts

at creatingautonomouscharacters that actandreactundertheir own volition andwith their own

personalityandstyle(or appearto, at least)are theImprov systemof Perlin andGoldberg [1996] and

theGertie systemof Loyall andcolleagues[2004]. Thesesystemspresentauthoringtoolsto generate

believable charactersthat respondto eachotherandto userinput accordingto their personalityand

mood while always staying true to the author’s goalsand intentions. In essence,thesetools are

designedto createanautonomouscomputer-generated“Kermit theFrog” or “BugsBunny” thatacts

appropriately eventhoughthepuppeteeror animatorisnot in directcontrol. Bothsystemsprovide

an animationcomponentresponsible for movementanda behavior componentthat encapsulates
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a character’s personalityanddecisionmaking process. Improv usesa behavior scriptinglanguage

suitablefor non-programmersthatallowstheauthorto craftcomplexnon-deterministicbehavior and

accountfor communicationwith other characters. Gertie providesa more full-featured language

designedto process, evaluate,andreactto concurrentaction.

NeVandFiume[2005] provideanalternativeauthoringenvironmentfor expressiveanimationthat

formalizestheseparationbetweenactions(suchaswaving)andstylesothatthetwo canbeauthored

independently. Thesameactionwill beperformeddiVerently by charactersauthoredwith diVerent

styles. Thissystembuildsupontheauthors’earlierwork onmodelingtheexpressivenessconveyedby

muscletensionandrelaxation[NeVandFiume2002], on interactive toolsto edit theactivationtime,

rangeofmotion,andextentof jointsin ananimatedsequence[NeVandFiume2003], andonexploring

expressivevariationsin posture[NeVandFiume2004]. Whilesomeof thesemethodsrely ondynamic

simulation(discussedbelow in Section2.3.3), they are includedhere to emphasize their focuson the

aestheticaspectsof characteranimation.

Chiandcolleagues[2000] developtoolsto modifyanimatedmotionbasedontheoreticalresultsin

classifyinghumanmovement.Motionsaremodi�ed basedon traitsin two categories:eVort involves

the level of tensionandcontrol,the senseof urgency, andthe level of impact,while shaperatesthe

motion on beinghorizontal, vertical, andforward/backward. The authors developalgorithmsto

changeexistingmotionsalongthesedimensions.

Whenskeletalrigging suchasSSDisused,keyframeanimationinvolvesselectinganglesfor the

joints of the skeletonat key pointsthroughoutthe animation. Inversekinematics(IK) allows the

animatorto posetheskeletonby directly positioningits extremities(e.g.,handsandfeet). Thejoint

anglesrequiredto satisfythe positionalconstraintsare foundautomatically [ZhaoandBadler1994].

However, IK isaclassicexampleof anunderdeterminedproblem: many diVerentjoint con�gurations

are validpossibilitiesto meettheuser’sconstraints. In any IK implementation,somemechanismis

requiredto selectoneout of themany validcon�gurations. Grochow andcolleagues[2004] propose

to resolve thisambiguityin a way that respectsa character’sstyle. Their systemusesa trainingset

of skeletalposesto learn aprobabilitydistribution function(PDF)over thespaceof all poses. Based

on thisPDF, theiralgorithmselectsthemostlikely posethatmeetstheuser-suppliedconstraints. By

usingatrainingsetwith examplesofaparticularstyle,theIK solutionwill exhibitthesamestylewhen

new posesarecreated.
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2.3.2 Motion Capture

Motioncaptureistheprocessof recordingthetime-varyingkinematiccon�gurationof arealactoras

heor sheperformsataskor action.Modern motioncapture technology [Vicon2004] usesre�ective

markers which are attachedto the actor’s body at variouspositions. Camerasplacedaroundthe

workspaceare usedto recover the3d positionsof themarkersover time. From thesepositions, the

joint anglesof akinematicskeletonare estimatedat eachframe.Theresultisananimatedskeleton

performing the sameactionasthe actor. Thus“motion,” in the context of motion capture, refers

to the recordedskeletalanimation. Thestrengthof motion capture is the relative easewith which

realisticmotion canbe generated. The recordeddataexhibitsthe samenuancesandstyleasthe

performerwhichmakesthemotionappearnaturalandbelievable. Thedrawbackof motioncapture

is thediYcultyof modifyingthedataonceit hasbeenrecorded.Motion capturedatarepresentsthe

exactactionperformedduringtherecordingsessionandisappropriateonly for akinematicskeleton

thatmatchestheproportionsof theactor. Researchin thisareafocuseson generalizingthecaptured

datasothatit canbeappliedin awidervarietyof situations. TheseeVortsincludeeditingthemotion

capture datato easily generatesmoothkinematicchangesover time, retargetingthe datato �t the

proportionsof a diVerent sizedskeleton,combiningsmallsegmentsof motion to generatea wide

array of complex actions, andmodifyingthestylein whichanactionisperformed. In short, justas

with trianglemeshes, assoonasthedataisavailable,peoplewantto editit.

Early work appliessignalprocessingtechniquesto �lter , displace,andwarp motioncurves[Brud-

erlin andWilliams1995; Witkin andPopović 1995]. Thesemethodspermit simplekinematicchanges,

suchasmakingawalkingcharacterduckthroughadoorway, by addingsmoothdisplacements. How-

ever, excessivework isrequiredfor complex alterations. Gleicherusesanoptimaltrajectory method

to editmotioncapture data[Gleicher1997] andretargetit to anew skeletonwith identicalstructure

but diVerent limb lengths[Gleicher1998a]. The optimal trajectory formulation (discussedalsoin

Section2.3.3) permitsarbitrary constraintsatany point in timeandcanaccommodatemorecomplex

kinematicchanges. However, the entire animationmust be solved for in oneglobaloptimization

problem sothat the motion at earlier pointsin time cananticipateconstraintswhich will become

active later. Insteadof optimaltrajectory, LeeandShin[1999] usea hierarchicalcurve �tting proce-

dure that allows constraintsto beenforcedwithout discontinuities. Monzaniandcolleagues[2000]

employ anintermediateskeletonandanease-in/ease-outprocedurefor constraints. LeCallennecand
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Boulic[2004] demonstratehow to prioritizeconstraintsto avoidproblemsthatarisewith competition.

WhenconstraintsonendeVectorsareexplicitly de�nedthroughouttimeratherthanbeingturnedon

andoVatdiscretemoments, solutionsbasedoninversekinematicspermit “online”motionretargeting

wheretheoutput iscomputedframe-by-framewithout globalknowledgeof futureconstraints[Choi

andKo 2000; Shinet al.2001; MeredithandMaddock2005]. Thesemethodsare especially useful in

performancedrivenanimationwhere futureconstraintsarenot known. Gleicherpresentsacompre-

hensiveoverview of constraint-basedkinematicmethodsincludingmuchof theresearchdescribedin

thisparagraph[2001].

Themethodsdiscussedsofararekinematicinnature. Superiorresultsareachievedwith algorithms

that employ physicsto guidemotion adaptation,albeitat a muchhighercomputationalcost. The

useof optimaltrajectory techniqueswith constraintsto enforcephysicshasbeenwell explored.Most

research concentrateson ways to managethe complexity of humanmotion [Popović andWitkin

1999; Liu andPopović 2002; Safonova et al. 2004; Abeet al. 2004; Sulejmanpa�síc andPopović 2005].

Alternativestooptimaltrajectory formulationsaredynamictrackingwhichemploysforwarddynamics

to trackrecordedmotion in a physically realisticway [ZordanandHodgins1999; Nancy S. Pollard

2001], dynamic�ltering whichmodi�esrecordedmotionto increasephysicalrealism[Taket al.2000;

YamaneandNakamura2003; Shinetal.2003; TakandKo2005], andforce-basededitingwhichmodi�es

estimatedforcesto achievenew goals[Pollard andBehmaram-Mosavat 2000]. Thegeneralapproach

of physics-basedanimationisdiscussedin moredetailin Section2.3.3.

Motion editingandadaptationmethodsgeneralize speci�cmotionsto meetnew constraints. In

contrast,motion graph methodscreatenew motionsby resequencingexistingones[Kovar et al.

2002; Leeet al.2002; ArikanandForsyth2002]. Givenadatabaseof motioncapture data,agraph is

formedby identifyingsegmentsof motion thatcanbeplausibly blended.A walkthroughthisgraph

generatescontinuousmovementby transitioningbetweenthe diVerent segments. The transitions

canbe computedusingalgorithmsfor motion blending[Perlin 1995; Roseet al. 1996; Park et al.

2002; Kovar andGleicher2003]. Givena motion graph, speci�cgoalssuchaspathfollowing canbe

accomplishedby searchingfor thepropergraphtraversal.Computingthetraversalinteractively may

requireprecomputation[LeeandLee2004] or careful graphdesign[Gleicheretal.2003]. Theexpected

qualityof theresultsfrom usingagivenmotiongraphfor navigationin aparticularenvironmentcan

alsobeestimated[ReitsmaandPollard 2004].
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Oneof thestrengthsof motioncapture is its ability to reproducethenuancesof stylethatmake

humanmotion look natural. Sincestylestrongly in�uencesperception,it playsan important role

in animation. Unuma,Anjyo, andTakeuchi[1995] demonstratethat adjustingfrequency bandsin

recordedmotion canalter its perceivedemotionalcontent. Rose,Cohen,andBodenheimer[1998]

explicitly modelstyleby scoringcapturedmotionsaccordingto theirstylecontentandthenblending

betweenthem. BrandandHertzmann[2000] andHsu,Pulli, andPopović [2005] developautomatic

waysto learn thestyleexhibitedin motioncapturedataandthenretargetit to novel inputs.

2.3.3 Physics-BasedCharacterAnimation

Inphysics-basedanimation,motioniscomputedbysimulatingthephysicallawsthatgovernmovement

in the real world. Research in this area strives to generate realisticmotion suchthat a physical

replicaof theanimatedobjector characterwouldmove in thesameway asthecomputer-generated

version. Indeed,many of the techniquesdiscussedin this sectionhave their roots in the study

of robot locomotion[Raibert 1986; Raibert andHodgins1991]. In physics-basedanimation,physical

parameterssuchasmass, force,velocity, andtorquedetermineobjectmotionindirectly viasimulation.

ThediVerencebetweenthisscenarioandkeyframeanimationisobviouswhenconsideringasimple

examplewhere a characterdropsa ball. In keyframeanimation,the ball will hover motionlessin

spaceunlesstheanimatorexplicitly keyframesitsmovement.In physics-basedanimation,theballwill

fall to thegroundundertheforceof gravity andbouncebackupagain. Simulationcanbeextremely

advantageouswhentheresultingmotionmatchestheuser’sexpectations. However, it canbejustas

frustratingwhenevena smallchangeis required. Themappingbetweenthe simulationinputsand

thegeneratedmotioniscomplex,makingany particularchangediYcult to achieve.

Althoughphysics-basedanimationfocuseson realismandkeyframeanimationoftenfocuseson

expressive andcaricaturedmotion, the two are not opposites. In fact,muchof theart of traditional

animationisgroundedinphysics. Whencreatingexpressiveanimationbyhand,someoftheproperties

ananimatormustconsiderincludeanobject’sweight,how it will reactwhenaforceisapplied,inertia,

momentum,reactionforces, gravity, centerofmass, friction,anddrag[WhitakerandHalas2002]. The

expressivenessof traditionalanimationinvolvesunderstandingthe physicalmovementof anobject

andthendeliberately exaggeratingtheessentialpropertiesof thatmovementto anextreme[Whitaker

andHalas2002].
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Thisstrongconnectionto physicsisevidencedin optimaltrajectory methods, dubbed“spacetime

constraints”by Witkin andKass[1988]. This formulationcastsanimationasconstrainedoptimiza-

tion where the trajectoriesof the character’s degreesof freedomthroughoutthe animationare the

unknowns. The usermodelsthe physicalpropertiesof the charactersuchasits shape,mass, how

it is articulated,andhow it is actuated(e.g.,by usingits musclesto createtorquesat its joints).

Constraintsonthecharacter’spositionatdiVerentmomentsin timespecifythegoalsof theanimation

andanobjectivefunctionsuchasenergy conservationindicateshow thecharactershouldaccomplish

the goals. An optimizationprocedure automatically �nds ananimationthat mustobey the laws of

physics, that must satisfyall constraints, andthat minimizesthe objective. Witkin andKass[1988]

demonstratethat, whenoptimaltrajectory methodsare appliedto ballisticmotion, principlesfrom

expressive animationsuchassquash-and-stretch,anticipation,andfollow-throughnaturally emerge.

Duringthe�ight phaseof ajump, acharacter’smotionisdeterminedsolely by itsmomentumandthe

forceof gravity. In orderto landin aparticularposition,thecharactermustanticipatethatgoalbefore

leavingthegroundandadjustthetakeoVaccordingly. Sinceoptimaltrajectory methodssolvefor the

entire animationsequenceat once,they are able to resolve thisanticipationsuchthat constraintsat

any pointin timecanhaveaglobalin�uence.Theoptimalway for anarticulated“Luxo” lampto jump

from onespotto anotheris to crouchdown in anticipationof the jump, propelitselfinto theair by

stretchingout itsbodycompletely, andthentuckin at landingto absorbtheimpact.Furthermore,by

increasingthemassof thelamp’sbase,anexaggeratedversionof thejump iscreatedwhere thebase

appearsexcessively heavy [Witkin andKass1988].

The optimal trajectory formulation,while eVective, haslimitationswith regard to complexity,

interactivity, andgoalspeci�cation.Theoptimizationproblemishighly nonlinearandrapidly grows

in complexitywith thenumberofdegreesof freedomandthelengthof theanimation.Sincetheentire

animationissolvedfor atonce,all constraintsandobjectivesmustbespeci�edaheadof timewith no

chanceforunexpecteduserinteraction.Finally, whileasimpletasksuchasanenergy-conservingjump

iseasilyspeci�ed,morecomplicatedmovementsorspeci�cstylesarediYculttoencodemathematically.

In orderto copewith thenonlinearnatureof theproblem,NgoandMarks[1993] promoteaglobal

searchthatexploresawiderrangeof trajectorieswhentryingto �nd thebestone.Cohen[1992] divides

the largeprobleminto small“windows” whichcover smallerrangesof time aswell assubsetsof the

character’sfull degreesof freedom.Thisreducesthecomplexity andaccommodatesuserinputsince
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theentiremotionisnotsolvedforatonce.Otherresearchersmitigatethecomplexityofhumanmotion

usingasimpli�edcharactermodel[PopovićandWitkin 1999], ahierarchicalwaveletrepresentationof

charactermotion [Liu et al.1994], analternative constraint formulation[Liu andPopović 2002; Fang

andPollard2003; Abeetal.2004], ordimensionalityreduction[Safonovaetal.2004]. Sulejmanpa�sícand

Popović [2005] demonstratethatproperscalingof theconstraintequationsallowseYcientsimulation

of humanmotionwithout simpli�cation,reformulation,hierarchicalrepresentation,or reduction.In

order to relieve the burdenof inventinganappropriateobjective functionfor every desiredclassof

motion,many of theseandothertechniques[Roseetal.1996; PopovićandWitkin 1999; Abeetal.2004;

Sulejmanpa�sícandPopović2005] addressmotionadaptation(seeSection2.3.2) ratherthangenerating

the motion from scratch. Liu, Hertzmann,andPopović [2005] describehow to learn the physical

parametersofacharactersuchasitsmusclepreferencesfrommotioncapturedatain orderto generate

physicalmotionsin diVerentstyles.

A diVerent approachfor physics-basedanimationcombinesforward dynamicswith a general

controlprocedure, or controller, that encapsulatesa desiredactionor behavior suchasrunningor

balancing[vandePanneet al.1990]. Thecontrollerexaminesthecurrentstateof thecharacter(e.g.,

its kinematiccon�guration,external forces, etc.) anddecideshow to apply torquesat the joints in

orderto reacha desiredgoalstateor to satisfycriteriapertinent to themotion that thecontrolleris

designedto generate.For example,abalancecontrollermay decideto apply torquesto thecharacter’s

kneesin orderto adjustthecenterof mass[Wooten1998]. A controllercanbethoughtof asamodel

of thecharacter’s instinctualre�exesthat producecoordinatedbodymovementfor a particulartask

[Popović andWitkin 1999]. Controllersallow thecharacterto reactto unexpectedforcesthatmight

begeneratedinteractively by theuser. Work in thisareaisderivedfromresearchin robotlocomotion

[Raibert 1986; Raibert andHodgins1991] where sensorson therobotprovideinput to thecontroller

andtorquesareproducedbyactuators. Raibert andHodgins[1991] presentsimulatedversionsofactual

robotsthatthey built. A parallelcanbedrawn betweenthissettingandthe“straight-ahead”technique

from hand-drawn animation.Unlikekeyframeanimationwhereanentiresequenceisplannedahead

of time usingkey poses, straight-aheadanimationinvolvesdrawing oneframeright after the next

in sequence[Blair1994]. The animatormustdecideat eachframehow the shapeshouldevolve in

orderto producethedesiredresult. In controller-drivenanimation,thecontrolprocedure makesan

analogouslocalchoiceabouthow to updatethecharacter’sstate.
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Controllers have beenhand-designedfor many speci�ctasks including,amongothers, running

andvaulting [Hodgins et al. 1995], bicycling [Brogan et al. 1998], leaping, tumbling, landing,and

balancing[Wooten 1998], diving [Wooten and Hodgins 1996], and swimming [Yang et al. 2004].

However, designingcontrollers by handis diYcult andrequiresa signi�cantamountof tuning for

eachnew behavior andfor eachnew character. HodginsandPollard [1997] describeanalgorithmto

automatically adapt existingcontrolsystemsto new characters. In order to developa more varied

repertoire of dynamicactions, researchhasfocusedon composingsimplecontrollersto createmore

complex aggregateactions[vandePanneet al. 1990; Wooten1998; Faloutsoset al. 2001a; Faloutsos

et al. 2001b]. Othermethodsaugmentforward dynamicsimulationwith motion capture to handle

impact,collision,andresponse[ZordanandHodgins2002; Komuraetal.2004; Zordanetal.2005] and

to transitionbetweensimulationandmotioncapture[Shapiro etal.2003].

Algorithmsforthecontrolofphysics-basedanimationarebothchallengingandespecially important

since,by thevery nature of simulation,theanimatorhasrelinquishedmuchof hercontrolover the

resultingmotion. Popovićandcolleagues[2000] allow directmanipulationof rigidbodysimulationsat

any pointduringtheanimationtimeline.A new motionisimmediately foundthatmeetsthemodi�ed

constraints. Subsequentwork [Popović et al. 2003] providesa motion sketchinginterfaceto design

rigid-bodymotionusingamouseor handgestures. Kondo, Kanai,andAnjyo [2005] extendkeyframe

control to elasticobjects, althoughthe resultingdeformationsare only loosely basedon physics.

For actuatedcharacters, simulationscanbecontrolledby interactively selectingfrom a collectionof

prede�nedcontrollers or by mappingthe degreesof freedomof an input deviceto the character’s

degreesof freedom[Laszloet al.2000; ZhaoandvandePanne2005]. Laszlo, NeV, andSingh[2005]

providepredictive feedbackthat looksinto the(simulated)future anddisplaysthepossible resultsof

controldecisions. Finally, arecentfocusoncontrolalgorithmsfor �uid simulationallows�uids to be

animatedasif they were characters [Treuilleet al.2003; FattalandLischinski 2004; McNamaraet al.

2004; ShiandYu 2005].
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Deformation Transfer 3
Shapedeformationplaysacriticalrolein theanimationpipeline.Sculptingtoolsareusedto deform a

character’sshapeto matchtheartisticvisionof thedesigner. Riggingcontrolsarecreatedto param-

eterize thecharacter’smeaningful deformations, andvaluesfor thesecontrolsare eitherkeyframed,

captured,or simulatedin orderto createcontinuousdeformationover time. Creatingthesedeforma-

tionsrequiresa tremendousamountof artisticandtechnicalexpertise. Thevastamountof research

thataimsto assisttheuserin eachof thesetasksatteststo their diYculty. Despitetheimportanceof

deformationsin theanimationprocessandtheamountof artistry, skill, andtime requiredto create

them,therearefew techniquesto helpwith reuse.Thework spentdesigningadeformationtypically

cannotbereusedafteritsplannedapplication.

Deformationtransfer—thecontribution discussedin this chapter—reusesany deformationof a

sourcemeshby transferring it onto a diVerent targetmesh[SumnerandPopović 2004]. Figure3-1

showsanoverview of thetransferprocess. Thedeformationofasourcemeshisspeci�edbyareference

poseS anda deformedpose~S where the meshtopology (numberof vertices, numberof triangles,

andconnectivity) remainsthe samebut the vertex positionshave beenchanged.Givena matching

referenceposeT ofatargetmeshwith adiVerenttopology, thegoalofdeformationtransferisto apply

theexhibitedsourcedeformationto thetargetin anaturalway andproduceadeformedtarget ~T.

Thisproblempresentsseveral challenges. Wheneditingtoolsare usedto sculptamesh’sshape,

they leavebehindno persistenthistory of thechangesthathavetakenplace.Themany intermediate
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S ~S

T ~T

Figure 3-1: An overview of the deformationtransfer problem. We are givena sourcemeshin both
a referenceposeS anda deformedpose~S. The challengeof deformationtransfer is to apply the
exhibiteddeformationof the sourceonto a diVerent target meshT in order to createa deformed
versionof thetarget ~T.

operationsusedto arriveatthe�nal versionareusually discardedto conservespace.Althoughrigging

controlsoften de�ne a procedural equationfor meshdeformation, the procedure may dependon

many parameters. The control must be specialized for eachcharacter’s shape by carefully tuning

theseparametersin orderto achieveadesiredresult.Theparametersselectedfor onecharacterwill,

in general, not beappropriatefor another. Re-tuningthe rigging parameters is likely to be just as

time consumingasstarting from scratch. Theproblem is compoundedin the commoncasewhere

several diVerent rigging controlsare usedin tandem. Designingautomaticadaptationmethodsfor

all formsof rigging andtheir combinatorialcombinationsis impractical.Furthermore,othershape

deformationsare not procedural in nature andinsteademploy complex numericalsimulations. In

light of the breadthof deformation algorithmsusedin the animationprocess, the �r st challenge

in the transfer problem is one of deformationrepresentation. We require a representationof mesh

deformationthat isindependentof thealgorithmthatproducedthedeformationin the�r stplace.In

orderto bemaximally general,it shouldnot dependonany particularmodelingprocedureor rigging

algorithm.
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Whendiscussingthe ideaof deformationtransfer, intuitively we know that the legsof thetarget

meshshoulddeform likethelegsof thesource,theheadof thetargetliketheheadof thesource,thetail

like thetail,andsoon. However, currentgeometricrepresentationshavenoconceptof legs, head,or

tail. Sincemeshtopology almostalwaysdiVersbetweencharacters, it isnotclearhow deformationsof

onemeshshouldbetransferredto adiVerentone.Thus, thesecondchallengeisoneof correspondence.

We require somemethodto makeprecisethe mappingbetweenthe sourceandtarget andde�ne

whichpartsof thetwo shapesshoulddeform similarly.

The�nal challengeis transfer. Givenour representationof deformationandof correspondence,

we mustdevelopanalgorithmto transfer deformationsof onecharacteronto anothervia the cor-

respondence.The transfer procedure shouldbe eYcientandbroadly applicable to the varietyof

deformationsandcharactersusedin animation.Sincetherearemany waysto representdeformation

andto specifycorrespondence,it is important to chooseonesthat are amenable to transfer. My

solutionsto thesethreechallengesaretightly coupled,with thesinglepurposeof addingreuseto the

animationprocess.

3.1 Deformation Representation

In order to reuseshape deformationswe needsomeway to representthe deformation that will

be transferred. This requirementis relatedto the issueof geometricrepresentationdiscussedin

Section2.1.1. Here,however, weaddressthechangein theshape’sgeometry, ratherthanthegeometry

itself. The representationshouldbegeneral enoughto accommodatethe widevarietyof methods

usedin animationto createdeformations. A general representationwill allow any deformationto be

transferred,whereasassumptionsmadeabouttheform of thedeformationswill necessarily limit the

applicabilityof theoverallmethod.

3.1.1 DisplacementFields

Onepossible representationisadisplacement�eld thatencodesthepositionalchangeof eachsource

vertex. Noh andNeumann[2001] usethis approachto transfer facialexpressionsfrom one face

meshto another. Eachexpressionis encodedwith vertex displacementsthat de�ne the diVerences

betweenthereferencefaceandtheexpressionface.Expressionsaretransferredby applyingthesource
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A.  Source deformation.
B.  Transfer using

displacement vectors.
C.  Transfer using

deformation gradients.

Figure 3-2: The transfer problem is demonstratedon a bendingline. (A) A horizontal line is bent
downward andrepresentsthe sourcedeformation. Vertex displacementsare shown in gray. (B) If
the displacementsare copieddirectly to a shorter target line, the resultis distorted in anunnatural
fashion.(C)Deformationtransfercreatesamoreanatural resultby transferringdiVerentialchanges:
thechangein lengthandorientationof eachsegmentof thesourceline isappliedto thetarget. (The
lineshown wasdeformedusingmy system.)

displacementsto the targetmesh.While thismethodworksfor therelatively smalldeformationsof

facialexpressions, it doesnotextendto thegeneralcaseof full-bodyposes. Indeed,otherdisplacement-

basedalgorithmsaccountfor full-bodydeformationin a domain-speci�cway by, for example,using

skeleton-subspacedeformation[Lewisetal.2000; Sloanetal.2001; Kry etal.2002].

Thelimitationsof adisplacement-basedapproacharebestunderstoodby consideringtheoverall

goalof deformation transfer: extract the changein shape exhibitedby the sourceandapply it to

the target. Changeis mostnaturally representedasa diVerentialquantity. Displacementsencode

thechangein Cartesiancoordinatesbut donot indicatehow diVerentialvectorshavebeenmodi�ed.

Consequentially,applyingdisplacementvectorstoanothershapedoesnotpreservediVerentialchanges.

Forexample,if acharacterbendsitsarmattheelbow,displacementvectorsdonotdiscoverthefactthat

thearm hasrotated.Applyingthesevectorsto anothercharacterdoesnotresultin rotation.Figure3-2

illustratesthe failure of a displacement-basedtransfer algorithmfor the simplecaseof a bending

line. Noh andNeumann[2001] employ heuristicsto mitigatetheartifactsseenin Figure3-2B. Their

methodadaptsthelengthandorientationof displacementvectorsbasedondiVerencesin localshape

propertiesof thereferencesourceandreferencetargetfaces. However thesecorrectionsare limited.

By consideringdiVerentialchanges, my algorithmpermits the transfer of large-scaledeformations

without theneedof heuristics. Thelinein Figure3-2C isdeformedwith my transfer implementation

andfaithfully reproducesthesourcedeformation.
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Figure3-3: A point p in
thereferencecon�gurationis
mappedto thedeformedcon-
�gur ationby thedeformation
functionU. Likewise,adiVer-
entialvectordp ismappedby
thedeformationgradient@U

@p .

3.1.2 Deformation Gradients

Our objective isto encodeshapedeformationusingadiVerentialspeci�cationsothatwecandevelop

a reusealgorithmthat transfersdiVerentialchanges. Continuum mechanicsdealswith thebehavior

of materialssubjectedto external forces[Lai et al. 1993]. Becausesolidsdeform whenunderload,

the�eld of continuum mechanicsprovidestestedmethodsfor representinglargedeformations. The

so-calleddeformationgradientprovidesprecisely therepresentationweneed.Considerasolidobject

in both a referencecon�gurationanda deformedcon�guration(Figure3-3). Pointsin the reference

con�guration are denotedby columnvectors of their Cartesiancoordinatesp = [p1 p2 p3]> .

Thepositionof p afterdeformation,denotedasp̃ = [~p1 ~p2 ~p3]> , is determinedby the function

U : R3 ! R3 sothat

p̃ = U(p) =

2

6
6
6
6
4

U1(p1; p2; p3)

U2(p1; p2; p3)

U3(p1; p2; p3)

3

7
7
7
7
5

: (3.1)

The deformationof an in�nitesimal vectordp within the solid is determinedby the deformation

gradient@U
@p . SinceU mapsfrom R3 to R3 andvarieswith position,its gradientis a second-order

tensor�eld:

@U
@p

=
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5

: (3.2)
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The deformationgradientdetermineshow dp changesasa resultof the deformationU, yielding

dp̃ = ( @U
@p )dp. It encodesthechangein orientation,scale,andskew thatdiVerentialvectorswithin a

solidhaveundergone.Becausethedeformationgradientencodesbothrigid rotationandstretching,

it isanappropriatechoiceto representthelargedeformationswewishto transfer.

Equation3.2 is the Jacobianmatrixof U, making this formulationidenticalto Barr’s [1984] local

deformationsdiscussedinSection2.1.2. Barr usesthedeformationgradientin thecontextofgeometric

modelingin orderto updatetangentandnormalvectorsafteradeformationhasbeenapplied.In this

setting,thefunctionU isknown explicitly andthedeformationgradientataparticularpoint isfound

by computingthepartial derivativesanalytically andthenevaluatingthemat thepoint. Barr’ssetup

limitstheclassofdeformationsto thosethatareeasily expressedanalytically suchasbends, twists, and

stretchingalongprede�nedaxes.

SimplicialDissection

In themoregeneral casewhere there isno analytic formulation,U canbediscretizedviaasimplicial

dissection(triangulationin 2d or tetrahedralizationin 3d) of theshape.Eachvertex i of thesimplicial

complex ismappedby U from its initial positionvi in theundeformedcon�gurationto itsdeformed

positionṽi . Sincepointswithin eachsimplex aredeterminedby alinearinterpolant,thedeformation

gradienttensor�eld is piecewiseconstantwith oneconstanttensorJj for eachsimplex j . These

tensorsarereferredto asthedeformationgradients. Thus, eachsimplexactslikeadiVerentialvolume

whoseedgevectors(aswellasallothervectorswithin thesimplex)aretransformedby itsdeformation

gradient. In 3d, every simplex is a tetrahedron(tet) with four vertices. If thesefour verticeshave

indicesf i1; i2; i3; i4g, thenthedeformationgradienttransformsthethreeindependentedgevectors

of thetet accordingto:

Jj (vi 2 � vi 1) = ṽi 2 � ṽi 1

Jj (vi 3 � vi 1) = ṽi 3 � ṽi 1

Jj (vi 4 � vi 1) = ṽi 4 � ṽi 1

: (3.3)

Wecanrewrite thisexpressionin matrixform

Jj Vj = Ṽj ; (3.4)
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wherethe3� 3matricesVj andṼj containtheundeformedanddeformededgevectors, respectively,

ascolumns:

Vj = [vi 2 � vi 1 vi 3 � vi 1 vi 4 � vi 1 ]

Ṽj = [ṽi 2 � ṽi 1 ṽi 3 � ṽi 1 ṽi 4 � ṽi 1 ]
: (3.5)

BysolvingEquation3.4for Jj weobtainaclosedform expressionfor thedeformationgradient:

Jj = Ṽj V� 1
j : (3.6)

Geometrically, thecolumnsof Jj arethebasisvectors(i.e.,edgevectors)of thedeformedtetexpressed

in theundeformedtet’sbasis. If boththeundeformedanddeformedvertex positionsareknown, the

deformationgradientscanbecomputedby evaluatingEquation3.6.

IsomorphicDissection

In continuummechanics, thedeformationof asolidisusually not known apriori but insteadevolves

with timeaccordingto aphysicalsimulation.Theproblemformulationinvolvesdiscretizinganobject

in itsreferencecon�gurationandthenperformingsomecalculationto determineitsdeformation.De-

formationgradientsareusedbecausethey provideaway to measurephysicalquantitiessuchasstress.

Implicit in thissettingisacorrespondencebetweentheundeformedanddeformedcon�gurationsthat

allowsdeformationgradientsto becomputedfor eachsimplex usingEquation3.6.

Our settingis diVerent sincewe start with two shapes: a meshin both a referenceposeand

a deformedpose. We wish to encodethe known deformationof the boundary usingdeformation

gradients. But,sincedeformationgradientsarede�nedforsolids, theydonotimmediatelyapplywhen

only theboundary isknown. Discretizingtheinterior ismorecomplicatedin thiscase.Althoughthe

boundariesof the two meshesare in one-to-onecorrespondence,independenttetrahedralizationof

eachmeshwill not resultin correspondencewithin their interiors.

Alexa,Cohen-Or, andLevin [2000] addressthis problem in the context of shape interpolation.

Given the boundary of two shapesin correspondence,they usedeformationgradientsto compute

interpolationsequencesthat maximize the local rigidity within the interior. In order to employ

deformationgradientsin thiscontext, the authors suggestan isomorphicsimplicialdissectionof the
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two shapes. That is, their algorithm�nds a dissectionof the interiors of both shapessuchthat the

resultingverticesandsimplicesare in one-to-onecorrespondence.Oncethe isomorphicdissection

hasbeenfound,deformationgradientscanbe computedfor eachcorrespondingpair of simplices

by evaluatingEquation3.6. In 2d, the two shapesare de�ned by polygonsin one-to-oneboundary

correspondence.Anisomorphicdissectioniscomputedusingthemethodproposedby Aronov, Seidel,

andSouvaine[1993]. In this algorithm,eachpolygon is �r st triangulatedindependently, which can

alwaysbeaccomplishedwithout addingany additionalso-calledSteinerverticesin theinterior. Then,

bothshapesare mappedto aconvex n-sidedpolygon(where n is thenumberof boundary edges)so

that the two individualtriangulationsare overlaid on top of oneanother. Any intersectionsof the

triangle edgesare computedin thiscon�guration. The intersectionsare thenmappedbackto each

of the original polygonsin order to yield the isomorphic dissection.Alexa andcolleaguesextend

this algorithmto 3d for genuszero triangle meshes. Both meshesare individually tetrahedralized

andmappedto a convex n-sidedpolyhedron. Intersectionsof the overlaid tetrahedralizationsare

computedandthen mappedbackto eachmesh. In this case,the intersectioncomputationmay

resultin four-, �v e-,or six-sidedshapesthat mustsubsequently betetrahedralized. Both2d and3d

isomorphicdissectionalgorithmsrequire iterative re�nementin orderto improve thequalityof the

dissectionandpreventnumericalproblemsin latercomputations. There�nementmustbeperformed

in suchaway thattheisomorphismisnot invalidated.

While isomorphicdissectionprovidesonemethodto extractdeformationgradientsfrom bound-

ary representations, it hasmany disadvantageous. Weareprimarily concernedwith 3d meshes. Even

without therequirementof isomorphism,generatingany soliddissectionof a3d meshisanontrivial

taskandcomputinghigh-qualitytetrahedralizationsis anactive areaof research [Alliezet al. 2005].

Dissectinga meshrequiresthat it be manifold andwatertight. This strict requirementis violated

by many meshesusedfor animationin practiceandlimits the ultimateapplicabilityof the transfer

method.Many tetrahedralizationmethodsonly approximatetheconnectivity of theinputmesh.This

complicatestheisomorphicdissectionalgorithmdescribedabovesinceit reliesonone-to-onebound-

ary correspondence.In fact,it isimpossibleto tetrahedralizesometrianglemeshes(eventhoughthey

aremanifoldandwatertight)withoutmodifyingtheboundary [Shewchuk1998]. Unliketriangulation,

tetrahedralizationusually requiresaddingSteinerverticeswhichmakesit more diYcult to map the

shapeto a convex polyhedron.The2d isomorphicdissectionalgorithmof Aronov, Seidel,andSou-
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vaine[1993] addsO(n2) additionalverticesfor ann-sidedpolygon. Whileno boundisprovenfor the

3d extension,thecomplexity of tetrahedralizationsuggeststhat it will begreater. Theperformance

of subsequentcomputationsdependson thenumberof vertices, soaddingextraonesisundesirable.

Reusingananimationinvolvestransferringthedeformationexhibitedin eachframe.If anisomorphic

dissectionmustbecomputedforeverynew sourcedeformation,theperformanceof repeatedtransfers

isgreatly reduced.Isomorphicdissectiondoesnot scaleto multi-way dissectionsbecausethenumber

Steinerverticesquickly becomesprohibitively large.While transferonly requiresthepairwiseextrac-

tion of deformationgradients, the mesh-basedinversekinematicsalgorithmdescribedin Chapter 5

requiresmulti-way extraction.

Boundary-BasedApproximation

In light of thesediYculties, I proposea boundary-basedalgorithmto approximatethe deformation

gradienttensor�eld on a triangle meshwithout theneedto tetrahedralize its interior. Thismethod

computesonedeformationgradientfor eachtriangle thatmapsthetriangle’sedgevectorsfrom their

referencecon�gurationto theirdeformedcon�guration.Eachdeformationgradientisa3� 3matrix

andthushasninedegreesof freedom. Whenworking with a tetrahedralization,the imageof the

threeindependenttet edgevectorsunderthedeformationfunctionfully determinesthesedegreesof

freedom:eachvectorprovidesthreeequations, givingninein total. However, a3d triangle hasonly

two independentedgevectors, yieldinganunderdeterminedsystemof equations. Thesetwo vectors

alonedonot establishhow thespaceperpendicularto thetriangledeforms. For thesourcemesh,the

algorithmresolvesthisproblemby explicitly modelingthetransformationof theperpendicularspace,

whilefor thetargetmesh,it �nds theleastnorm transformation.

SourceDeformation. Whenrepresentingthe sourcedeformation,it is important to have control

over the transformationof the spaceperpendicularto eachtriangle. Thisensuresthat portionsof

thetargetmeshwhicharenot in perfectalignmentwill deform appropriately whenthedeformation

is transferred. In order to extract the sourcedeformation,we computea fourth “auxiliary” vertex

for every triangle, essentially promotingthe trianglesto tets. If a triangle’s verticeshave indices
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f i1; i2; i3g, weassignthenew vertex index i4 andcomputeitspositionaccordingto

vi 4 = vi 1 +
(vi 2 � vi 1) � (vi 3 � vi 1)

q 


 (vi 2 � vi 1) � (vi 3 � vi 1)






; (3.7)

wherek�k isthel2 norm. Thisformulaplacesthenew vertexin theperpendiculardirectionandensures

thattheperpendicularspacerotateswith thetriangleandscalesin proportion to thechangein triangle

edgelength.Ananalogouscomputationisperformedto computethepositionof thedeformedvertex

ṽi 4 . With the auxiliary vertices, the per-triangle deformationgradientscanbecomputedin closed

form by applyingEquation3.6. Thus, thesourcedeformationgradienttensor�eld isapproximatedon

thesurfaceof themeshwithout requiringdissectionof theinterior. While thesourceposesmustbe

in one-to-onecorrespondence,they neednot bemanifold,watertight, or of aparticulargenus. Since

no dissectionis required,this techniquenaturally extendsto thecasewhere many deformedsource

meshesaregiven.

TargetDeformation. In theoriginalformulation[SumnerandPopović2004], thetargetdeformation

is representedusingthesameprocedure of promotingeachtriangle to a tet throughtheadditionof

a fourth vertex. However, addingextraverticesto thetargetisdisadvantageoussinceit increasesthe

complexity of latercomputationsin thesameway thatadditionalSteinerverticesdoin anisomorphic

dissection.However, sincethetargetdeformationisnot beingtransferred,we only care aboutwhat

actually happensto thetargettrianglesthemselvesandnot theperpendicularspace.Thisallowsusto

derive anexpressionfor theper-triangle targetdeformationgradientsthat doesnot require anextra

vertex. If triangle j hasverticeswith indicesf i1; i2; i3g then

Jj Wj = W̃j ; (3.8)

where Wj andW̃j are 3 � 2 matricescontainingthe two undeformedanddeformedtriangle edge

vectorsascolumns, respectively:

Wj = [vi 2 � vi 1 vi 3 � vi 1 ]

W̃j = [ṽi 2 � ṽi 1 ṽi 3 � ṽi 1 ]
: (3.9)
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Figure3-4: Theresultof theboundary-basedmethodproposedin thisdissertationisvisualizedby the
redboundary line while the as-rigid-as-possible interpolation[Alexaet al. 2000] is visualizedby the
blacktriangulation.Thebodyof thesnakeandthetrunkof theelephantdeform in asimilar, locally
rigid fashionfor bothmethods. However, theboundary-basedmethodisnumerically muchsimpler
asit only considerstheboundary ratherthantheisomorphicdissectionof theinterior.

Wewishto solveEquation3.8for Jj . ThisproblemisunderdeterminedsinceJj isa3� 3matrixwith 9

unknowns, andWj andW̃j areeach3� 2matrices, givingonly 6equations. However, theminimum

norm solutionto theunderdeterminedproblemcanbefoundby computingtheQRfactorizationof

Wj [GolubandLoan1996]:

Wj = Qj

2

4
Rj

0

3

5 =
h
Qj � Qj �

i
2

4
Rj

0

3

5 = Qj � Rj : (3.10)

Rj isa2 � 2 uppertriangularmatrixandQj isa3 � 3 orthogonalmatrix. Theminimum norm Jj is

givenby

Jj = W̃j R� 1
j Q>

j � : (3.11)

In Figure3-4, I compare my boundary-baseddeformation gradientrepresentationto the full

isomorphicdissectionproposedby Alexa,Cohen-Or, andLevin [2000] for 2d shapeinterpolation.The

detailsof thisinterpolationalgorithmarediscussedin Chapter5in thecontext of mesh-basedinverse

kinematics. Theinterpolationsequenceusingmy algorithmisgeneratedwith no additionalvertices

atafar lessercomputationalcost.It behavesreasonably despiteignoringtheinterior.
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3.1.3 Summary

I proposedeformationgradientsasa representationof deformationbecausethey naturally capture

diVerentialshapechanges. To avoid thecomplexity of isomorphicdissection,I developaboundary-

basedapproximationof the deformation gradienttensor�eld where one deformation gradientis

computedfor eachtriangle. Eachof the per-triangle deformationgradientsencodesthe changein

orientation,scale,andskew inducedby the deformationon that triangle. Takenasa whole, the

deformationgradientscanrepresentany meshdeformationregardlessof its complexity or origin.

For thesourcedeformationwhere both theundeformedanddeformedvertex positionsare known,

Equation3.6 is usedto computethe deformationgradientsusingan auxiliary fourth vertex. The

deformationgradientsthatencodetheunknowntargetdeformationarerelatedto thetargetverticesby

Equation3.11. Thisrepresentationgivesprecisecontroloverthedeformationofthespaceperpendicular

to thesourcetrianglesandignoresit whensearchingfor adeformedtargetshape.

3.2 Correspondence

Thegoalof deformationtransfer is to transfer the deformationsexhibitedby a sourcemeshonto a

diVerent targetmesh.Conceptually, thedesiredresultisclear: theheadof thetargetshoulddeform

like theheadof thesource,the legsof the targetlike the legsof thesource,the tail like the tail, and

soon. A digital representationof a characterasa triangle meshhasno conceptof head,legs, or

tail. Even if suchsemanticinformationwere available, the relationshipof �ner scaledetails—down

to individualtriangles—wouldremainambiguous. Thus, somemeansisrequiredto indicatehow the

sourcetrianglesshouldberelatedto thetargettriangles.

If themeshstructureofthesourceandtargetisidenticalsothatthereisaone-to-onecorrespondence

betweenthesourceandtargettriangles, it is immediately clearwhichpartsof thetwo shapesshould

deform similarly: triangle j in the targetmeshshoulddeform like triangle j in the source. While

thissettingsimpli�esthe transfer problem, it isunrealisticandoverly restrictive. Few meshesare in

one-to-onecorrespondencewith oneanother. And,whenthey are,it isalmostcertainly thecasethat

they weredesignedfrom thestart with thiscorrespondenceasarequirement.

In orderto makedeformationtransferapplicablein awiderangeofsettings, mytransferalgorithm

doesnot requireone-to-onecorrespondence.Thesourceandtargetarefreeto havediVerentnumbers
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of verticesand triangles, aswell asa diVerent connectivity. They neednot even have the same

genus.

Inorderto copewith thesediVerences, theusermustindicatehow thesourceandtargetarerelated

to oneanotherby supplyingamappingM betweenthesourceandtargettriangles. Thismappingisa

discretepairingof triangle indices:

M = f (s1; t1); (s2; t2); : : : ; (sjM j ; t jM j)g: (3.12)

A pair (sj ; t j ) indicatesthat the targettriangle with index t j shoulddeform like thesourcetriangle

with index sj . Sincethereareno restrictionson M , thismappingallowstransferreddeformationsto

originatefrom any region of thesourcemesh.In mostcases, M isageneralmany-to-many mapping,

but it canalsobebijective(one-to-oneandonto),surjective(onto),or not-onto. Thus, onetriangleof

thetargetmay bepairedwith several trianglesof thesource,andviceversa.In fact,thisgenerality is

requiredto enable transferbetweenmeshesof diVerenttessellations.

For the remainderof thischapter, we assumethat M hasbeensuppliedby theuser. In thenext

chapter, I describemycorrespondencealgorithmwhichallowsM to beeasily generatedby identifying

matchingfeaturepointson thesourceandtargetmeshes.

3.3 Transfer

Afteradoptingdeformationgradientsto representmeshdeformationandadiscretetrianglepairingto

identifycorrespondence,wehaveall thenecessary ingredientsfor transfer. Our strategy isto extract

theper-triangle deformationgradientsfrom thesource,map themthroughthecorrespondenceM ,

andusethemto reconstruct adeformedtargetshape(Figure3-5). To derive thisprocedure,we �r st

considerthecasewherethesourceandtargethaveidenticalmeshtopology. Thus, thereisaone-to-one

trianglecorrespondencebetweenthesourceandtargetwhichobviatestheneedfor theexplicittriangle

associationsgivenin M with theunderstandingthateachtriangle j of thetargetshoulddeform like

triangle j of thesource.Afterdevelopingthealgorithmin thissetting,transferbetweenmesheswith

diVerentstructureonly requiresaminorchange.

The deformation of the source verticesfrom their positionsin the referenceposeS to their

positionsin thedeformedpose~S isencodedwith onedeformationgradientfor eachtriangle. If the
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Figure3-5: Weencodeasourcedeformationwith onedeformationgradientforeachtriangleandrelate
this speci�cationto the target througha usersuppliedtriangle correspondence.The deformation
gradientsindicatethe idealchangein orientationandscaleof the target triangles. This changeis
visualizedin (A)by transformingtheedgevectorsof eachtargettriangleby onecorrespondingsource
deformationgradientwhile �xing the triangle’spositionin place.Sincedeformationgradientsare a
diVerentialspeci�cation,they donot encodehow thetargettrianglesshouldbepositionedrelative to
their neighbors. Deriving the new positionsfrom the source,asshown in (B),givesa disconnected
shape. In general, it is impossible to achieve a connectedmeshby translatingthe deformedtarget
trianglessinceconsistency requirementsarenot enforced.Deformationtransferobtainstheresultin
(C)by solvinganoptimizationproblemfor adeformedtargetmeshwhoseper-triangle deformation
gradientsareascloseaspossible to thecorrespondingonesof thesource.

sourcehasn verticesandm triangles, Equation3.6 isevaluatedoncepertriangle,yieldinganordered

setS = f S1 : : : SjSjg of sourcedeformationgradientssuchthat jSj (thenumberof elementsin S) is

equalto m.

Applyingthesedeformationgradientsto thetargetshaperequiresthecomplimentary operation:

given the target referenceposeT andthe setS, we wish to �nd a deformedtarget ~T where each

triangle j 2 1: : : m hasundergoneprecisely the changein orientationandstretchspeci�edby Sj .

We refer to thisprocessasreconstructionsincewe recover theCartesianrepresentationof themesh

from the diVerentialspeci�cationof deformation. The reconstructionalgorithmformsthe core of

deformationtransfer.

3.3.1 Integration

Equation3.8 relatesthe deformationgradientto the edgevectors of the target triangle before and

afterdeformation: Jj Wj = W̃j . If we usethe vertex positionsof triangle j in the targetreference

poseT to build Wj andevaluateSj Wj , thenthecolumnsof W̃j aretheedgevectorsof triangle j in

~T—thedeformedtargetposewhichwewishto recover. However, theedgevectorsthemselvesdonot

providetheglobalpositionsof thevertices. In fact,becausethedeformationgradientrepresentation
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storesonly diVerentialproperties, it isinvariantto translation.Therefore,wemustspecifytheposition

of onevertex arbitrarily. Then,thepositionsof theneighboringverticescanbefoundby evaluating

Equation3.8 andaddingthedeformedtriangle edgevectors to the �xed position. By repeatingthis

processincrementally, all vertex positionscanbediscovered. In essence,thisprocedureintegratesthe

diVerentialchangesspeci�edby eachdeformationgradientover themeshandthe�xed vertex serves

astheconstantof integration.

This procedure is a discrete version of the methodproposedby Barr [1984] to recover global

positionsfrom a locally speci�eddeformation. As Barr notes, it is valid only if the deformation

gradientsare the gradientsof someglobalmappingof the domain. Thisconditionis necessary for

pathindependencewhenthediVerentialchangesareintegratedoverthemesh.If thisconditionisnot

met,thedeformationgradientswill beinconsistentandtherecoveredvertex positionswill dependon

theparticularsetof edgeschosenin the integrationprocedure. Themeshwill have artifactswhere

partsof it do not “meetup” becauseneighboringverticeswere recoveredusingdiVerentpaths. The

deformationgradientsin Sareaconsistentrepresentationof thesourcedeformationbecausethey are

computedfrom adeformedsourcemesh.However, they aremostlikely inconsistentwith respectto

thetargetsincethetargettrianglesdiVerfromthoseof thesourcein sizeandshape.For largemeshes,

numericalprecisionpreventsanaccuratereconstructionevenwhena consistentsetof deformation

gradientsissuppliedbecausesmallerrorsarecompoundedastheintegrationprocedureworksacross

themesh.Thus, reconstructionartifactsareunavoidablewith thisalgorithm.

3.3.2 Optimization

In orderto accurately recoveradeformedtargetmesh,all verticesmustbesolvedfor simultaneously

ratherthanoneatatime. Optimizationprovidesaframework to perform thiscomputationin away

thatpreventsprecisionerror fromaccumulatinganddistributeserror dueto inconsistentdeformation

gradientsthroughoutthe meshratherthan concentrating it in one place. Sincethe deformation

gradientsin S are inconsistentwith respectto the target referenceposeT, there is no deformed

target ~T whosedeformationgradientsperfectly matchthosein S. Thus, we treatS asthe setof

idealdeformationgradientsandde�ne anew setT = f T1 : : : TjTjg of actualones. Theoptimization

procedure �nds thevertex positionsof ~T thatde�ne thesetof deformationgradientsT whichareas

closeaspossible to the idealonesin S. Thiscomputationisexpressedby minimizingthediVerence
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betweenthematricesspeci�edin SandT:

min
ṽ1:::ṽn

mX

j =1




 Sj � Tj




 2

F :

subjectto ṽk = c:

(3.13)

SinceeachTj , j 2 1: : : m, canbeexpressedin termsof thedeformedtargetverticesṽ1 : : : ṽn using

Equation3.11, the minimizationis over thesedeformedvertex positions. Thematrixnorm k�kF is

theFrobeniusnorm, or thesquare root of thesumof thesquaredmatrixelements. In theobjective

function,thisnorm evaluatesto zerowhenTj is equalto Sj . Thus, minimizingthe sumover all j

�nds themesh~T whosedeformationgradientsareascloseaspossible to theidealones. Because,as

discussedearlier, deformationgradientsareinvariantto translation,therearein�nitely many solutions

to thisoptimizationwhichadmitthesameminimum: all translationsof oneoptimalsolutionarealso

optimal.Theconstraintṽk = c �xes thepositionof onevertex andmakesthesolutionunique.

In thegeneralcasewherethesourceandtargethavediVerenttopologies, thecorrespondencemap

M indicateswhichtrianglesof thesourceandtargetshoulddeform similarly. It allowsusto properly

relatethedeformationgradientsin Sto thosein T eventhoughjSj 6= jTj:

min
ṽ1:::ṽn

jM jX

j =1




 Ssj � Tt j




 2

F :

subjectto ṽk = c:

(3.14)

Thismodi�ed objective functionsumsover eachpairof correspondingtrianglesspeci�edin M .

Solvingthisoptimizationproblem �nds thedeformedtargetverticesṽ1 : : : ṽn suchthat eachtarget

triangle hasdeformedassimilarly aspossible to thecorrespondingsourcetriangle or triangles. This

formulationallows transfer betweenmesheswith diVerent topology sincethe correspondencemap

canencodethe propertriangle associations. If one target triangle correspondsto several source

triangles, theminimizederror will includethesumof thenorm of thediVerencebetweenthetarget

deformationgradientandall correspondingsourcegradients. The resultwill alwaysbethe overall

bestsetof verticestakinginto accountall correspondences.
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3.3.3 ReconstructionError

Whentheidealdeformationgradientsprovideaconsistentrepresentationofdeformationwith respect

to T, the optimizationprocedure �nds a deformed target shape where eachtriangle’s changein

orientationandstretchexactly matchestheidealspeci�cation.For example,if wetransfer thesource

deformationgradientsbackonto thesamesourcereferencemeshsothatT = S, thendeformation

transferperfectly recoversthedeformedsourcesuchthat ~T = ~S. If theper-trianglegradientsin Sare

not consistentwith respectto T, thenno deformedtargetmeshexistswhosedeformationgradients

in T matchthosein Sexactly. In thiscase,theidealdeformationisonly approximated.Theminimum

foundwill beapositivenumberthatrepresentstheerror incurredwhenreconstructingthedeformed

mesh~T from thesetof sourcedeformationgradientsS.

Thisvalue,calledthe reconstructionerror, indicateshow well eachtargetdeformationgradient

matcheseachcorrespondingsourcedeformationgradient. However, sincethe targetdeformation

gradientsare found via a leastnorm QR formulation and the source are computedby explicitly

modelingthe perpendicularspace,the reconstructionerror will alwaysbehigh. The optimization

correctly �nds thevertex positionsthatdeterminethein-planetransformationof eachtargettriangle,

but it hasnocontroloverthetransformationof theperpendicularspace.Asaresult,theperpendicular-

spacecomponentnevermatches. Thefoundvertex positionsof thedeformedtargetshapearecorrect

since,by de�nition, eachtargettriangle formsaplaneandthetransformationof spaceperpendicular

to thisplanehasnoeVectonthetriangle’svertices. However, thevalueof theobjectivefunctionatthe

minimumisdiYcult to interpretwhenit includestheperpendicular-spaceerror andisnotanaccurate

measureof thesuccessor failureof thetransferprocedure. Wecaneliminatetheperpendicular-space

error in orderto obtainamoremeaningful measure.

Thiserror iseliminatedbymodifyingthesourcedeformationgradientsto includeonlycomponents

that transform the planeof the correspondingtarget triangle. Whenthe meshesare in one-to-one

correspondence(Equation3.13), thesourcedeformationgradientSj for trianglej isappliedto theedge

vectorsof theundeformedtargettrianglej viaSj Wj . Theoriginalundeformedtargettriangleandthis

new deformedonecapturetheportion of Sj thatactsonthetargettriangle’splane.Thus, computing

the leastnorm deformationgradientfor thisundeformed/deformedpairusingEquation3.11yields

a new sourcedeformationgradientS0
j specialized for the planeof target triangle j . The complete

equationis:
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S0
j = Sj Wj R� 1

j Q>
j � = Sj Pj : (3.15)

Whenthecorrespondencemap isused(Equation3.14), theindicessj andt j aresubstituted:

S0
sj

= Ssj Wt j R� 1
t j

Q>
t j � = Ssj Pt j : (3.16)

ThematricesPj = Wj R� 1
j Q>

j � andPt j = Wt j R� 1
t j

Q>
t j � selectonly thecomponentsof Sj andSsj ,

respectively, that transform theplaneof thetargettriangle and�nd theminimum norm solutionfor

theremainderof thematrix.

With thesemodi�cations, the reconstructionerror canbeinterpretedasa measure of how well

the sourcedeformation is transferred to the target. Lower reconstruction errors indicatethat the

sourcedeformationgradients, whenmappedthroughthecorrespondence,providealargelyconsistent

speci�cationof deformation. In this case,the deformed target is expectedto mimic the source

deformationfaithfully. If the reconstructionerror ishigh,thedeformedtargetpoorly approximates

thesourcedeformationandartifactsareexpected.

3.4 Numerics

Theoptimizationproblemin Equation3.14iswritten in anintuitiveway. Theobjectivefunctionsums

the diVerencebetweenthe deformationgradientsof eachpair of correspondingsourceandtarget

triangles. Minimizingthis sum�nds a deformedtargetshapewhosedeformationgradientsmatch

thecorrespondingonesof thesourceasclosely aspossible. However, whilethisformulationprovides

intuitionabouttheproblem,it doesnotlenditselftoaneYcientsolution.Thus,weexploitthelinearity

of thedeformationgradientrepresentationto rewrite theobjectivefunctionasalinearsystem.In this

form, wecanapply themanifold techniquesfrom linearalgebrato solvethesystemeYciently.

3.4.1 Linearity

Theobjectivefunctionminimizedby deformationtransferisbasedontheper-triangletargetdeforma-

tion gradients. Equation3.11relatesthesegradientsto theundeformedanddeformedmeshvertices.

Theundeformedverticesv1 : : : vn areusedto build Wj (whichisthenfactoredinto Qj � Rj ) andthe
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deformedvertices̃v1 : : : ṽn determineW̃j foreachtrianglej . Eachmatrixelementin thedeformation

gradientTj isalinearfunctionof thedeformedverticesṽ1 : : : ṽn. Sincetherelationshipbetweenthe

deformationgradientsandthedeformedverticesislinear, it canbeexpressedasalinearsystem.This

allowsusto developalinearoperatorfor atargetmeshwith n verticesandm trianglesthatmapsthe

deformedverticesto theper-triangledeformationgradients. Inverting thisoperatorin aleastsquares

senseprovidesanequivalentformulationof deformationtransfer. To derive theseformulas, we �r st

packall deformedverticesandall deformationgradientsinto two tall columnvectors.

Thedeformedverticesṽ1 : : : ṽn arestackedinto one3n � 1 columnvectorx:

x1 =

2

6
6
6
6
6
6
4

x1

x2
...

xn

3

7
7
7
7
7
7
5

x2 =

2

6
6
6
6
6
6
4

y1

y2
...

yn

3

7
7
7
7
7
7
5

x3 =

2

6
6
6
6
6
6
4

z1

z2
...

zn

3

7
7
7
7
7
7
5

x =

2

6
6
6
4

x1

x2

x3

3

7
7
7
5

: (3.17)

Thus, x1, x2, andx3 are eachn � 1 columnvectorscontainingthe x-, y-, andz-coordinatesof the

vertices, respectively. The3n � 1columnvectorx stacksall threesothatthex-coordinatescome�r st,

they-coordinatessecond,andthez-coordinatesthird.

Similarly, all deformationgradientsT1 : : : Tm areunrolledandstackedinto one9m � 1 column

vectorf :

f1 =

2

6
6
6
6
6
6
4

T1(1; :)>

T2(1; :)>

...

Tm(1; :)>

3

7
7
7
7
7
7
5

f2 =

2

6
6
6
6
6
6
4

T1(2; :)>

T2(2; :)>

...

Tm(2; :)>

3

7
7
7
7
7
7
5

f3 =

2

6
6
6
6
6
6
4

T1(3; :)>

T2(3; :)>

...

Tm(3; :)>

3

7
7
7
7
7
7
5

f =

2

6
6
6
4

f1

f2

f3

3

7
7
7
5

:

(3.18)

ThenotationTj (k; :) indicatesthekth row of Tj , whichisa1 � 3 row vector. Thus, f1 isa3m � 1

columnvectorwhose�r st threeentriesare the threeelementsin the �r st row of T1, secondthree

entriesare thethreeelementsin the�r st row of T2, andsoon. Thevectorsf2 andf3 arebuild in the

samefashionandstackthesecondandthird rowsof thedeformationgradients, respectively. Finally,

f isa 9m � 1 columnvectorcontainingall unrolledandconcatenateddeformationgradientsin the

prescribedorder.
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Giventhesede�nitions, thecalculationTj = W̃j R� 1
j Q>

j � for j 2 1: : : m canbereplacedby the

linearsystem:

Gx = f : (3.19)

The linearoperator G is a 9m � 3n matrixwhosecoeYcientsdependon the targetreferencepose

verticesv1 : : : vn andcomefromtheR� 1
j Q>

j � term in Equation3.11. G issparsewith arepeatedblock

structure:

G =

2

6
6
6
4

A

A

A

3

7
7
7
5

: (3.20)

The3m � n submatrixA issparsewith threenonzeroentriesin eachrow. ExpandingEquation3.19

revealsthatA multipliesx1, x2, andx3 to givef1, f2, andf3:

2

6
6
6
4

A

A

A

3

7
7
7
5

2

6
6
6
4

x1

x2

x3

3

7
7
7
5

=

2

6
6
6
4

f1

f2

f3

3

7
7
7
5

: (3.21)

Thisstructureindicatesthatthecomputationisseparablein thespatialdimension.Individualequations

(i.e.,rowsof G) involveonly thex-coordinates, only they-coordinates, or only thez-coordinatesand

never mix the coordinatestogether. Eachapplicationof A mapsthe x-, y-, or z-coordinatesto the

�r st,second,or third rows(in vectorizedform) of thedeformationgradients. Theseparabilityallows

usto de�ne the n � 3 matrixX = [x1 x2 x3] andthe 3m � 3 matrixF = [f1 f2 f3] andwrite

Equation3.19in amoresuccinctform:

AX = F: (3.22)

Deformation transfer dealswith the casewhere the source deformation gradientsare already

known but thedeformedtargetverticesare not. If we assumeagainthat thesourceandtargethave

thesametopology, andusethesetof sourcedeformationgradientsS = f S1 : : : SjSjg to build F, then

Equation3.22expressesdeformationtransferasasystemof linearequations. A isbuild fromthetarget

referenceposeT andX containstheunknown verticesof thedeformedtarget ~T. Solvingthissystem

for X �nds ~T. Figure3-6showshow to setupthelinearsystemAX = F in thiscase.Whenthesource

andtargetmesheshave diVerent topologies, only bookkeepingchangesare requiredto incorporate
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Figure3-6: LinearSystemConstructionfor IdenticalTopology. If thesourceandtargethaveidentical
topology with n verticesandm triangles, thelinearsystemAX = Fin Equation3.22hasthestructure
shown above. Eachtarget triangle j 2 1: : : m contributes3 rows to A. Theentriesin theserows
are the valuesthat multiply the deformedtargetverticesin T j = W̃j R� 1

j Q>
j � (Equation3.11). The

coeYcientsin thethreerowsfor trianglej areshown,wherethe6elementsof the2� 3matrixproduct
R� 1

j Q>
j � are representedby the symbolsa, b, c, d, e, andf . Sincethis triangle hasvertex indices

f i1; i2; i3g, thecoeYcientsareenteredinto columnsi 1, i2, andi3. Eachgroupof threerowsof the
matrixFcontainsthetransposedsourcedeformationgradientS>

j thatrepresentstheidealdiVerential
changeof targettriangle j .

65



PSfragreplacements

vi 1

vi 2

vi 3

PSfragreplacements̃vi 1
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i 1

—
3j + 2 c f (� c � f ) :

—ṽ>
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Figure 3-7: Linear SystemConstruction for DiVerent Topologies. If the source andtarget have
diVerenttopologies, thelinearsystemAX = F in Equation3.22hasthestructureshown above. Each
pair j 2 1: : : jM j of correspondingsourceandtarget triangle indicesin the map M contributes3
rowsto A. Theentriesin theserowsare thevaluesthatmultiply thedeformedtargetverticesin the
equationTt j = W̃t j R� 1

t j
Q>

t j � . ThecoeYcientsin thethreerowsfor pairj , (sj ; t j ), areshown,where

the6elementsof the2� 3matrixproductR� 1
t j

Q>
t j � arerepresentedby thesymbolsa, b, c, d, e, andf .

Sincetrianglet j hasvertex indicesf i1; i2; i3g, thecoeYcientsareenteredinto columnsi 1, i2, andi3.
Eachgroupof threerowsof thematrixF containsthecorrespondingtransposedsourcedeformation
gradientS>

sj
thatrepresentstheidealchangefor targettriangle t j .
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thecorrespondencemap M into theconstructionof A, X, andF. Figure3-7describesthesechanges.

Subsequentequationsdo not diVerentiatebetweentheconstructionfor one-to-onecorrespondence

andtheconstructionusingM but arevalidfor both.

3.4.2 Solution

SinceA hasmorerowsthancolumns, thelinearsystemin Equation3.22isoverdetermined.Thisfact

re�ectstheconsistency requirementdiscussedin Section3.3: for anarbitrary (inconsistent)setof ideal

deformationgradients, there isno deformedtargetmeshwhoseactualdeformationgradientsmatch

them.However, we�nd themeshthatmatchesthemasclosely aspossibleby solvingthelinearsystem

in a least-squaressense.Becausethecomputationisseparable, the least-squaresformulationcanbe

written asthreeindependentoptimizationproblemsfor thecolumnsof X:

min
xi

kAxi � fi k
2
2; i 2 1: : : 3

subjectto ṽi
k = ci

(3.23)

Thenotationṽi
k = ci indicatesthatthei th componentof ṽk isconstrainedto equalthei th component

of c. Equation3.23is equivalentto the summationformulationin Equation3.13if the construction

for identicaltopology isusedor in Equation3.14whenusingtheconstructionfor diVerent topology.

ThemultiplicationAxi computesthetargetdeformationgradientsT = f T1 : : : TjTjg, thesubtraction

Axi � fi subtractsthe actualtarget deformation gradientsand the idealsource ones, and the l2

norm k�k2 performs the functionof both the Frobeniusnorm andthe summation. Althoughthe

computationhasbeenreordered,theobjective functionin Equation3.23(or, moreprecisely, thesum

of thethreeobjectivefunctions)evaluatesto exactly thesamevalueasin thesummationformulation.

Equation3.23describesthreelinearly constrainedquadratic optimizationproblemsthat canbe

solvedseparately, oneby one.Eachsolutionisfoundin two steps. First,theconstrainedoptimization

problemistransformedinto anequivalentunconstrainedone.Then,theminimumisfoundby taking

thederivativeof theobjectivefunctionwith respectto theunknownsandsettingit equalto zero.

Theconstraint ṽi
k = ci isenforcedby treatingtheconstrainedvertex asaconstantratherthana

freevariable. If weassume,without lossof generality, thatk = n sothat theconstrainedvertex has
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index n, thenweform theequivalentunconstrainedoptimizationproblems:

min
x̂i

kÂx̂i � f̂i k
2
2; i 2 1: : : 3: (3.24)

The modi�ed matrix Â is void of columnn andx̂i is void of elementn. The removed columnis

multipliedby the constrainedvalueandsubtractedfrom fi , yieldingf̂i = fi � ci Â(:; n). Although

constrainingone vertex is required in order to resolve the translationinvariance,any numberof

verticescanbeconstrainedin thismanner. Eachconstraintremovesonevariable from xi anddeletes

the columnin A that multipliesit. The resultof this multiplicationis subtractedfrom fi . Vertex

constraintsgive limited controlover the transfer process. For example,in Figure3-14 (Section3.6),

constraintson thehoofsof agallopingcamelareusedto enforcegroundcontact.

Oncetheconstrainedoptimizationproblemhasbeentransformedinto anunconstrainedone,it is

solvedby expandingthematrixnorm in theobjective function,taking thederivative with respectto

xi , andsettingthederivative equalto zero. For notationalsimplicity, thehats(̂ ) are not includedin

thefollowing formulas. All of thematricesandvectorsshould,however, beproperly built to handle

any constrainedvertices.

Expandingthematrixnorm gives

kAxi � fi k
2
2 = (Axi � fi )

> (Axi � fi )

= x>
i A>Axi � x>

i A> fi � f>
i Axi � f>

i fi

= x>
i A>Axi � x>

i A> fi � (f>
i Axi )

> � f>
i fi

= x>
i A>Axi � 2x>

i A> fi � f>
i fi :

(3.25)

Takingthederivative1of thisexpressionwith respectto xi yields

d
dxi

�
x>

i A>Axi � 2x>
i A> fi � f>

i fi
�

= 2A>Axi � 2A> fi : (3.26)

Finally, settingthederivativeequalto zerogivesthenormalequations:

A>Axi = A> fi : (3.27)

1Minka[2000] givesathoroughdiscussionof vectorandmatrixderivatives.
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PSfragreplacements A>AA>A

Figure 3-8: Thenonzerostructure of the matrixA>A for the lion meshfrom Figure3-1is shown on
the left. Themeshhas5,000verticesand9,996triangles. Onevertex constraint is used,soA>A has
dimensions4,999� 4,999. An entry apq in A>A is nonzero if vertex p andvertex q are neighbors
or if p = q. Prior to factorization,A>A is permuted usingMETIS[KarypisandKumar1998] to
reducenonzero�ll-in. BothA>A andthepermutedversion,shown in thecenter, have34,975nonzero
elements. Thelower triangularfactorof theCholeskyfactorization,shown on theright, iscomputed
usingTAUCS[Toledo2003] andhas93,232nonzeroelements. Transferring a sourcedeformationto
thelion involvesperformingbacksubstitutionwith thefactoredmatrixusingaright-handsidederived
from thesource.

A>A isann � n sparsematrix,wheren is thenumberof unconstrainedvertices. An elementapq of

A>A isnonzeroonly if targetverticesp andqareneighborsor p = q.

Care must be takenin order to solve Equation3.27eYciently. BecauseA>A is symmetricand

positive de�nite, we canapply Choleskyfactorizationand then solve for eachright-handsideby

reusingthefactorizationduringbacksubstitution.In fact,sincetheelementsof A dependonly on the

target referenceposeT andcorrespondencemap M , A>A canbefactoredonceandreusedfor any

new sourcedeformation.Thispermitsanentireanimationsequenceto beretargetedeYciently since

thefactoredsystemisreusedto transferthedeformationin every frame.However, nä�vefactorization

will not preserve sparsity in thefactoredsystem.Asaresult,apermutationalgorithmmustbeused

in order to reducenonzero �ll-in. Botsch,Bommes, andKobbelt[2005] discussthe performanceof

possible matrix reorderingsaswell asmany practicalissuesrelatedto solvingsparselinearsystems.

Thenonzerostructure of A>A before andafterpermutationaswell asits lower triangularfactorfor

thelion meshin Figure3-1isshown in Figure3-8.

I have experimentedwith three direct sparsematrix solvers includingUMFPACK v4.1 [Davis
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2003], PARDISOincludedwith IntelMKL v7.1[Intel2004], andTAUCSv2.2[Toledo2003]. UMFPACK

performsLU-decomposition,whilePARDISOandTAUCSperformCholeskyfactorization.COLAMD

[Davisetal.2004] isusedfor �ll-r educingreorderingwith UMFPACKandMETIS[KarypisandKumar

1998] isusedfor reorderingwith PARDISOandTAUCS. In my informalexperience,all threepackages

show comparable performance.A recenttechnicalreport by Gould,Hu, andScott[2005] providesa

formalcomparisonof theseandothersparsedirectsolvers.

3.5 Analytic Derivation

An appropriatespeci�cationof deformationis essentialto the successof deformationtransfer. The

choiceto usedeformationgradientsis motivatedby their applicationin continuum mechanicsto

representlargedeformationsthat includeboth rigid rotationandnon-rigid stretching. An approx-

imationof the deformationgradienttensor�eld on the surfaceof a meshavoidsthe drawbacks of

simplicialdissection.Sincethe source deformation gradientsare inconsistentwith respectto the

targetshape,reconstructingtheCartesianrepresentationof a meshfrom themodi�ed deformation

gradientsisnaturally expressedasavariationalproblem in orderto copewith the inconsistenciesas

well aspossibleprecisionerrors.

In contrastto avariationalformulation,meshrepresentationsbasedon equationsin strongform

producesuccessful resultsfor mesheditingandinterpolation.In thesemethods, theLaplaceequation,

thePoissonequation,or the�r standsecondfundamentalformsarediscretizedonthemeshandsolved

to generateaneditedor interpolatedresult(Section2.1.2). Acloserconnectionbetweenthesemethods

anddeformationgradientsisdiscoveredby consideringthecontinuousanalog of the reconstruction

problemusedin deformationtransfer.

ThefunctionU : R3 ! R3 de�nedin Equation3.1mapspointsof anundeformedsurface
 to

theirdeformedpositions. Thedeformationgradienttensor�eld @U
@p iswritten as

@U
@p

=

2

6
6
6
6
4

(r U1)>

(r U2)>

(r U3)>

3

7
7
7
7
5

; (3.28)

where thegradientsof the threecoordinatefunctionsU1, U2, andU3 form the rowsof thematrix.
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The deformationtransfer reconstructionproblem for identicalconnectivity in Equation3.13canbe

rewritten in continuousform yielding:

min
U

ZZ
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F

: (3.29)

Thesumover eachtriangle in the original equationis replacedby an integral over the surface. At

eachpointonthesurface,thediVerencebetweenthedeformationgradientanda“guidancefunction”

expressedasamatrixcomposedof thethreerowss>
1 , s>

2 , ands>
3 iscomputed.Theguidancefunction

correspondsto thesourcedeformations. Boththedeformationgradientandguidancefunctionvary

with positionon thesurface.Equation3.29 isequivalentto

min
U

ZZ




�
kr U1 � s1k2

2 + kr U2 � s2k2
2 + kr U3 � s3k2

2

�
; (3.30)

wheretheFrobeniusnorm of thematrixisreplacedby thesumof theEuclideannormsof threevector

expressions. Sinceeachof thethreetermsin thesummustbepositive,theentireexpressionachieves

itsminimum whentheindividualtermsareminimized:

min
U

ZZ




kr U1 � s1k2
2 min

U

ZZ




kr U2 � s2k2
2 min

U

ZZ




kr U3 � s3k2
2 : (3.31)

Thisdecompositionisexpectedsinceweknow theproblemisseparablein thethreespatialdimensions.

Eachof thesevariationalproblemshasacorrespondingstrongform [Weinstock1974]:

r 2U1 = r � s1 r 2U2 = r � s2 r 2U3 = r � s3; (3.32)

where constraintsin theoriginal formulation(Equation3.13) serve asDirichletboundary conditions

on thepartial diVerentialequations.

Thisderivationdemonstratesthat the deformationgradientreconstructionproblem canbe re-

formulatedasa Poissonequation. The Laplacianof the deformationcoordinatefunctionsmakes

up the left-handsideand the divergenceof the guidancefunction comprisesthe right-handside.
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Mesh Vertices Triangles
Horse 8,431 16,843
Camel 21,887 43,814
Cat 7,200 14,410
Lion 5,000 9,996
Face 29,299 58,836
Head 15,941 31,620
Flamingo 26,907 52,895
Elephant 42,321 84,638

Table 3.1: The numberof vertices
andtrianglesfor themeshesusedin
theexamples.

Example
Permutation& Per-pose
factorization computation

Horse/Camel 0.435s 0.088s
Cat/Lion 0.072s 0.024s
Face/Head 0.693s 0.102s
Horse/Flamingo 1.781s 0.111s
Horse/Elephant 3.593s 0.190s

Table 3.2: Timing resultson a 3.2GHz Pentium IV
machine.Thesecondcolumnincludesthe precom-
putationtimetopermuteandfactorA>Aandthethird
columnincludesthetime to computeA> fi andsolve
for xi , i 2 1: : : 3, usingbacksubstitution.

A comparisonwith Equation2.2 suggestsan equivalencebetweendeformation gradientsandthe

Poissonmeshediting method [Yu et al. 2004; Xu et al. 2005]. Understandingthe preciserela-

tionshipaswell asany connectionsto other meshalgorithmsmay leadto improvementson both

sides.

3.6 ResultsandDiscussion

To demonstrateboththesuccessandlimitationsof deformationtransfer, I presentresultsin avariety

of situations. Examplesincludethe transfer of key posesthat are primarily kinematicin nature as

well asthe oppositeextremeof completely non-rigid deformations. Posetransfer naturally extends

to animationby transferring thedeformationexhibitedin eachframe.I challengethetechniquewith

charactersthatare more dissimilarwhere forminganadequatecorrespondenceisdiYcult. Finally, I

show thatdeformationsthatdependon �ne-scalesurfacedetailsarepoorcandidatesfor my method.

Table3.1listsgeometricinformationabouteachmodel,andTable3.2givestimingresultsfor each

example.Noneof thesourceandtargetmeshesin theseexamplessharethesamenumberof vertices,

triangles, or connectivity. Deformationtransfer is extremely fast. For example,in the horse/camel

transfer, thecamelmeshhas21,887verticesyieldinga21,886� 21,886normalequationsmatrix(with

onevertex constraint). In thiscase,reorderingandCholeskyfactorizationrequires0.435secondsand

solvingfor eachretargetedposetakesonly 0.088secondsona3.2GHzPentiumIV machine.
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Figure3-9: Deformationtransfercopiesthedeformationsexhibitedby asourcemeshontoadiVerent
targetmesh.In thisexample,deformationsof thereferencehorsemesharetransferedto thereference
camel,generatingseven new camelposes. Bothgrossskeletalchangesaswell asmore subtleskin
deformationsaresuccessfully reproduced.
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Figure3-10: Catposesretargetedontoalion.

3.6.1 Kinematic Poses

Figure3-9showsdeformationsof ahorsetransferredontoacamel.Thereferencehorsemesh,shown

in thegray box, isdeformedinto sevenkey poses. Thekey posesare primarily kinematicin nature,

althoughthey alsoincludemoresubtleskin deformationslikestretchingnearthejoints. Theinput to

thealgorithmisthereferencehorsemesh,thesevendeformedhorseposes, thereferencecamelmesh,

andthe correspondencebetweenthe two referencemeshes. Given this data,deformationtransfer

generatessevennew camelposesby transferring the sourcedeformationsonto the referencecamel

mesh. Both the grossskeletalchangesaswell asthe more subtleskin deformationsare faithfully

reproduced.Figure3-10demonstratesa similarsetof deformations. Here, key posesof a catare

retargetedontoalion. Evenextremechangeswherethecatliesdown andcurlsitsbodyareperfectly

matchedby thelion.
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Figure 3-11: Deformationtransfer copiesthe changein shapefrom the sourceto the targetandthus
requiresmatchingreferenceposes. If thepostureof thereferencemeshesdoesnot match,theresult
isunnaturally distorted.Thesametransferwith matchingmeshesisshown in Figure3-9.

Sincedeformation transfer copiesthe change in shape inducedby the deformation, the source

andtarget referencemeshesshouldhave the samekinematicposewhenskeletaldeformationsare

retargeted.If transfer isappliedto referenceposesthatdonot match,theresultsareundesirable and

distorted,asdemonstratedin Figure3-11. Thisexampleincludesthesamesevensourceposesasshown

in Figure3-9 but replacesthe sourcereferenceposewith onein whichthe horse’s legsare bentand

tail, body, andneckare arched. Theoutput camelposesare unnaturally distorted. Thisrestriction

limitstheapplicabilityof deformationtransfer to caseswherematchingkinematicposesof thesource

andtargetare available. However, in many cases, the sourceposesare generatedvia someform of

rigging. Thesourcemeshcanbereposedusingtherigging controlsto matchthepostureof agiven

targetshape.Sourcedeformationscanthenbecopiedontothetarget.

3.6.2 Non-rigidDeformations

WhilethedeformationsinFigures3-9and3-10areprimarilyskeletalinnature,Figure3-12demonstrates

theeVectivenessof deformationtransferon non-rigid deformations. Here,thehorsecollapsesasif it

weremadeof arubbersheet.Its legsbuckleanditsentirebodyfallsto theground,foldingon top of

itself.Thedeformationsaretransferredto thecamel,anditsbodybucklesandcollapsessimilarly.

InFigure3-13, facialexpressionsofarealperson,acquiredwith a3dscanningsystem,aretransferred

onto a digital character. A greatdealof expressiveness—especially aroundthe eyesandnose—is

capturedandadaptedto thetargethead.Thistypeof transfer mightbeusedwhenadigital stand-in

mustreplacearealactor, or to map thefacialexpressionsof avoiceactorontoananimatedcharacter.
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Figure 3-12: Thehorsedeformation,collapsingasif it were madeof a rubbersheet,is transferredto
thecamel.
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Figure3-13: Scannedfacialexpressionsareclonedontoadigital character.
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Figure 3-14: An entire animationcanberetargetedby transferring thedeformationin eachframeto
thetargetshape. In thisexample,sixframesfrom alongerhorsegallopanimationare transferredto
the camel. Becausedeformationtransfer is linear, temporal consistency in the sourcedeformation
yieldsatemporally coherentoutputanimation.
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Sincethescanneddataisin theform of facemasksandthetargetmeshconsistsof anentireheadand

neck,the mappingbetweenthe sourceandtarget trianglesis not onto. Only a subsetof the target

triangles(thoseof the front of the face)are listedin the correspondence.The deformationof the

remainingtargettrianglesisminimizedby mappingthemto theidentitymatrix.

3.6.3 Animation Retargeting

Deformationtransfercanalsoretargetdeformationsthatvary continuously throughtime. Figure3-14

showsagallopgait transferredfrom thehorseto thecamel.An animationof thecollapsingmotion

from Figure3-12is alsotransferred to the camel. In order to resolve the globalpositioningof the

camelover time andto enforcefoot/groundcontact,I extractedthepositionsof onevertex on each

foot of thehorseover time,performedanoverall scalingto bettermatchthelargersizeof thecamel,

andaddedvertex constraintsto matcha vertex on eachcamelfoot to thesepositions. Deformation

transfer thencopiesthehorsedeformationonto thecamelwhilesimultaneously satisfyingthevertex

constraints. Becausedeformationtransfer is a linearoperation,temporal consistency of the source

animationandvertex constraintsresultsin atemporally coherenttargetanimation.

The useof constraints in animationretargetingbringsup anotherlimitation of deformation

transfer. Theoptimizationproblemisuniqueupto aglobaltranslationandrequiresatleastonevertex

positionto bespeci�edby the user. Whenretargetingonly key poses, asin Figures3-9 and3-10, it

is easyto resolve the globalpositionby �xing onevertex in place. However, whenretargetingan

entireanimationsequence,thepositionmustbespeci�edateachpointin time. Apositionalconstraint

speci�edonlyduringselectedintervals(suchasduringgroundcontact)will resultin “popping”artifacts

whenthe constraint becomesactive. Sincethe overall shapeof the horseandcamelis similar, it is

easyto deriveappropriateconstraintsfor thecamelby aglobalscalingof thehorsemesh.But,if two

mesheshavevery diVerentproportions, it may bemorediYcult to formulateanacceptableconstraint.

Oneapproachto this problem is to directly addressthe temporal dimensionin the retargeting

processin order to enforce temporal coherenceaswell asreducethe global positioningproblem

to the speci�cationof positionalconstraintsonly during key eventssuchasfoot/ground contact.

Gleicher[1998b] usesthisapproachto retargetskeletalmotion to new skeletonswith diVerentbone

lengths. However, a formulationof deformationtransfer asan optimal trajectory problem would

increasethenumericalcomplexity of theoptimizationconsiderably.
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3.6.4 DissimilarCharacters

I designeddeformationtransfer for thecasewhere there isaclearsemanticcorrespondencebetween

thesourceandtarget.Anatomically similarmesheshaveanobviousmapping(i.e.,legsto legs, headto

head,etc.). I challengethisassumptionby mappingthehorseposesontomoredissimilarcharacters.

Figure3-15showstransfer ontoa �amingo mesh.Thecorrespondenceisambiguousasthe�amingo

hasonly two legs, no tail, anda beak. I map the �amingo’s legsto the horse’s front two legs, the

�amingo’sbodyto theentirehorse’sbodyincludingits tail,anditsbeakto thehorse’shead.Building

thismappingpushesthe limits of thecorrespondencesystemdescribedin Chapter4. But,oncethe

correspondencehasbeenadequatelyspeci�ed,the�amingofaithfullydeformslikethehorse.However,

a real �amingo’s hipsbendin the oppositedirectionof a horse’s front hips, which demonstratesa

reasonwhy deformationtransferbetweenanatomically diVerentmeshesmay not beappropriate.

In Figure3-16, I transfer thehorseposesontoanelephantmesh.Althoughthehorseandelephant

are both quadrupeds, both the grossshapeandthe topology of the two meshesare quitediVerent.

Theelephanthasenormousears, a longcurvedtrunk,and�v e timesasmany verticesandtriangles.

For thisexample,adiVerentmethodisusedto computethetriangleassociations[Kraevoy andSheVer

2004]. Aswith the�amingo, oncethepropercorrespondenceisspeci�ed,thetransferalgorithmworks

well. Althoughthe generatedelephantdeformationslook plausible, the horse/elephanttransfer

demonstratesthattheformulationdoesnot preventself-intersections. In the�fth andseventhoutput

poses(enlargedin Figure3-17), theelephant’strunk intersectsits leg.

3.6.5 Detail-DependentDeformations

Whenthenatureof thesourcedeformationishighly dependentonspeci�cdetailsof thesourceshape

thatarenot presentin thetarget,deformationtransfer performspoorly. Considerthe2d examplein

Figure3-18. Thereferencesourceshapeis“in�ated” to form acircle.Whenthisdeformationistrans-

ferredto asimilarbut diVerenttargetshape,theresultlooksnothinglike in�ation. Figure3-19shows

ananalogousexamplein 3d. In thetop row, thecatmeshis in�ated usinganonlinearalgorithmthat

attemptsto makeevery portionof themeshlocally as�at aspossible. Themiddlerow showstheresult

of deformationtransferonto thelion mesh.Thelion meshincreasesin sizeandseemsto in�ate, but

doesnothavetheballoon-likecharacteristicsof thesourcedeformation.Thelion’sfeetbecomeoverly
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Figure 3-15: Horseposesmappedonto a �amingo. Thecorrespondenceis lessobviousbecausethe
�amingo hasonly two legs, no tail,andabeak.
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Figure 3-16: Horseposesmappedonto anelephant.Theelephant’senormousearsandtrunk make
thecorrespondencediYcult.

Figure3-17: The�fth andseventhoutputposesfromFigure3-16areenlargedto show thatdeformation
transferdoesnot preventself-intersections.
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distorted,andotherpartsof thebodyhaveanexaggeratedangularappearance.Runningthenonlinear

in�ation deformerdirectly on thereferencelion meshyieldsaresulttruerto thesourcedeformation.

In bothFigures3-18and3-19, deformationtransferfailsbecausethenatureof thedeformationdepends

on �ne scalesurfacedetailsof the mesh. SincethesedetailsdiVer betweenthe sourceandtarget,

directly transferring thechangein sourceshapeto thetargetdoesnot producethedesiredresult.

Deformed Source Reference Target Deformed Target
(Output)

Reference Source

Figure3-18: The2d sourceshapeisin�ated to form acircle.Whenthedeformationistransferredonto
adiVerenttargetshape,thedeformedtargetdoesnot appearin�ated.
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Output from deformation transfer.

Output from nonlinear in¯ ation deformer.

Figure3-19: (Top) Thecatmeshis in�ated usinganonlinearin�ation deformer. (Middle) Whenthese
deformationsaretransferredto thelion mesh,theoutputappearsdistortedanddoesnot capture the
balloon-likenature of the sourcedeformation. (Bottom) Applying the nonlinearin�ation algorithm
directly to thelion meshreproducesthecharacteristicsof thesourcedeformationmorefaithfully.
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Correspondence 4
DiVerent characters createdfor computeranimationrarely share the samemeshtopology. Some

meshesrequire a �ne tessellationin order to representsmallgeometricfeatures, while others use

trianglesmore sparingly to encode�atter regions. Furthermore, largescalediVerencesmay exist in

thegrossanatomicalstructureof two characters. Becauseof thesediVerences, correspondenceisan

integralcomponentof thedeformationtransferalgorithmdescribedin thepreviouschapter. Reusing

existinganimationsonnew charactersrequiressomeway to relatethemeshstructureofonecharacter

to the structure of another. In this chapter, I discussmy solutionto the correspondenceproblem

whichenablesdeformationtransferbetweendisparatemeshes.

The needfor correspondenceis not uniqueto deformationtransfer. In fact, it stretchesacross

numerousproblemdomainsin computergraphicsandvision.Many applicationsrequireaone-to-one

correspondencein meshstructure andresampleall input meshesto achieve the sameconnectivity.

Theseapplicationsinclude,amongothers, statisticalmodelsof shapevariationin humanfaces[Blanz

andVetter1999; Vlasicetal.2005] or bodyshape[Allenetal.2003; SeoandMagnenat-Thalmann2003;

Seoet al.2003; Allenet al.2004; Anguelov et al.2005], shapeinterpolation[Alexaet al.2000], shape

blending[Kraevoy andSheVer 2004], andtexture anddetail transfer [Praunet al. 2001]. Nonrigid

registrationof 3d scansmust�nd acorrespondencebetweenpointsononescanandpointsonanother

[Anguelov et al.2004]. Multiresolutionemployscorrespondenceto relatedetailcoeYcientsbetween

diVerent levelsof resolutionevenwheneachlevel hasanarbitrary vertex connectivity [Kobbeltet al.
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2000]. Expressioncloning[Noh and Neumann2001] requirescorrespondencebetweena source

andtarget facemesh. In computervision,the correspondenceproblem hasa longhistory ranging

from stereo imaging [ScharsteinandSzeliski 2002] to objectrecognition andretrieval [Berg et al.

2005].

Becausecorrespondenceisaddressedin somany diVerentdomains, thereareavarietyof waysto

approachit. Perhapsthe mostformal methodis a parameterizationof two mesheswith respectto

eachother in the form of a bijective mappingbetweenall pointson onemeshandall pointson the

other. This functionis referred to asa cross-parameterization[Kraevoy andSheVer 2004] or inter-

surfacemapping[Schreineret al.2004]. Techniquesto computesucha bijectionare robust to large

shapediVerencesandrequire little userinput. However, they canonly beappliedwhena bijection

actually exists. Thus, the input meshesmustbemanifold andof thesamegenus. Thisrequirement

restrictsthecandidatesfor deformationtransfer. For example,thecamelmesh(Figure3-9) haspierced

ears, making it genustwo andtherefore incompatible with thehorse. Furthermore,both thehorse

(Figure3-9) andcatmeshes(Figure3-10) have connectivity “errors” that makethem non-manifold.

Unfortunately, topological problemssuchastheseare commonplaceandlimit the applicabilityof

parameterization-basedalgorithms.

Template�tting is a commonapproachto bringmeshesinto one-to-onecorrespondence[Blanz

and Vetter 1999; Allen et al. 2003; Seoand Magnenat-Thalmann2003; Anguelov et al. 2005]. A

single templatemeshis constructedthat approximatesthe featuresof a collectionof meshesnot in

correspondence.For example,if the collectionconsistsof humanfaces, the templatecouldbe a

“generic”facewith grossfacialfeaturessuchaseyes, nose,andmouthbut without detailsspeci�cto

a particular individual. During �tting, a copy of the templateis repeatedly deformedto matchthe

shapeof eachmeshin thecollection.Themeshesarediscardedandreplacedby thedeformedcopies

of the template.Applying sucha procedure in deformationtransfer to bring the sourceandtarget

into one-to-onecorrespondencesimpli�estransfer by obviatingtheneedfor acorrespondencemap.

However, changing the meshstructure may not be an option in practicalsituationsdueto design

requirements. In othercases, template�tting may not beappropriatebecauseof largedisparitiesin

thesourceandtargetmeshshape.For example,in Figure3-13, thesourceisa“facemask”comprising

only thefrontpart of theface,whilethetargetrepresentstheentirehead.Findingacommontopology

for thesetwo mesheswouldbediYcult.
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A diVerent approach�nds a set of discrete correspondencepairs by solvinga combinatorial

optimizationproblem. A probabilisticformulationof thisapproachmaximizesthe joint probability

of all possible matchingpairs of pointsusinga modelbasedon localgeometry andthe proximity

of the matchedpairs [Anguelov et al. 2004]. In computervision,correspondenceswithin images

are foundusingintegerquadraticprogramming[Berg et al.2005], min-cutandmax-�ow algorithms

[Boykov and Kolmogorov 2001], and beliefpropagation [Sunet al. 2003]. The strengthof these

formulationsis their expressiveness. A discrete correspondencecanexpressarbitrary matchings

betweentwo shapesregardlessof topologicaldiVerences. However, combinatorialoptimizationis

diYcult to perform eYciently. For example,integer quadratic programmingis NP-Completeand

domain-speci�cknowledgemustbeincorporatedto �nd anapproximatesolution[Bergetal.2005].

In order to be maximally general, deformation transfer employs a discrete triangle paringfor

correspondence.The correspondencemap M , discussedin Section3.2, associatestrianglesof the

sourceandtrianglesof thetargetby storingpairsof sourceandtargettriangle indices:

M = f (s1; t1); (s2; t2); : : : ; (sjM j ; t jM j)g: (4.1)

A pair (sj ; t j ) indicatesthat the targettriangle with index t j shoulddeform like thesourcetriangle

with index sj . Sinceonly triangle indicesare involved,diVerencesin genusor errors in the vertex

connectivity poseno problem. No restrictionsareplacedon thetypeof mappingthatM represents.

It canbe,andalmostalways is, a general many-to-many mapping. A single target triangle canbe

includedin themappingagainandagain,eachtime pairedwith adiVerentsourcetriangle, andvice

versa.This�e xibility allowsmeshesof diVerentstructureandtessellationto berelatedto eachother.

Whenthesourcecontainsfeatureswhosedeformationshouldnot bereproducedon the target,the

source trianglescanbe left out of the correspondencealtogether. For example,the map usedto

generatethehorse/�amingo transfer in Figure3-15matchesthehorse’sfront legswith the�amingo’s

legsandsimply ignoresthehorse’sbacklegs. Specialsourceindex tagscanbeusedto indicatethata

targettriangleshoulddeform accordingto somecanonicaldeformationgradientsuchastheidentity

transform. Thistechniqueis usedin themap for the face/headtransfer of Figure3-13. Thetarget’s

faceismatchedwith thesourceface,whiletheremainingtargettrianglesthatcomprisetherestof the

headandneckarepairedwith theidentitytransform sothattheirdeformationisminimal.
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A B C

Figure4-1: An overview of thecorrespondencesystem.(A)Theuserselectsmarkerpoints, shown as
yellow circles, onthesourceandtargetcharactersthatindicatematchingfeatures. (B)Usingatemplate
�tting algorithm,the camelmeshis deformedto matchthe shapeof the horsewhile preserving its
originalmeshstructure. (C)Oncethetwo mesheshaveasimilarshape,adiscretecorrespondenceis
computedby searchingfor pairsof sourceandtargettriangleswhosecentroidsarein closeproximity.
Afterselectinganarbitrarycolormapfor thehorsemesh,thediscretemappingisvisualizedbyassigning
eachcameltriangle thecolorof its correspondinghorsetriangle. If a cameltriangle correspondsto
multiplehorsetriangles, only oneisusedfor thevisualization.

While the format of the source/target correspondenceis discrete, the algorithmI proposeto

computeit usesa template�tting procedure to �nd acontinuousdeformationof onemeshinto the

other. The sourceandtargetmeshesplay the rolesof templateanddestinationduring�tting. An

iteratedclosestpointalgorithmwith regularizationcontrolledby userselectedmarkerpoints�ts the

templatemeshto thedestination.In thisprocess, thetemplateretainsitsoriginalmeshstructurebut

itsverticesaremovedsothatitsshaperesemblesthatof thedestination.Thedeformedtemplatemesh

providesanapproximateparameterizationof thetemplatewith respectto thedestinationsinceeach

templatevertex ismappedto apositionin spacenearthedestinationshape.Oncethedeformationis

computed,trianglepairingsin M arefoundby searchingfor templateanddestinationtriangleswhose

centroidsarein closeproximity. Thresholdsondistanceandsurfacepropertiesgiveadditionalcontrol

overthe�nal trianglepairing.Thecorrespondenceprocessissummarizedin Figure4-1. Thetemplate

�tting andtrianglepairingalgorithmsaredescribedin moredetailin thefollowingtwo sections.
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Findingthe correspondencemap for two new characters usingthis procedure is an interactive

processthat requiresaboutonehour of a user’s time. Typically, the userbeginsby addingmarker

pointsat obviousfeaturessuchasthefeet,hands, tail, joints, andface.Onceaninitial setof markers

ischosen,thecorrespondencesystemexecutesthe�tting algorithmandcomputesatentativetriangle

pairing.Theusercanjudgethequalityof theresultingcorrespondencemap by visualizingthepaired

trianglesasin Figure4-1C or by examiningtheresultsof deformationtransfer. Thecorrespondence

of regionsthatexhibitartifactscanthenbere�nedby addingadditionalmarkers.

4.1 Template Fitting

The�r ststagein derivingacorrespondencebetweenthesourceandtargetmeshesisatemplate�tting

procedure that deformsonemesh,calledthe template,to matchthe shapeof the other, calledthe

destination.Therolesof thesourceandtargetastemplateanddestinationareinterchangeable. Either

thesourcemeshisdeformedto matchtheshapeof thetarget,or thetargetisdeformedto matchthe

shapeof thesource. Thechoiceof whichmeshservesastemplateandwhichasdestinationis left to

theuser. In many cases, themeshwith moreverticesmakesamoresuitabletemplatesinceit hasmore

degreesof freedomwith whichto expressdeformation.

Thetemplate�tting algorithmsolvesa minimizationproblem similarto theoneusedfor defor-

mationtransfer, but it is designedto deform onemeshintothe other, ratherthandeforming it like

theotherdeforms. Theusercontrolsthedeformationby supplyinga setof markerpointsspeci�ed

aspairsof templateanddestinationvertex indices. Eachpairindicatesthat thetemplatevertex, after

deformation,shouldmatchthe positionof the destinationvertex. Thesemarkers are enforcedas

constraintsin theminimization.Theobjectivefunctioncontainsoneterm thatenforcesdeformation

smoothness, onethatpreventsoversmoothing,andonethatmovesthetemplateverticesto thesurface

of thedestinationmesh.Thesetermsaresimilarto thoseusedby Allen,Curless, andPopović [2003]

for registeringhumanbodyshapes. However, the optimizationI presentusesthe samenumerical

framework basedondeformationgradientsemployedby deformationtransfer.

Similarto theprocedurefollowedby deformationtransfer in Section3.3, weletT = f T1 : : : TjTjg

bethesetofper-triangledeformationgradientsthatde�nethetemplatemeshdeformation.Deforma-

tion smoothness, ES, indicatesthatthedeformationgradientsof adjacenttrianglesshouldbeequal:
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Here,adj(j ) isthesetof trianglesadjacentto trianglej andjadj(j )j isthenumberofadjacencies. Note

that this term isminimizedwhenthechangein deformationacrossthesurface,andnot thesurface

itself,issmooth.For example,regardlessof thesurfacesmoothness, any aYnetransformationapplied

to all trianglesminimizesES.

Deformationidentity, EI , isminimizedwhenall deformationgradientsareequalto the identity

matrix:

EI =
jTjX

j =1

jjTi � Ijj2F : (4.3)

This term preventsthe optimizationfrom generatinga drasticchangein shape in order to achieve

optimalsmoothness.

Theclosestvalidpoint term, EC , indicatesthat thepositionof eachvertex of thetemplatemesh

shouldbe equalto the closestvalid point on the destinationmesh. Assumingthe templatehasn

vertices, thisterm hastheform:

EC =
nX

i =1

jj ṽi � ci jj
2
2: (4.4)

In this equation,ci is the closestvalid point on the destinationmeshto templatevertex i . When

computingtheclosestvalidpoint, vertex normalsof the templatemeshare comparedwith triangle

normalsof thedestinationmeshandadiVerencein orientationof lessthan90� indicatesavalidpoint.

Thisvaliditytestresultsin bettermatchesin regionssuchasthelipsor �ngerswhereoppositefacing

surfacesarein closeproximity.

Care must be takento implementthe closestvalid point query eYciently sincea nä�ve imple-

mentationthat testsevery triangle greatly retardsthe performanceof the correspondencesystem.

Becausethe validity requirementis binary, it cannotbe incorporatedinto a distancemetric. Asa

result,standard closest-pointalgorithmsare not applicable. I usea grid-basedspatialbinningalgo-

rithm to acceleratethe closestvalid point computation. A 3d grid of �xed resolutionis built that

surroundsboth the templateanddestinationmesh. The trianglesof the destinationmeshare scan

convertedinto thegrid by storingin eachcelltheindicesof all triangleswhoseboundingbox overlaps

the cell. A hashtable allows eYcientstorageof the grid contents. To perform a query, a breadth-
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Figure4-2: In orderto perform theclosestvalidpointquery eYciently, thetrianglesof thedestination
mesh,shown on the left, are scanconverted into a 3d grid. Theoccupiedgrid cells, shown on the
right, are representedusingahashtable. A closestvalidpoint is foundby performingabreadth�r st
searchof thegrid datastructurestartingat thequery location.

�r st search over the grid is initiatedat the cell in which the query locationresides. Aseachcell is

encountered in the search, the closestpoint on every triangle whoseindex is stored in the cell to

thequery locationiscomputedandthevalidityof thispoint is tested.If thevalidity testpassesand

the distanceis smallerthanthat foundin previouscomputations, thispoint is storedasthe current

closestvalidpoint. Thesearchcontinuesuntil avalidpoint isfoundandall closertriangleshavebeen

tested. If no valid point existswithin a distancethreshold,the query is rejectedandthe associated

term is removedfrom thesummationin Equation4.4. Figure4-2visualizesthespatial-binningdata

structure.

Thedeformedtemplateverticesṽ1 : : : ṽn arefoundby minimizingtheweightedsumof thethree

termsES, EI , andEC subjectto themarkerconstraints:

min
ṽ1:::ṽn

wSES + wI EI + wCEC :

subjectto ṽtk = mk ; k 2 1: : : m
(4.5)

In thisequation,wS, wI , andwC areweights, tk isthetemplatevertex index for markerk, mk isthe

positionofmarkerk onthedestinationmesh,andm isthenumberofmarkers. Equation4.5isalinearly

constrainedquadraticoptimizationproblem. LikeEquation3.14of deformationtransfer, it resultsin a

linearsystemofnormalequations. Becausethesmoothnesstermcomparesthedeformationgradients

of adjacenttrianglesthatmay not lie in thesameplane,deformationin theperpendiculardirectionis

importantandthefourth vertex formulation[SumnerandPopović2004] shouldbeused.
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Example
Numberof Averagetarget

markers correspondences
Horse/Camel 62 1.155
Cat/Lion 77 1.829
Face/Head 42 2.062
Horse/Flamingo 73 1.131
Horse/Elephant 87 1.060

Table 4.1: This table includesstatisticsaboutthe correspondencecomputationfor the deformation
transfer examplesincludingthenumberof markersusedfor eachsource/targetpair in the template
�tting procedureandtheaveragenumberof sourcetriangleswith whicheachtargettriangle ispaired
in thediscretecorrespondencemap.

The �nal deformedtemplatemeshis found by solvingEquation4.5 repeatedly in two phases.

At theonsetof thecomputation,theclosestvalidpointsare not meaningful sincethe templateand

destinationare not aligned.Thus, in the �r st phase,we ignore the closetvalidpoint term by using

weightswS = 1.0, wI = 0.001, andwC = 0andsolvetheproblemto �nd adeformedtemplatemesh.

Themarkerpointsof the deformedmeshwill matchexactly sincethey are speci�edasconstraints,

andtherestof themeshwill becarriedalongby thesmoothnessandidentityterms. Weusethisinitial

estimationto computea setof valid closestpoints. Then,in the secondphase,we solve the same

problem increasingwC eachtime andupdatingthe closestpointsaftereachiteration. Preserving

wS = 1.0andwI = 0.001while increasingwC in four stepsfrom 1.0 to 5000.0producesgoodresults

in all tests. Eachtime the minimizationproblem is solved, the templatemeshis deformed from

its original undeformedstate. SincewC increases, the templatemeshmore closely approximates

the shapeof the destinationaftereachiteration. Figure4-3shows resultsfrom the template�tting

procedure for examplesusedin deformationtransfer andTable4.1liststhenumberof markersused

in eachexample.

The template�tting algorithmworks bestwhen the templateand destinationare similar in

shape so that �tting requiresonly smalldeformations. The horse/camel,cat/lion, andface/head

examplesin Figure4-3fall into thiscategory andthedeformedtemplatesclosely matchthedestination

shapes. WhensubstantialshapediVerencesexist,more extremedeformationsare requiredto �t the

templateto the destination.The deformationsmoothnessterm (Equation4.2) �ghts againstthese

largedeformationsby favoringonly gradualchangesin shape. For example,in orderto deform the

�amingo modelinto thehorse,the�amingo’s“S”-shapedneckmustbeunbentto matchthehorse’s
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Template mesh Destination mesh
Deformed template

after ®rst phase
Deformed template
after second phase

Figure4-3: Theresultsof thetemplate�tting procedureusedto generatethecorrespondencefor the
horse/camel,horse/�amingo, horse/elephant,cat/lion, andface/headexamplesare shown above.
The�r standsecondcolumnsindicatewhichmeshisusedasthetemplateandwhichasthedestination.
Theyellow circlesaretheuser-selectedmarkerpoints. Thethirdcolumnshowsthedeformedtemplate
afterthe�r stphasewherethesmoothnessandidentitytermsareusedbut theclosestvalidpointterm is
ignored.Thelastcolumncontainsthe�nal resultafterthesecondphaseof �tting wherethetemplate
approximatesthe shape of the destinationmesh. Wireframerenderingis disabled in the lastrow
becausethetessellationof thefacemeshissodensethat it completely obscuresthesurface.
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Figure 4-4: Thetemplate-�ttingcomponentof thecorrespondencesystemprovidesa self-contained
applicationto bringmeshesinto one-to-onecorrespondence.Five scansfrom a databaseof 400are
shown abovein the�r strow. Thesecondrow showsa“facemask”template�tted to eachscan[Vlasic
etal.2005].

straightneck. Many markersalongthe neckare requiredto forcethisunbending.Likewise,in the

horse/elephantexample,theelephant’s longtrunk andbig earsmustbecompressedto conform to

thehorse’shead.

AlthoughI designedthe template�tting algorithmasone componentof the correspondence

systemfor deformationtransfer, it canbeusedin other domainsasa self-containedapplicationto

bringmeshesinto one-to-onecorrespondence.It wasusedin thisway to build two databasesof face

meshesthat includediVerent individualsmakingdiVerentexpressions[Vlasicet al.2005]. A template

“facemask”wasdeformedto matchraw scansacquiredwith a3d scanner. The�r stdatabasecontains

15individualseachmaking 10expressions, for 150meshesin total. Theexpressionsof oneindividual

in the databasecomprisethe sourcedeformationsin Figure3-13. The seconddatabasecontains16

subjectsperforming5visemeseachin 5diVerentexpressions, yielding400meshesin total. Thetop

row of Figure4-4shows�v e raw scansacquiredfor theseconddatabase,andthebottomrow shows

thetemplate�tted to eachscan.
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Figure 4-5: Triangle pairingsare visualizedby selectingarbitrary colormapsfor the sourcemeshes,
shown in thetop row, andassigningeachtriangleof thetargetmeshes, shown in thebottomrow, the
colorof oneof itscorrespondingsourcetriangle.

4.2 Triangle Pairing

Oncethe templatemeshhasbeendeformed to matchthe shape of the destination,the triangle

pairingcomponentof thecorrespondencesystembuildsthemap M by comparingtheproximity and

orientationof trianglesof bothmeshes. Thismethodusesacompatibilitycriterionsimilarto theone

in theclosestvalidpointquery of theprevioussection.Two trianglesarecompatible if theircentroids

arewithin acertainthresholdof eachotherandtheanglebetweentheirnormalsislessthan90� . This

compatibilitytestpreventstwo nearby triangleswith disparateorientation(e.g.,trianglesfrom the

upperandlower lipsof a face)from enteringthecorrespondence.For eachtriangle of thedeformed

template,the pairingalgorithmcomputesthe closestcompatible triangle (if any) of the destination

meshandaddsthepairto thecorrespondencelist. Likewise,for eachtriangle of thedestination,the

algorithmcomputestheclosestcompatible triangle of thedeformedtemplateandaddsthat pair. A

spatialgrid datastructuresimilarto theonedescribedin theprevioussectionacceleratesthedistance

queries. This processbuilds a many-to-many mapping that ensuresall trianglesof both meshes,

subjectto thecompatibilityrestriction,are listedamongthecorrespondences. Sinceboththesource

andtargetmeshescanplay therolesof templateanddestination,theactualorderof thetwo indices

in eachpairmay needto bereversedsothatthesourceindex comes�r standthetargetsecond.

Figure4-5visualizesthecomputedtrianglecorrespondencefor the�v eexamplesinFigure4-3. The

91



This dissertation Kraevoy and She• er [€• • ‚ ]

Figure 4-6: The per-triangle correspondencescomputedusingthe output from my template�t-
ting methodare comparedwith thosecomputedusingthe output from the cross-parameterization
algorithmof Kraevoy andSheVer [2004].

sourcemeshesareshown in thetoprow andthetargetmeshesin thebottom. Anarbitrary colormap

is selectedfor the sourcemeshesandeachtarget triangle is assignedthe color of its corresponding

sourcetriangle. If a targettriangle correspondsto multiplesourcetriangles, only oneisusedin the

visualization.Thewhite region of the headmeshin the bottom right indicatesthat thosetriangles

correspondto nothing.A specialtagis insertedinto thecorrespondencemap for eachwhite triangle

indicatingitsdeformationshouldbeminimal.

Table4.1indicatestheaveragenumberofsourcetrianglesassociatedwith eachtargettrianglein the

correspondencemapsusedby deformationtransfer. Sincethecamel,�amingo, andelephantmeshes

areallmoredetailedthanthehorsemesh,thisaverageiscloseto 1.0indicatingthatthetargettriangles

usually matchonly onesourcetriangle. In the cat/lion andface/headexamples, the target shape

hasfewer trianglesthat thesourceandthe averageis higherbecauseeachtargettriangle frequently

matchesseveral sourcetriangles. The face/headexampleis an extremecaseasthe facemeshhas

roughly twiceasmany trianglesin a muchsmallerarea. Theheadmeshtrianglesfar from the face

havezeromatches, whiletheonesthatcomprisethefacehave,onaverage,3.762matches. Theoverall

averageis2.062.

Becausetemplate�tting is independentof triangle pairing,the triangle pairs canbe computed

usingtheoutputof adiVerent�tting algorithm.Figure4-6comparesresultsfrom my template�tting

procedure to thosefrom the cross-parameterizationalgorithmof Kraevoy andSheVer [2004]. The
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wireframemeshesshow the elephantmeshdeformedby eachalgorithmto matchthe shapeof the

horse. The colored meshesvisualize the resultingper-triangle correspondencemappings. Before

cross-parameterizationcouldbe applied,connectivity errors in the horsemeshhadto be repaired

by handto achieve a manifold mesh. With theserepairs, cross-parameterizationproducesa better

deformedelephantmeshthan my algorithmdue to the signi�cantshape diVerencesbetweenthe

elephantandhorse. However, the triangle pairingsappearsimilarin mostparts of the body. The

horse/elephanttransfer in Figure3-16usesthecorrespondencemap built from theoutputof Kraevoy

andSheVer’stechnique.
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Mesh-Based Inverse Kinematics 5
Characterriggingisatimeconsumingprocessthatrequiresbothartistictalentandtechnicalexpertise.

In striving to makeanimationeasierandmore eYcient,the rigging requirementisexactly whatwe

want to abolish.ThistaskisdiYcult, however, sincerigging playsanessentialrole in theanimation

pipeline.It allowstheuserto vastly reducethedegreesof freedomof ameshandcarefully designa

reducedspaceof meaningfuldeformationsthatincorporatestheuser’ssemanticknowledgeabouthow

thecharactershouldmove. Sincethisspaceencodesthemovementofmeshvertices, I referto it asthe

meshkinematics. Oncethemeshkinematicshasbeendeterminedvia rigging,animatorscanquickly

generatemotionthatbringsacharacterto life.

In contrastto rigging, mesheditingtechniquesallow the userto sculpta mesh’sshapewith no

complex setupor parametertuning.Theintuitiveinterfaceemployedby many editingalgorithmslets

the usermakea broadchangein meshshapeby repositioningonly a few vertices. The remaining

onesarepositionedautomatically to satisfysomegeneralcriterionsuchasdetailpreservation. How-

ever, detailpreservationor othergeneral criteriacannotcapture meshkinematics, sincetheclassof

meaningful deformationsvariesfrom meshto meshandmay evendependon thecontext in whicha

characteris manipulated.Thus, mesheditingmethodsare eVective for sculptingdetailsbut do not

createdeformationsthat respectthe meshkinematics. For example,whenmanipulatinga properly

riggedcharacter’s leg, it will bendonly at theknee,hip, andankle. TheserestrictionsarediYcult to

enforceusingexistingeditingtechniques.
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Example Bend •

Example Bend €

Figure 5-1: A simpledemonstrationof MeshIK. (Toprow) Two examplesare given,shown in green
in theleft column.By�xing onecap in placeandmanipulatingtheotherend,thebarbendslike the
examples. (Bottomrow) If a diVerent examplebendis provided,MeshIK generatesthe new typeof
bendwhenthemeshismanipulated.

I have developedanalgorithmfor posingmeshesthat requiresno rigging controlsor parameter

tuning,providesdirectmanipulationof meshshapeusingtheintuitive interfaceemployedby editing

techniques, andgeneratesdeformationsthatrespectthemeshkinematics[Sumneretal.2005]. When

theuserselectsandpositionsany subsetof meshvertices, my methodproducesameaningful defor-

mationautomatically. Complexposechangesareaccomplishedintuitively by manipulatingonly afew

vertices. Sincekinematicchangesarecreatedviadirectmanipulationof themeshanalogously to tra-

ditionalskeleton-basedinversekinematicsfor posingskeletons, I callthisgeneralproblemmesh-based

inversekinematics, andmy examplesolutionMeshIK.

MeshIK relieson examplesto indicatethe spaceof meaningful deformations. Asanalternative

to characterrigging, which is time consumingand diYcult, and a general objective (e.g.,detail

preservation), which cannotencodesemanticknowledgeabout an arbitrary object’s movement,

MeshIK generalizesuser-providedexamplesto learn themeshkinematics. Usingthelearnedspace,it

generatesnew shapesthat respectthedeformationsexhibitedby theexamples, yet still satisfyvertex

constraintsimposedby theuser. Althoughtheuserretainscompletefreedomto precisely positionany

vertices, mosttasksonly requiremanipulatingafew. Theanimatorcanposeanobjectwith minimal

eVort or bring it to life by keyframingvertex positions. Furthermore, the useralways retainsthe

freedomto choosetheclassof meaningful deformationsfor any mesh,asdemonstratedby Figure5-1.

Sincethisclassisspeci�edbyexamples,MeshIK simpli�esposingtasksevenwhentraditionalanimation
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or editingmethodsdonot apply.

MeshIK examplescanbe scanned,hand-sculpted,designedwith free-form modelingtools, or

computedwith arbitrarily complex proceduralor simulationmethods. Thefreedomto useany mesh

editingor deformationalgorithmgreatly easesexamplecreation. Skeleton-baseddeformationtools

cancreategrosskinematicchanges. Artifactstypicalof thesetoolscanbe touchedup with mesh

editingalgorithms. Additionaldetailssuchasmusclebulgesor wrinklescanbeadded,aswell asany

tweaksrequiredto makeeachparticularexamplematchthevisionof theartist. Creatingahandful of

examplesin thisway is mucheasierthancharacterrigging sincerigging mustensure that themesh

looks goodin every pose. Rigging controlsmust be carefully tunedto generate the bestpossible

deformationssincetweaksand“�x ups”thateYciently repairparticularproblemsof asingleexample

are lesseVective when artifactsexist in a continuousrangeof poses. Furthermore, due to their

generality, riggingcontrolscannoteasily providetherichclassof deformationsaVordedby sculpting

techniques. ThesereasonsmakeMeshIK anattractivealternativeto traditionalcharacterrigging.

MeshIK buildsupondeformationtransfer (Chapter 3) throughthe useof examplesandextends

it by allowing the userto createnovel posesandanimations. Sincedeformationtransfer retargets

any deformation of one meshonto another, it providesan eVective meansof examplecreation.

Constituentposesof a sourcecharactercanbe automatically transferred onto a target to provide

theexamplecollectionrequiredby MeshIK. Althoughdeformationtransfercanonly transferexisting

deformations, MeshIK usesthetransferredtargetposesto createnew deformationsor animation.

MeshIK and deformation transfer alsoshare the samenumericalfoundationof deformation

gradients. Internally, MeshIK representseachexamplewith a featurevectorof deformationgradients

thatdescribeshow theexamplehasdeformedrelativeto areferencemesh.Thefeaturespace, de�nedas

anonlinearspanoftheexamplefeaturevectors,describesthespaceofmeaningfuldeformations. When

theuserdisplacesafew meshvertices, MeshIK positionstheremainingonesto produceameshwhose

featurevectorisascloseaspossibleto thefeaturespace.Thisensuresthatthereconstructedmeshmeets

the user’s constraintsexactly while it bestreproducesthe exampledeformations. The calculations

requiredtoextracttheexamplefeaturevectorsareidenticalto thoseemployedbydeformationtransfer,

andtheMeshIK reconstructionalgorithmextendstheoneusedby deformationtransferby �nding the

optimalnonlinearfeaturevectorcombination.
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5.1 Principlesof MeshIK

MeshIK usestheexamplemeshesprovidedby theuserto form aspaceof meaningful deformations.

Thede�nition of thisspaceiscriticalasit mustincludedeformationsrepresentativeof thoseexhibited

by the exampleseven far from the given data. The key to designinga goodspaceis to extract,

from eachexample,a vector of featuresthat encodesimportant shape properties. MeshIK uses

deformationgradientfeaturevectorsthatencodethechangein shapeexhibitedby theexamplesona

triangle-by-trianglebasis.

Thesimplestfeaturespaceisthelinearspanof thefeaturevectorsof theexampleposes. Although

this spaceis not what we will ultimately use,I describeit �r st becauseit is simple,fast,andmay

still be valuable in applicationswhere linearityassumptionsare suYcient [BlanzandVetter 1999;

Ngo et al. 2000] or where artifactscanbeavoidedby densesampling[Bregler et al. 2002]. A more

powerful nonlinearspanisrequiredin thegeneralcasewhenthenatural interpolationof theexample

deformationsisnot linear(e.g.,for rotations).

An editedmeshcanbe reconstructedfrom a feature vectorby solvinga leastsquaresproblem

for the freeverticeswhile enforcingconstraintsfor eachvertex that the userhaspositioned. The

error incurredby �xing someverticesasconstraintswill propagateacrossthemesh,ratherthanbeing

concentratedat the constrainedvertices. MeshIK couplesthe constrainedreconstruction process

with a searchwithin feature spacesothat it �nds thepositionin feature spacethat hastheminimal

reconstructionerror.

5.1.1 FeatureVectors

Anobviousandexplicitway to representthegeometry of atrianglemeshiswith thecoordinatesof its

verticesin theglobalframe. However, thisrepresentation,while simpleanddirect,isa poorchoice

for any mesheditingoperationasthecoordinatesin theglobalframedo not capture the localshape

propertiesandrelationshipsbetweenvertices[Sorkineetal.2004].

For manipulatingmeshes, it is more useful to describea meshasa vectorin a diVerent feature

spacebasedon propertiesof the mesh. Thecomponentsof the feature vectorrelatethe geometry

of nearby verticesandcapture theshort-rangecorrelationspresentin themesh.Sinceour goalis to

encodethespaceof meshdeformations, deformationgradients(Section3.1) areanatural choiceand
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comprisethefeaturevectorsusedby MeshIK.

Givenameshin areferenceposeS andadeformedpose~S, theper-triangledeformationgradients

areextractedusingthesameprocedureemployedbydeformationtransferto computethesetofsource

deformationgradients:Equation3.6 isappliedoncefor eachtriangleaftercomputingafourth vertex

usingEquation3.7. All per-trianglegradientsareunrolledandconcatenatedintoasinglefeaturevector

f usingthe layout speci�edin Equation3.18. If S and ~S both have n verticesandm triangles, f isa

9m � 1 columnvector.

Mappingafeaturevectorf backto aCartesianrepresentationx involvessolvingtheoptimization

problem:

min
x

kGx� fk2
2:

subjectto ṽk = ck ; k 2 1: : : p
(5.1)

ThisformulamirrorsEquation3.23but hasnotbeenseparatedin thespatialdimension.Theunknown

deformedverticesare stackedin x following Equation3.17. G is a 9m � 3n matrix that extracts

deformationgradientsusingthe QRformulationin Equation3.11. Asshown in Equation3.20, G is

blockdiagonalwith the3m � n matrixA repeatedthreetimes. Sincethemeshesusedby MeshIK have

thesametopology, A isconstructedaccordingto Figure3-6. Theconstraintsṽk = ck , k 2 1: : : p, �x

thepositionof p verticessothatthey aretreatedasconstantsin theoptimization.

5.1.2 LinearFeatureSpace

A feature spacede�nesthespaceof desirable deformations. Thesimplestfeature spaceis the linear

spanof thefeaturesextractedfrom theexamplemeshes. A memberf of thisspaceisparameterized

by thecoeYcientsin theweightvectorw:

f (w) = Mw; (5.2)

where M is a matrix whosecolumnsare the feature vectors f i , i 2 1: : : l , correspondingto the l

examplemeshes.
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In practice,MeshIK computesthemean�f andusesthemeancenteredfeaturevectors�f i :

Mw = �f +
l � 1X

i =1

wi �f
i : (5.3)

Notethat the lineardependenceintroducedby meancenteringimpliesusingl � 1 examplefeatures

andweightsinsteadof thel featuresandweightsusedin thenon-centeredlinearcombination.

Givenonly a few speci�edvertex positions, linearMeshIK computestheposex� whosefeatures

aremostsimilarto theclosestpointMw� in thelinearfeaturespace:

x� ; w� = argmin
x;w

kGx� Mwk2
2:

subjectto ṽk = ck ; k 2 1: : : p
(5.4)

This equationreplacesthe feature vector f in Equation5.1with a linearcombinationof example

featuresMw. Becausethe linearspaceextrapolatespoorly, thismetriccanbefurther augmentedto

penalizesolutionsthatarefar from theexamplemeshes:

x� ; w� = argmin
x;w

kGx� Mwk2
2 + 
 kwk2

2:

subjectto ṽk = ck ; k 2 1: : : p
(5.5)

Thesecondterm 
 kwk2
2 favorsexamplescloseto themean�f by penalizinglargeweights.

The valueof 
 , whichweightsthe penaltyterm, canbechosenin a principledfashionby con-

sideringthe Bayesianinterpretationof the linear model: it maximizes the likelihoodof the pa-

rametervectorw with respectto the exampleposes. Accordingly, this methodcanbe improved

by compressingthe matrix M usingits principalcomponentsand selectingan appropriatevalue

for the weightingparameter
 asa functionof the variancelost duringPCA[TippingandBishop

1999].

Analternativeto thislinearGaussianmodelisanonlinearGaussian-process–latent-variablemodel

[Grochowetal.2004] inwhicheachcomponentofthefeaturevectorisanindependentGaussianprocess.

This impliesthat oneshouldcarefully parameterize the feature spaceto matchthis independence

assumption.For skeletons, exponentialmapsor Euleranglesaccomplishthis taskbut introducea
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nonlinearmappingbetweenthe independentparametersandtheuser-speci�edhandles. Applyinga

similarstrategy on mesheswill alsoproducenonlinearconstraintsandmakeit diYcult to solve for

thousandsof verticesinteractively.

5.1.3 NonlinearFeatureSpace

Sincethe reconstructedmeshverticesare a linearfunctionof the feature vectors, linearblendingof

featurevectorsamountsto nä�ve linearblendingof poses, whichiswell known to resultin unnatural

eVectsif theblendedposeshaveundergonerotation.Thus, in our setting,linearblendingwill suYce

only if theexamplesetisdenseenoughthatlargerotationsarenotpresent.However, densesamplingis

notthetypicalcaseandgeneralizationsof theexamplesbeyondsmalldeformationsarenotpossiblewith

linearblending.To avoidartifactsdueto largerotations, whicharetypicalin mostnontrivialsettings,

we require a “span” of the examplefeaturesthat combinesrotationsin a more natural way. Our

approachisbasedonpolardecomposition[ShoemakeandDuV1992] andthematrixexponentialmap.

First,wedecomposethedeformationgradientTij for thej th triangle(j 2 1: : : m) in thei th pose

(i 2 1: : : l ) into rotationalandscale/shearcomponentsusingpolarfactorization:

Tij = Rij Sij : (5.6)

Wethenusetheexponentialmap to combinetheindividualrotationsof thediVerentposes. Thescale

andshearpart canbecombinedlinearly without furthertreatment.

Weimplementtheexponentialmapusingthematrixexponentialandlogarithmfunctions[Murray

et al.1994]. Theseprovidea mappingbetweenthegroupof 3d rotationsSO(3) andtheLie algebra

so(3) of skew symmetric3 � 3 matrices. A practicalapproachto interpolatingrotationsis to map

themto so(3) usingthematrixlogarithm,interpolatelinearly in so(3), andmap backto SO(3) using

thematrixexponential[Murray etal.1994; Alexa2002a]. Thisleadsto thefollowingexpressionfor the

nonlinearspanof thedeformationgradientof thej th triangle:

Tj (w) = exp

0

@
lX

i =1

wi log
�
Rij

�
1

A

0

@
lX

i =1

wi Sij

1

A Pj : (5.7)

ThematrixexponentialandlogarithmareevaluatedeYcientlyusingRodrigues’formula[Murrayetal.
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Figure 5-2: Theambiguityinherent in the matrix logarithmis demonstratedwith this interpolation
sequence.Whenall trianglesuserotationanglesin thesamerange,neighboringtrianglesmay take
diVerentpathsduringinterpolation.Thisproblemisevidentin the“Uncorrected”row wherethebar
pinchesandfoldsontopof itself.Bymarkingcertaintrianglesandadding2� , thecorrectinterpolation
sequenceisgenerated,asshown in the“Corrected”row.

1994]. Experimentswith exponentialandlogarithmfunctionsfor generalmatrices[Alexa2002a]which

donot requirefactorizationinto rotationsandscalesexhibitsingularitiesthatpreventastablesolution

of theminimizationproblem. BecauseMeshIK solvesanoptimizationthatminimizesreconstruction

error, it is important that this error be a meaningful measure of the quality of the reconstructed

mesh. For this reason,Equation5.7must includethe matrixPj de�ned in Equation3.15to remove

the perpendicularspacecomponentfrom the interpolateddeformation gradient. Otherwise,the

perpendicular-spaceerror dominatesthecostfunctionandtheweightsareadjustedto lowerthiserror

eventhoughthetrianglesmatchthein-planetransformationmorepoorly.

We choseto usethematrixexponentialandlogarithmbecausewe caneasily takederivativesof

theresultingnonlinearmodelwith respectto w. For laterusein Section5.2.1, wenotethatthepartial

derivativesof Tj (w) aregivenby

Dwk (Tj (w)) = exp

0

@
lX

i =1

wi log
�
Rij

�
1

A log
�
Rkj

� lX

i =1

wi Sij Pj

+ exp

0

@
lX

i =1

wi log
�
Rij

�
1

A Skj Pj : (5.8)

The matrix logarithm is a multi-valuedfunction: eachrotation in SO(3) hasin�nitely many

representationsin so(3). In somecases, interpolationmay requireequivalentrotationsin adiVerent

rangewhich canbecomputedby addingmultiplesof 2� . Thisproblem is demonstratedwith the
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interpolationsequenceshown in Figure5-2. When all trianglesuserotation angles in the range

between� � and� , sometrianglestakea diVerent paththantheir neighbors duringinterpolation,

asshown by the “Uncorrected”row. My implementationof the matrix logarithm returnsrotation

anglesbetween� � and� by default. However, theusercanmarkparticulartrianglesto indicatethata

correctivemultipleof2� shouldbeadded.Theinterpolationsequenceusingthesecorrectionsisshown

in the“Corrected”row of Figure5-2. Thesameambiguityalsoexistswhenrotationsarerepresented

asEuleranglesor quaternions. It ispresentin the interpolationalgorithmsof Alexa,Cohen-Or, and

Levin [2000] andXu andcolleagues[2005]. Alexautilizesa greedyapproachto automatically adjust

theanglesof adjacentsimplices[Alexa2003a]. Whetherpropercorrectionscanbefoundfor all cases

isanopenproblem.

The nonlinearfeature spacecanbethoughtof asann-way boundary-basedversionof as-rigid-

as-possible shapeinterpolation[Alexaet al. 2000]. Ratherthanperforminga two-way interpolation

basedon thecompatible dissectionof the interiorof two shapes, MeshIK interpolatestheboundary

of n shapes. Asdiscussedin Section3.1, thepracticalimplicationof thisreformulationissigni�cant.

MeshIK interpolationisfasterbecauseit solvesforfewerverticesandeasiertoapplybecausecompatible

dissectionofn shapeinteriorsisdiYcultwithoutaddinganextremely largenumberofSteinervertices.

An experimentalcomparisonof the two methodsis shown in Figure3-4 anddemonstratesthat, for

2d polygonalshapes, MeshIK interpolationbehavesreasonably despiteignoringthe interior. The

remainingresultsin thisdissertationandmy experiencewith MeshIK indicatethatthesameholdsfor

3d meshes.

Bysettingtheweightsdirectly, ratherthansolvingfor themwithin theIK framework,thenonlinear

featurespacecancreatemulti-way blends. Figure5-3demonstratesthree-way interpolation.Usedin

thisway, thenonlinearfeaturespacematchestheconcurrentworkof Xuandcolleaguesonboundary-

basedmeshinterpolation[2005]. Thissimilarityisexpectedsincetheanalyticderivationin Section3.5

canbe appliedto show that reconstructing a meshusing�xed blendingweightsis equivalent to

solvingaPoissonproblem. In thiscase,theguidancefunctioncorrespondsto theinterpolatedfeature

vectors. However, whileXuandcolleaguesfocuson interpolationwith prescribedblendingweights,

my primary contribution isa formulationof mesh-basedinversekinematicsthathidestheseweights

from theuserbehindanintuitive interactionmetaphor.
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Figure5-3: Thenonlinearfeaturespacecanbeusedto perform multi-way interpolation.In thesetwo
examples, thegreencornermeshesareblendedto producetheblueones.

5.2 Numerics

In thissectionI show how tosolvethefollowingnonlinearanalogofthelinearinversioninEquation5.4:

x� ; w� = argmin
x;w

kGx� M(w)k2
2;

subjectto ṽk = ck ; k 2 1: : : p
(5.9)

where M isnow a functionthat combinesthe feature vectorsnonlinearly accordingto Equation5.7.

This is a nonlinearleast-squaresproblem which canbe solved usingthe iterative Gauss-Newton

algorithm[Madsenetal.2004]. At eachiteration,alinearleast-squaressystemissolvedwhichinvolves

solvingthenormalequationsby Choleskydecompositionandbacksubstitution.I now elaborateon

thekey stagesof thisprocedure.

5.2.1 Gauss-Newton Algorithm

InMeshIK,theGauss-Newtonalgorithmlinearizesthenonlinearfunctionof thefeatureweightswhich

de�nesthefeaturespace:

M(w + � ) = M(w) + Dw(M(w))� : (5.10)
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Then,eachGauss-Newton iterationsolvesalinearizedproblemto improvexk andwk—theestimates

of thevertex positionsandtheweightvectorat thekth iteration:

� k ; xk+1 = argmin
� ;x

kGx� Dw(M(wk)) � � (M(wk) + c) k2
2 (5.11)

wk+1 = wk + � k :

TheconstraintsfromEquation5.9havebeenenforcedby treatingtheconstrainedverticesasconstants,

updatingG andx, andcomputingtheconstraintvectorc asdescribedin Section3.4.2.

Theprocessrepeatsuntil convergence,whichwedetectby monitoringthechangein theobjective

functionf k = f (wk), thegradientof theobjectivefunction,andthemagnitudeof theupdatevector

� k [Gill etal.1989]:

kf k � f k� 1k1 < � (1 + f k)

kDw(f (w))k1 < 3
p

� (1 + f k) (5.12)

k� kk1 < 2
p

� (1 + kwkk1 ):

In my experiments, theoptimizationconvergesafteraboutsixiterationswith � = 1:0 � 10� 6.

Solvingthelinearleast-squaresproblemin Equation5.11leadsto asystemof normalequations:

B> B

2

4
x

�

3

5 = B> (M(wk) + c) ; (5.13)

whereB isasparsematrixof size9m � (3(n � p) + l) of theform

B =

2

6
6
6
4

A � J1

A � J2

A � J3

3

7
7
7
5

: (5.14)

Recallthat A is alsoa very sparsematrix,having only threeentriesperrow (Figure3-6). Aswe will

seein Section5.2.2, thispermitseYcientnumericalsolutionof thesystemdespiteitssize. Thethree

blocksJi are theblocksof theJacobianmatrixDw(M(w)) partitionedaccordingto the threevertex

coordinates.
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5.2.2 Cholesky Factorization

Withoutaspecialpurposesolver, thenormalequationsin Equation5.13cantakeaminuteor longerto

solveduringeachstepof theGauss-Newton iteration.Thisismuchtooslow for aninteractivesystem,

which,in my experience,requiresat leasttwo solutionsfor every secondof interaction. Thekey to

acceleratingthesolver is to reusecomputationsbetweeniterations. A directsolutionwith ageneral

purposemethod(e.g.,Choleskyor QRfactorization[GolubandLoan1996]) will not beable to reuse

thefactorizationfrom thepreviousiterationbecauseBcontinually changes. And,despitethesparsity

of B> B, conjugategradientconvergestoo slowly evenwith avarietyof preconditioners.

My solutionusesadirectmethodwith specializedCholeskyfactorizationthatexploitstheblock

structureof thesystemmatrix:

B> B =

2

6
6
6
6
6
6
4

A>A � A> J1

A>A � A> J2

A>A � A> J3

� J>1 A � J>2 A � J>3 A
P 3

i=1 J>i Ji

3

7
7
7
7
7
7
5

: (5.15)

ThethreeA>A blocks, eachsparse(n � p) � (n � p) matrices, areconstantthroughouttheiterations.

If theseblocksarepre-factored,theremainingportionof theCholeskyfactorizationmay becomputed

eYciently.

First, symbolicCholeskyfactorizationU> U = B> B revealsthe block structure of the upper-

triangularCholeskyfactor:

U =

2

6
6
6
6
6
6
4

R � R1

R � R2

R � R3

Rs

3

7
7
7
7
7
7
5

(5.16)

where

R> R = A>A: (5.17)

We precomputeR by sparseCholeskyfactorization[Toledo2003] afterre-orderingthe columnsto

reducethenumberof additionalnon-zeroentries[KarypisandKumar1998]. Theremainingblocksof

U arecomputedby solvingthefollowingequationsin eachiteration:
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R> Ri = A> Ji ; i 2 1: : : 3 (5.18)

R>
s Rs =

3X

i =1

J>i Ji � R>
i Ri : (5.19)

In Equation5.18, backsubstitutionwith theprecomputedR computestheblocksR1, R2, andR3 by

solvingthreelinearsystems. Theseblocks are in turn usedon the right-handsideof Equation5.19

to computethel � l matrixwhosedenseCholeskyfactorizationyieldsthelastblockRs. For a large

numberof examples, this factorizationstepwill eventually becomethe bottleneck.In experiments,

however, with l=20or fewer examples, thesolutionof Equation5.18for thethreedense(n � p) � l

blocksandtheirusein thecomputationof R>
i Ri dominatesthecost.

5.3 ResultsandDiscussion

I have implementedMeshIK bothasaninteractivemeshmanipulationsystemaswell asin anoZ ine

applicationthatuseskeyframedconstraintstosolveformeshposesovertime. In theinteractivesystem,

theusercanselectgroupsof verticesthatbecome“handles”whichcanbeinteractively positioned.As

thehandlesaremovedtherestof themeshisautomatically deformed.

Figure5-4 demonstratesthe power of MeshIK. Givena cylindricalbar in two poses(5-4 A), one

straight,andonesmoothly bent,theuserconstrainstheleft cap to stay in placeandmanipulatesone

vertex on the right cap. Usingthe nonlinearfeature space,my systemis able to generalize to any

otherbendof thebarin thesameplane(5-4B).In contrast,thelinearfeaturespace(5-4C)interpolates

thetwo examplespoorly (thetip of thebarcollapsesin betweentheexamples)andextrapolateseven

more poorly. If theendof thebarisdraggedperpendicularto theexamplebend(5-4 D), it deforms

diVerently sinceno examplehasdemonstratedhow to deform in thisdirection. Givenanadditional

example,thebarcanbendin thatplane(5-4E)aswell asthespacein between(5-4F).Bysupplyinga

diVerentexample,thebarbendsdiVerently (Figure5-1). Thus, MeshIK doesnot prescribeonetypeof

deformationbut insteadderivestheappropriateclassof deformationsfrom theexamples.

Figure5-5 shows how MeshIK canbe usedto posea character. Ten exampleposes, shown in

greenin thetop row, areusedfor thisdemonstration.Two handleverticesareselectedasconstraints

on thefront andbackfoot of thereferencepose(5-5A).Bydragging thefront foot forward, the lion
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B C D E FA

Figure5-4: UsingMeshIK to poseabar. (A)Two exampleposessuperimposedon top of eachother.
(B)Theleftcapof theunbentbarisconstrainedto stay in placewhileasinglevertexontherightsideis
manipulated.Threeeditsusingthenonlinearfeaturespaceareshown. NotethatMeshIK generalizes
beyondthetwoexamplesandcancreatearbitrary bendsin theplane.(C)In contrast,thelinearfeature
spaceinterpolatesandgeneralizespoorly. (D) In thistop down view, moving theconstrainedvertex
perpendicularto the bendcausesa shearsinceno examplesare providedin this direction. (E)–(F)
Providingoneadditionalexamplein theperpendiculardirectionallowsMeshIK to generalizeto bends
in thatdirectionaswell asin thespacein between.

A B C D

Figure5-5: (Toprow) Tenlion exampleposes. (Bottomrow) A sequenceof posingoperations. (A)Two
handleverticesare chosen.(B)Thefront leg ispulledforward andthe lion continuously deformsas
theconstraintismoved.(C)Theredregion isselectedandfrozensothatthefront legcanbeeditedin
isolation.(D) A similaroperationisperformedto adjustthetail. The�nal poseisdiVerentfrom any
individualexample.

A B C D E F

Figure5-6: Posingasimulated�ag. (Toprow) Fourteenexamplesof a�ag blowingin thewindcreated
with aclothsimulation.(Bottomrow) (A)Anundeformed�ag isusedasthereferencepose.(B)–(D)By
positioningonly thecornersof the�ag, theusercreatesrealisticclothdeformationswithout requiring
any dynamicsimulation. (E)–(F)Two framesfrom an animationin which the constraintson the
cornersarekeyframedto produceawalkingmotion.
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Figure 5-7: Gallopinghorseandelephantanimationsare createdusingonly four examplesof each
alongwith thesamekeyframedmotionof onevertex oneachfoot.

bendsits front legsat the hip andstretchesits bodyforward. Thepositionof the lion’spaw canbe

precisely controlledby theuser. In (5-5B) thepaw hasbeenpulledfarther forward thanits position

in any example.Thebodyof thelion deformsrealistically to meettheconstraintssothat there isno

discernible distortion. In order to poseonly the front right leg andkeepthe restof the body�xed

(5-5C),theuserselectstheunwantedregion(shown in red)andremovesit fromtheobjectivefunction

by buildingafeaturespacethatignoresthedeformationgradientsof theselectedtriangles. Thisregion

remains�xed in place,but doesnotcontributeto theerror astheoptimalweightsarecomputed.This

allowstheuserto posethefront leg independentof therestof thebody. Afterperformingthesame

operationfor thetail (5-5D), theuserhasachievedanovel posediVerent from all thoseshown in the

exampleset.Thisresultalsoshowshow MeshIK buildsupondeformationtransfersincetheexample

lion posesaretheresultof transfer from acatmesh(Figure3-10).

Figure5-6 demonstratesthat MeshIK alsoapplieswhendeformationshave no obviousskeletal

representation.Theinputfor thisdemonstrationisfourteen�ag examplesfromadynamicsimulation,

shown in thetoprow. Startingwith anundeformed�ag (5-6A),theuserarbitrarily positionsthe�ag’s

four corners(5-6B–D).Theinteriordeformsin acloth-likefashion.Bykeyframingthepositionof the

constraintsover time,theusercreatesananimationof awalking�ag (5-6E–F).

Figure5-7showsthesystemusedto produceagallopinganimation.Fourexampleposesofahorse

areusedasinput,andonevertex on eachfoot of thehorseiskeyframedto follow agallopgait. The

positionsof theremainingverticesof thehorseare chosenby MeshIK for eachframe,resultingin a

gallopinganimation.If we replacethe four horseposeswith thoseof anelephantandusethesame

keyframedfoot positions, MeshIK computesagallopingelephant.

Temporal coherenceis important whengeneratingoZ ine animations. Sincethe deformation

systemis nonlinear, a smallchangein the constraintsmay resultin a largechangein the resulting

deformation.In orderto achievetemporalcoherence,weaddtheadditionalterm � kw � w0k2
2 to the
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objectivefunctionin Equation5.9. Thisterm encouragesthenew blendingweightsw to besimilarto

theonesfrom thepreviousframeof animationw0. A valueof 100isusedfor � in all animations.

Table5.1givesstatisticsaboutthemeshesusedin theseresultsincludingthenumberof vertices,

thenumberof triangles, thenumberofexamples, thenumberof �xed handlevertices, andtherunning

times. Thetimingwasmeasuredona3.2GHzPentium4PCwith 2GBof RAM.The“Factor”column

indicatesthetimerequiredtopermuteA>AandcomputetheCholeskyfactorization.Thiscomputation

is a preprocessasthe factorizationdoesnot changefor a particularchoiceof handlevertices. The

“Solve” columnindicatesthetimerequiredto perform oneiterationof theGauss-Newton algorithm

describedin Section5.2.1. Aftereachiteration,theuser-interfaceisupdatedandnew positionsfor the

constrainedhandleverticesare queriedby the solver. Thisallows the systemto remaininteractive

duringthe nonlinearoptimization.Figure5-8 graphsthe solve time asa functionof the numberof

examplesfor thehorseandelephantmeshes.

Mesh Vertices Triangles Examples Fixed Factor Solve
Bar 132 260 2 22 0.000s 0.000s
Flag 516 932 14 3 0.016s 0.016s
Lion 5,000 9,996 10 2 0.109s 0.156s
Horse 8,425 16,846 4 2 0.203s 0.125s
Elephant 42,321 84,638 4 2 10.282s 0.688s

Table 5.1: Numberof vertices, triangles, andexamplemeshes, aswell asthenumberof �xed handle
verticesandresultingtimingdatafor thedemonstratedresults.
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Figure 5-8: Solve time asa functionof the numberof examplesfor the horseandelephantmeshes.
(Timingsarefrom theoriginalpublication[Sumneretal.2005].)
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Conclusion 6
Computer-generatedcharacteranimation,wherehumanoranthropomorphiccharactersareanimated

to tell a story, holdstremendouspotentialto enricheducation,humancommunication,perception,

andentertainment. However, currentanimationproceduresrely on a time consuminganddiYcult

processthatrequiresbothartistictalentandtechnicalexpertise.Althoughthestagesof theanimation

pipeline—modeling,rigging, andanimation—are well exploredindividually, there is little work that

extendsbeyond the boundariesof any onearea. As a consequence,the sameprocedure must be

followedforeachnew characterwithout theopportunity to generalizeor reusetechnicalcomponents.

The work addressedin this dissertation easesthe animationprocessby oVeringnovel connections

betweenthestagesandopportunitiesfor reuse.

6.1 Contributions

Deformation transfer allows deformationsfrom any stagein the pipelineto be reusedon another

character. The mesh-basedformulation doesnot dependon the mechanismusedto createthe

deformationandcanbeappliedto hand-sculptedalterationsmadeduringmodeling,individualposes

createdwith riggingcontrols, or continuouskeyframedorsimulatedanimation.Deformationtransfer

enablesthecompilationof adatabaseof bothskeletalandnon-skeletaldeformationssuchasrunning,

walking, or gesturingthat canbe retargetedonto new characters of diVerent shape whenneeded.

ReusingthismotionamortizesthehumaneVort spentcreatingit in the�r stplace.
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Thecorrespondencealgorithmprovidesameansof communicationbetweenthemyriadexisting

meshesusedin computeranimation.Byemployingamany-to-many mappingin theform of discrete

trianglepairs, shapesof diVerenttopology, tessellationandevengrossanatomicalstructurearerelated

to oneanother. Adeformationalgorithmthatcomputesauser-guidedpartialparameterizationcreates

thismappingeYciently.

Mesh-basedinversekinematicsallowstheuserto avoidthetraditionalriggingphaseandanimatea

meshviadirectmanipulation.Theusercangeneratesigni�cantmeshdeformationsandposechanges

intuitively with aminimalamountofwork. Thistechniqueisdistinguishedfromtraditionalanimation

methodssincenoformalriggingisrequired. It isdistinguishedfromexistingmesheditingalgorithms

sinceit givestheuserthefreedomto specifytheclassof meaningful deformations. Examplecreation

canusethefull spectrum of editing,sculpting,scanning,deformation,andanimationtechniquesand

isfurtherfacilitatedby deformationtransfer.

Thedeformationtransfer, correspondence,andmesh-basedinversekinematicsalgorithmsemploy

thesamemathematicalformulationwhichapproximatesthedeformationgradienttensor�eld from

continuum mechanicson a triangle mesh. In deformationtransfer, deformationgradientsare used

to encodethe sourcedeformationandapply it to the target. For correspondence,the deformation

smoothnessterm allows thedeformationincurredby vertex constraintsto besmoothly propagated

acrossthemesh.Inmesh-basedinversekinematics,deformationgradientsmakeupthefeaturevectors

andanappropriately chosennonlinearinterpolationschemegeneratesa feature spacethat captures

theclassof meaningful meshdeformations.

6.2 FutureDirections

GeneralizedSkeletons. Without exception,existingsystemsthat generate3d characteranimation

single out kinematicdeformationandmodel it with a skeletonor a similarrigging device. Non-

kinematicdeformation suchasmusclebulging or facialexpressionsis createddiVerently. Even

methodsthatsupport agenericspeci�cationof deformationfor 2d charactersdefer to skeleton-based

articulationwhen3d kinematicdeformationis involved [Ngo et al. 2000; Bregler et al. 2002]. The

domain-speci�cnature of thesesolutionslimits the degree to which they canbe generalized and

appliedin new situations.
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In contrast,my algorithmsapply to any deformation,skeletalor non-skeletal.The underlying

representationofdeformationgradientsaccommodateskinematicandnon-rigiddeformationwithout

distinction. As a consequence,the methodspresentedin this dissertation are broadly applicable.

Deformationtransfer canapply the kinematicposesof the horseshown in Figure3-9 to the camel

assuccessfully asthe nonrigid buckling displayed in Figure3-12. Likewise,MeshIK cananimatea

crouchinglion (Figure5-5) aseasily asa�a pping�ag (Figure5-6).

Oneconceptualinterpretationof my work is that it generalizesthe ideaof skeleton-drivenani-

mationto thepointwhereeachtriangle actsanalogously to a joint by contributinga transformation

matrix to the ultimatedeformedpose.Following thisanalogy, a meshcanbethoughtof asa very

complexskeletonin whichevery joint correspondsto atriangle,thebonesarenotrigid,andarenotar-

rangedhierarchically in atree.Thus, thealgorithmsI presentlieattheoppositeextremeof traditional

skeleton-basedanimationwherebonesarechosenparsimoniously. Theconceptualcontribution of a

meshasa“generalizedskeleton” may apply to otherproblemsin computergraphics. Furthermore,

justastraditionalskeletonshavebene�tedfromyearsof research,thisgeneralizationwill improvewith

time,particularly throughtheexplorationof otherparameterizationsin betweenthemostrestricted

skeletonrepresentationsandthemostgeneralmeshrepresentations.

Copy/PasteTransfer. In the presentedresultsof deformationtransfer, wholebodydeformations

of onecharacterare transferred to another. Only the face/head(Figure3-13) andhorse/�amingo

(Figure3-15) examplesdeviate from the entire body. However, thesecasesdemonstrate that the

transfer algorithmcanbeexecutedon a more �ne-grainedlevel. Thus, oneavenue of future work

isdevelopingtoolsthatallow copy/pasteoperationsfor deformationtransfer from multiplesources.

Movementoriginatingwith the legsof onecharacter, the armsof another, andthe headof a third

couldall betransferredontoonetargetmeshto generateanovel animationdiVerentthanany single

source.

The challengein copy/pastetransfer is primarily oneof developingtools to specifythe proper

correspondence.ThealgorithmI presentin Chapter4workswell for whole-bodymappingsbetween

anatomically similarcharacters. However, it isnotdesignedto map individualbodypartsandrequires

user-guidancein the form of matchingmarkerlocations. Ideally, a copy/pasteapplicationwould

incorporatesegmentation,correspondence,andtransfer into oneintuitive interface.
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Figure6-1: Deformationtransferbetweendrastically diVerentmeshesisanopenproblemin computer
graphics. Making thetreegalloplikeahorserequiresaversatilemethodto relatethetwo meshesto
oneanotherandsomeway to adapt thesourcemotion to the targetshapethat incorporatesartistic
direction.

Drastically DiVerent Characters. Deformation transfer requiresa grosssimilarity between the

sourceandtarget. Whentwo meshesare drastically diVerent, their correspondencemay beunclear

andambiguousevenon a semanticlevel. Consider, for example,the horseandtreemeshesshown

in Figure6-1. Transferring the gallopinghorseanimationonto the treewould bediYcult usingmy

deformation transfer algorithmsinceit is not clearhow to specifya correspondencebetweenthe

two meshes. However, I amcertain that talentedanimators, if askedto makethe treegalloplike a

horse,wouldsucceed.In fact,thisexampleisnotunreasonablesincemany animatedcartoonsfeature

anthropomorphizedcharacters.

Transferring deformationbetweendrastically diVerent meshesis anopenproblem in computer

graphicsthat presentsseveral challenges. It requiresanextremely versatiletechniqueto relatethe

sourceandtargettooneanotherthatcanaccommodateambiguousandarbitrarymappings. Second,it

requiresamethodto appropriately adaptthedeformationto thetarget,ratherthansimply transferring

it directlywithoutmodi�cation.Finally, thisadaptationmethodmustprovidesomewayto incorporate

artisticdirectioninto thetransferprocess.
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RiggingReuse. Characterrigging providescountlesstestedmethodsto modelmeshkinematics.

ThisdissertationcharacterizestheriggingprocessastimeconsuminganddiYcult andoVersMeshIK

asan alternative. However, the rigging controlsthemselvesare not the enemy;it is the lengthy

parametertuning processthat makesrigging so laborious. An alternateapproachto mitigatethe

expenseof characterrigging is riggingreuse: transfer the rigging controlsthemselves(includingthe

hard-to-tuneparameters) from onecharacterto another. Rigging reusewould allow animators to

usefamiliarrigging toolsandthesameprovenanimationpipelinewhileavoidingthe lengthy tuning

process.

Deformation transfer providesa starting point for rigging reuse. The reconstruction problem

can be thought of asa metric that measureshow well one mesh’s deformation mimics that of

another. Thismetricpermitsareformulationto solvefor otherquantitiesthat in�uenceacharacter’s

shape.

LocalizedExamplesandSimplicialModelingfor MeshIK. A principledesigngoalof MeshIK isto

allow theuserto generatethemostmeaningful meshdeformationswith the leastamountof work.

Thus, thepresentedframework focuseson selectingandmovinga few verticesin orderto generate

afull-bodydeformation. For example,thelion meshfrom Figure5-5canbemadeto stretchforward

or sit down by �xing onevertex on its backpaw anddragging a vertex on its front paw forward or

backward. MeshIK �nds thebestposein thenonlinearspanof all examples.

In a productionsettingwhere animatorsrequire precisecontrolover every nuanceof shape,the

numberof examplesrequired to expressthe character’s deformationmay becomeunmanageable.

Localizingtheexamplesto individualpartsof thecharacter’sbodycanreducethetotalexamplecount.

For example,the usermay sculpta multitude of facialexpressionsbut only a few examplesof the

legsandarms. Thisapproachavoidsacombinatorialincreasein thenumberof examplesthatmight

otherwiseresultwhen�ne-grainedcontrolover themeshkinematicsisrequired.

Simplicialcon�guration modeling[Ngo et al. 2000] providesanotherapproachto managethe

exampleset. Ratherthanalways searchingamongall examples, the usercanexplicitly modelthe

con�gurationspaceof thecharacterviaasimplicialcomplex. Thisallowstheuserto ensurethatonly

compatible examplesare combinedin any situation.A userinterfacecanfacilitatenavigationof the

possibly high-dimensionalcomplex in anintuitiveway [Matusiketal.2005].
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Physics. Neitherdeformationtransfer nor MeshIK employsphysics, but both have much to gain

fromitsapplication.AsdiscussedinSection2.3.3, thephysicallawsthatgovernmotionin therealworld

areanintegralcomponentof stylizedandrealisticanimationalike.A substantialamountof research

in computergraphicsfocusesonphysics-basedcharacteranimationandtherearemany opportunities

to incorporateit into theproblemsI havepresented.

Addingphysicsto thetransferprocesscouldensurethatthetargetcharactermovesin aphysically

realisticway even whenthe size andshapeof the sourceandtargetare diVerent. Or, the physical

propertiesof a �uid simulation,suchasvelocityor pressure, couldbe transferred insteadof mesh

deformation. Physicstransfer would facilitatethe constructionof a library of physicalphenomena

thatcouldbeappliedto new domainswithout theneedto resimulate.

MeshIK could be modi�ed to capture dynamiceVectssuchasinertia and follow-through. A

comprehensive treatmentwould introducedynamicfeaturesanda mechanismfor matchingboth

staticanddynamicfeature vectors. Sucha systemmight ultimately providea practicalcompromise

betweenthe automationoVered by physicalsimulationsand the control providedby keyframing

techniques.
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