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AbstractWe introduce the independent factor analysis (IFA) method for recovering independent hidden sourcesfrom their observed mixtures. IFA generalizes and uni�es ordinary factor analysis (FA), principal com-ponent analysis (PCA), and independent component analysis (ICA), and can handle not only squarenoiseless mixing, but also the general case where the number of mixtures di�ers from the number ofsources and the data are noisy. IFA is a two-step procedure. In the �rst step, the source densities, mix-ing matrix and noise covariance are estimated from the observed data by maximum likelihood. For thispurpose we present an expectation-maximization (EM) algorithm, which performs unsupervised learningof an associated probabilistic model of the mixing situation. Each source in our model is described bya mixture of Gaussians, thus all the probabilistic calculations can be performed analytically. In thesecond step, the sources are reconstructed from the observed data by an optimal non-linear estimator.A variational approximation of this algorithm is derived for cases with a large number of sources, wherethe exact algorithm becomes intractable. Our IFA algorithm reduces to the one for ordinary FA whenthe sources become Gaussian, and to an EM algorithm for PCA in the zero-noise limit. We derive anadditional EM algorithm speci�cally for noiseless IFA. This algorithm is shown to be superior to ICAsince it can learn arbitrary source densities from the data. Beyond blind separation, IFA can be usedfor modeling multi-dimensional data by a highly constrained mixture of Gaussians, and as a tool fornon-linear signal encoding.1 Statistical Modeling and Blind Source SeparationIn the blind source separation (BSS) problem one is presented with multi-variable data measured by L0sensors. It is known that these data arise from L source signals that are mixed together by some lineartransformation corrupted by noise. It is further known that the sources are mutually statistically indepen-dent. The task is to obtain those source signals. However, the sources are not observable and nothing isknown about their properties beyond their mutual statistical independence, nor about the properties of themixing process and the noise. In the absence of this information, one has to proceed `blindly' to recover thesource signals from their observed noisy mixtures.Despite its signal-processing appearance, BSS is a problem in statistical modeling of data. In this context,one wishes to describe the L0 observed variables yi, which are generally correlated, in terms of a smaller setof L unobserved variables xj that are mutually independent. The simplest such description is given by aprobabilistic linear model, yi = LXj=1Hijxj + ui ; i = 1; :::; L0 ; (1)1



where yi depends on linear combinations of the xj 's with constant coe�cients Hij ; the probabilistic natureof this dependence is modeled by the L0 additive noise signals ui. In general, the statistician's task is toestimate Hij and xj . The latter are regarded as the independent `causes' of the data in some abstract sense;their relation to the actual physical causes is often highly non-trivial. In BSS, on the other hand, the actualcauses of the sensor signals yi are the source signals xj and the model (1), with Hij being the mixing matrix,is known to be the correct description.One might expect that, since linear models have been analyzed and applied extensively for many years,the solution to the BSS problem can be found in some textbook or review article. However, this is not thecase. Consider, e.g., the close relation of (1) to the well-known factor analysis (FA) model (see Everitt 1984).In the context of FA, the unobserved sources xj are termed `common factors' (usually just `factors'), thenoise ui `speci�c factors', and the mixing matrix elements Hij `factor loadings'. The factor loadings and noisevariances can be estimated from the data by, e.g., maximum likelihood (there exists an e�cient expectation-maximization algorithm for this purpose), leading to an optimal estimate of the factors. However, ordinaryFA cannot perform BSS. Its inadequacy stems from using a Gaussian model for the probability density p(xj)of each factor. This seemingly technical point turns out to have important consequences, since it impliesthat FA exploits only second-order statistics of the observed data to perform those estimates and hence, ine�ect, does not require the factors to be mutually independent but merely uncorrelated. As a result, thefactors (and factor loading matrix) are not de�ned uniquely but only to within an arbitrary rotation, sincethe likelihood function is rotation-invariant in factor space. Put in the context of BSS, the true sources andmixing matrix cannot be distinguished from any rotation thereof when only second-order statistics are used.More modern statistical analysis methods, such as projection pursuit (Friedman and Stuetzle 1981; Huber1985) and generalized additive models (Hastie and Tibshirani 1990), do indeed use non-Gaussian densities(modeled by non-linear functions of Gaussian variables), but the resulting models are quite restricted andare not suitable for solving the BSS problem.Most of the work in the �eld of BSS since its emergence in the mid '80s (see Jutten and Herault 1991;Comon, Jutten and Herault 1991) aimed at a highly idealized version of the problem where the mixing issquare (L0 = L), invertible, instantaneous and noiseless. This version is termed `independent componentanalysis' (ICA) (Comon 1994). A satisfactory solution for ICA was found only in the last few years (Belland Sejnowski 1995; Cardoso and Laheld 1996; Pham 1996; Pearlmutter and Parra 1997; Hyv�arinen andOja 1997). Contrary to FA, algorithms for ICA employ non-Gaussian models of the source densities p(xj).Consequently, the likelihood is no longer rotation-invariant and the maximum-likelihood estimate of themixing matrix is unique; for appropriately chosen p(xj) (see below) it is also correct.Mixing in realistic situations, however, generally includes noise and di�erent numbers of sources andsensors. As the noise level increases, the performance of ICA algorithms deteriorates and the separationquality decreases, as manifested by cross-talk and noisy outputs. More importantly, many situations have arelatively small number of sensors but many sources, and one would like to lump the low-intensity sourcestogether and regard them as e�ective noise, while the separation focuses on the high-intensity ones. Thereis no way to accomplish this using ICA methods.Another important problem in ICA is determining the source density model. The ability to learn thedensities p(xj) from the observed data is crucial. However, existing algorithms usually employ a sourcemodel that is either �xed or has only limited 
exibility. When the actual source densities in the problemare known in advance, this model can be tailored accordingly; otherwise, an inaccurate model often leadsto failed separation, since the global maximum of the likelihood shifts away from the one corresponding tothe correct mixing matrix. In principle, one can use a 
exible parametric density model whose parametersmay also be estimated by maximum likelihood (Mackay 1996; Pearlmutter and Parra 1997). However, ICAalgorithms use gradient-ascent maximization methods, which result in rather slow learning of the densityparameters.In this paper we present a novel unsupervised learning algorithm for blind separation of non-square,noisy mixtures. The key to our approach lies in the introduction of a new probabilistic generative model,termed the independent factor (IF) model, described schematically in Figure 1. This model is de�ned by(1), associated with arbitrary non-Gaussian adaptive densities p(xj) for the factors. We de�ne independent2



factor analysis (IFA) as the reconstruction of the unobserved factors xj from the observed data yi. Hence,performing IFA amounts to solving the BSS problem.IFA is performed in two steps. The �rst consists of learning the IF model, parametrized by the mixingmatrix, noise covariance, and source density parameters, from the data. To make the model analyticallytractable while maintaining the ability to describe arbitrary sources, each source density is modeled bya mixture of one-dimensional Gaussians. This enables us to derive an expectation-maximization (EM)algorithm, given by (29,30), which performs maximum-likelihood estimation of all the parameters, the sourcedensities included.Due to the presence of noise, the sources can be recovered from the sensor signals only approximately.This is done in the second step of IFA using the posterior density of the sources given the data. Based on thisposterior, we derive two di�erent source estimators which provide optimal source reconstructions using theparameters learned in the �rst step. Both estimators, the �rst given by (36) and the second found iterativelyusing (38), are non-linear but each satis�es a di�erent optimality criterion.As the number of sources increases, the E-step of this algorithm becomes increasingly computationallyexpensive. For such cases we derive an approximate algorithm that is shown to be quite accurate. The ap-proximation is based on the variational approach, �rst introduced in the context of feedforward probabilisticnetworks by Saul and Jordan (1995).Our IFA algorithm reduces to ordinary FA when the model sources become Gaussian, and performsprincipal component analysis (PCA) when used in the zero-noise limit. An additional EM algorithm, derivedspeci�cally for noiseless IFA, is also presented (64{66). A particular version of this algorithm, termed`Seesaw', is composed of two alternating phases, as shown schematically in Figure 8: the �rst phase learnsthe unmixing matrix while keeping the source densities �xed; the second phase freezes the unmixing matrixand learns the source densities using EM. Its ability to learn the source densities from the data in an e�cientmanner makes Seesaw a powerful extension of Bell and Sejnowski's (1995) ICA algorithm, since it canseparate mixtures that ICA fails to separate.IFA therefore generalizes and uni�es ordinary FA, PCA and ICA and provides a new method for modelingmulti-variable data in terms of a small set of independent hidden variables. Furthermore, IFA amounts to�tting those data to a mixture model of co-adaptive Gaussians (see Figure 3 (bottom right)), i.e., theGaussians cannot adapt independently but are strongly constrained to move and expand together.This paper deals only with instantaneous mixing. Real-world mixing situations are generally not in-stantaneous but include propagation delays and reverberations (described mathematically by convolutionsin place of matrix multiplication in (1)). A signi�cant step towards solving the convolutive BSS problemwas taken by Attias and Schreiner (1998), who obtained a family of maximum likelihood-based learningalgorithms for separating noiseless convolutive mixtures; Torkkola (1996) and Lee et al. (1997) derived oneof those algorithms from information-maximization considerations. Algorithms for noisy convolutive mixingcan be derived using an extension of the methods described here and will be presented elsewhere.This paper is organized as follows. Section 2 introduces the IF model. The EM algorithm for learning thegenerative model parameters is presented in Section 3, and source reconstruction procedures are discussedin section 4. The performance of the IFA algorithm is demonstrated by its application to noisy mixturesof signals with arbitrary densities in Section 5. The factorized variational approximation of IFA is derivedand tested in Section 6. The EM algorithm for noiseless IFA and its Seesaw version are presented anddemonstrated in Section 7. Most derivations are relegated to Appendices A{C.NotationThroughout this paper, vectors are denoted by bold-faced lower-class letters and matrices by bold-facedupper-class letters. Vector and matrix elements are not bold-faced. The inverse of a matrix A is denoted byA�1, and its transposition by AT (ATij = Aji).To denote ensemble averaging we use the operator E. Thus, if x(t), t = 1; :::; T are di�erent observations3



of the random vector x, then for any vector function F of x,EF(x) = 1T TXt=1 F(x(t)) : (2)The multi-variable Gaussian distribution for a random vector x with mean � and covariance� is denotedby G(x� �;�) =j det(2��) j�1=2 exp h� (x� �)T ��1 (x� �) =2i ; (3)implying Ex = � and ExxT = �+ ��T .2 The Independent Factor (IF) Generative ModelIndependent factor analysis is a two-step method. The �rst step is concerned with the unsupervised learningtask of a generative model (Everitt 1984), named the independent factor (IF) model, which we introduce inthe following. Let y be an L0 � 1 observed data vector. We wish to explain the correlated yi in terms ofL hidden variables xj , referred to as `factors', that are mutually statistically independent. Speci�cally, thedata are modeled as dependent on linear combinations of the factors with constant coe�cients Hij , and anadditive L0 � 1 random vector u makes this dependence non-deterministic:y =Hx+ u : (4)In the language of BSS, the independent factors x are the unobserved source signals and the data y arethe observed sensor signals. The sources are mixed by the matrix H. The resulting mixtures are corruptedby noise signals u originating in the sources, the mixing process (e.g., the propagation medium response),or the sensor responses.In order to produce a generative model for the probability density of the sensor signals p(y), we must�rst specify the density of the sources and of the noise. We model the sources xi as L independent randomvariables with arbitrary distributions p(xi j �i), where the individual i-th source density is parametrized bythe parameter set �i.The noise is assumed to be Gaussian with mean zero and covariance matrix �, allowing correlationsbetween sensors; note that even in situations where the sensor noise signals are independent, correlationsmay arise due to source noise or propagation noise. Hencep(u) = G(u;�) : (5)Equations (4{5) de�ne the IF generative model, which is parametrized by the source parameters �, mixingmatrix H, and noise covariance �. We denote the IF parameters collectively byW = (H;�;�) : (6)The resulting model sensor density isp(y j W ) = Z dx p(y j x) p(x)= Z dx G(y �Hx;�) LYi=1 p(xi; �i) ; (7)where dx = Qi dxi. The parameters W should be adapted to minimize an error function which measuresthe distance between the model and observed sensor densities.4



2.1 Source Model: Factorial Mixture of GaussiansAlthough in principle p(y) (7) is a perfectly viable starting point and can be evaluated by numerical in-tegration given a suitably chosen p(xi), this could become quite computationally intensive in practice. Abetter strategy is to choose a parametric form for p(xi) which (i) is su�ciently general to model arbitrarysource densities, and (ii) allows performing the integral in (7) analytically. A form that satis�es both theserequirements is the mixture of Gaussians (MOG) model.In this paper we shall describe the density of source i as a mixture of ni Gaussians qi = 1; :::; ni withmeans �i;qi , variances �i;qi , and mixing proportions wi;qi :p(xi j �i) = niXqi=1wi;qi G(xi � �i;qi ; �i;qi) ; �i = fwi;qi ; �i;qi ; �i;qig ; (8)where qi runs over the Gaussians of source i. For this mixture to be normalized, the mixing proportions foreach source should sum up to unity: Pqi wi;qi = 1.The parametric form (8) provides a probabilistic generative description of the sources in which thedi�erent Gaussians play the role of hidden states. To generate the source signal xi, we �rst pick a state qiwith probability p(qi) = wi;qi , then draw a number xi from the corresponding Gaussian density p(xi j qi) =G(xi � �i;qi ; �i;qi).Viewed in L-dimensional space, the joint source density p(x) formed by the product of the one-dimensionalMOG's (8) is itself a MOG. Its collective hidden statesq = (q1; :::; qL) (9)consist of all possible combinations of the individual source states qi. As Figure 3 (upper right) illustratesfor L = 2, each state q corresponds to an L-dimensional Gaussian density whose mixing proportions wq,mean �q and diagonal covariance matrix Vq are determined by those of the constituent source states,wq = LYi=1wi;qi = w1;q1 � � �wL;qL ; �q = (�1;q1 ; :::; �L;qL) ; Vq = diag (�1;q1 ; :::; �L;qL) : (10)Hence we have p(x j �) = LYi=1 p(xi j �i) =Xq wq G(x � �q;Vq) ; (11)where the Gaussians factorize, G(x � �q;Vq) = Qi G(xi � �i;qi ; �i;qi), and the sum over collective states q(9) represents summing over all the individual source states, Pq =Pq1 � � �PqL .Note that, contrary to ordinary MOG, the Gaussians in (11) are not free to adapt independently butare rather strongly constrained. Modifying the mean and variance of a single source state qi would resultin shifting a whole column of collective states q. Our source model is therefore a mixture of co-adaptiveGaussians, termed `factorial MOG'. We point out that Hinton and Zemel (1994) proposed and studied arelated generative model, which di�ered from the present one in that all Gaussians had the same covariance;an EM algorithm for their model was derived by Ghahramani (1995). Di�erent forms of co-adaptive MOGwere used by Hinton et al. (1992) and by Bishop et al. (1998).2.2 Sensor ModelThe source model (11), combined by (4) with the noise model (5), leads to a two-step generative model ofthe observed sensor signals. This model can be viewed as a hierarchical feedforward network with a visiblelayer and two hidden layers, as shown in Figure 1. To generate sensor signals y,5
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Figure 1: Feedforward network representation of the IF generative model. Each source signal xj is generated by anindependent nj -state MOG model (8). The sensor signals yi are generated from a Gaussian model (14) whose meandepends linearly on the sources.(i) Pick a unit qi for each source i with probabilityp(q) = wq (12)from the top hidden layer of source states. This unit has a top-down generative connection with weight �j;qjto each of the units j in the bottom hidden layer. When activated, it causes unit j to produce a samplexj from a Gaussian density centered at �j;qj with variance �j;qj ; the probability of generating a particularsource vector x in the bottom hidden layer isp(x j q) = G(x � �q;Vq) : (13)(ii) Each unit j in the bottom hidden layer has a top-down generative connection with weight Hij to eachunit i in the visible layer. Following the generation of x, unit i produces a sample yi from a Gaussian densitycentered at Pj Hijxj . In case of independent sensor noise, the variance of this density is �ii; generally thenoise is correlated across sensors and the probability for generating a particular sensor vector y in the visiblelayer is p(y j x) = G(y �Hx;�) : (14)It is important to emphasize that our IF generative model is probabilistic: it describes the statistics ofthe unobserved source and observed sensor signals, i.e., the densities p(x) and p(y), rather than the actualsignals x and y. This model is fully described by the joint density of the visible layer and the two hiddenlayers, p(q;x;y jW ) = p(q) p(x j q) p(y j x) : (15)Notice from (15) that, since the sensor signals depend on the sources but not on the source states, i.e.,p(y j x;q) = p(y j x) (once x is produced, the identity of the state q that generated it becomes irrelevant),the IF network layers form a top-down �rst-order Markov chain.The generative model attributes a probability p(y) for each observed sensor data vector y. We are nowable to return to (7) and express p(y) in a closed form. From (15) we havep(y jW ) = Xq Z dx p(q) p(x j q) p(y j x) =Xq p(q) p(y j q) ; (16)6



where, thanks to the Gaussian forms (13,14), the integral over the sources in (16) can be performed analyt-ically to yield p(y j q) = G(y �H�q; HVqHT +�) : (17)Thus, like the source density, our sensor density model is a co-adaptive (although not factorial) MOG, as isillustrated in Figure 3 (bottom right). Changing one element of the mixing matrix would result in a rigidrotation and scaling of a whole line of states. Learning the IF model therefore amounts to �tting the sensordata by a mixture of co-adaptive Gaussians, then use them to deduce the model parameters.3 Learning the IF Model3.1 Error Function and Maximum LikelihoodTo estimate the IF model parameters we �rst de�ne an error function which measures the di�erence betweenour model sensor density p(y j W ) (16) and the observed one po(y). The parameters W are then adaptediteratively to minimize this error. We choose the Kullback-Leibler (KL) distance function (Cover and Thomas1991), de�ned by E(W ) = Z dy po(y) log po(y)p(y jW ) = �E [log p(y j W )]�Hpo (18)where the operator E performs averaging over the observed y. As is well known, the KL distance E is alwaysnon-negative and vanishes when p(y) = po(y).The error (18) consists of two terms: the �rst is the negative log-likelihood of the observed sensor signalsgiven the model parameters W . The second term is the sensor entropy, which is independent of W andwill henceforth be dropped. Minimizing E is thus equivalent to maximizing the likelihood of the data withrespect to the model.The KL distance has an interesting relation also to the mean square point-by-point distance. To see it,we de�ne the relative error of p(y jW ) with respect to the true density po(y) bye(y) = p(y)� po(y)po(y) (19)at each y, omitting the dependence on W . When p(y) in (18) is expressed in terms of e(y), we obtainE(W ) = � Z dy po(y) log [1 + e(y)] � 12 Z dy po(y) e2(y) ; (20)where the approximation log e � e�e2=2, valid in the limit of small e(y), was used. Hence, in the parameterregime where the model p(y j W ) is `near' the observed density, minimizing E amounts to minimizing themean square relative error of the model density. This property, however, has little computational signi�cance.A straightforward way to minimize the error (18) would be to use the gradient-descent method where,starting from random values, the parameters are incremented at each iteration by a small step in thedirection of the gradient @E=@W . However, this results in rather slow learning. Instead, we shall employ theexpectation-maximization approach to develop an e�cient algorithm for learning the IF model.3.2 An Expectation-Maximization AlgorithmExpectation-maximization (EM) (Dempster et al. 1977; Neal and Hinton 1998) is an iterative method tomaximize the log-likelihood of the observed data with respect to the parameters of the generative modeldescribing those data. It is obtained by noting that, in addition to the likelihood E[log p(y j W )] of theobserved sensor data (see (18)), one may consider the likelihood E[log p(y;x;q jW )] of the `complete' data,7



composed of both the observed and the `missing' data, i.e., the unobserved source signals and states. Foreach observed y, this complete-data likelihood as a function of x;q is a random variable. Each iterationthen consists of two steps:(E) Calculate the expected value of the complete-data likelihood, given the observed data and the currentmodel. That is, calculate F(W 0;W ) = �E [log p(q;x;y jW )] +FH(W 0) ; (21)where, for each observed y, the average in the �rst term on the r.h.s. is taken over the unobserved x;q usingthe source posterior p(x;q j y;W 0); W 0 are the parameters obtained in the previous iteration, and FH(W 0)is the entropy of the posterior (see (27)). The result is then averaged over all the observed y. The secondterm on the r.h.s is W -independent and has no e�ect on the following.(M) Minimize F(W 0;W ) (i.e., maximize the corresponding averaged likelihood) with respect to W toobtain the new parameters: W = argminW 00 F(W 0;W 00) : (22)In the following we develop the EM algorithm for our IF model. First, we show that F (21) is boundedfrom below by the error E (18), following Neal and Hinton (1998). Dropping the average over the observedy, we have E(W ) = � log p(y jW ) = � logXq Z dx p(q;x;y jW )� �Xq Z dx p0(q;x j y) log p(q;x;y jW )p0(q;x j y) � F ; (23)where the second line follows from Jensen's inequality (Cover and Thomas 1991) and holds for any conditionaldensity p0. In EM, we choose p0 to be the source posterior computed using the parameters from the previousiteration, p0(q;x j y) = p(q;x j y;W 0) ; (24)which is obtained directly from (15) with W =W 0.Hence, after the previous iteration we have an approximate error function F(W 0;W ) which, due to theMarkov property (15) of the IF model, is obtained by adding up four terms,E(W ) � F(W 0;W ) = FV +FB +FT +FH ; (25)to be de�ned shortly. A closer inspection reveals that, while they all depend on the model parameters W ,each of the �rst three terms involves only the parameters of a single layer (see Figure 1). Thus, FV dependsonly on the parametersH;� of the visible layer, whereas FB and FT depend on the parameters f�i;qi ; �i;qigand fwi;qig of the bottom and top hidden layers, respectively; note that they also depend on all the previousparameters W 0. From (15) and (23), the contribution of the di�erent layers are given byFV (W 0;H;�) = � Z dx p(x j y;W 0) log p(y j x) ;FB(W 0; f�i;qi ; �i;qig) = � LXi=1 niXqi=1 p(qi j y;W 0) Z dxi p(xi j qi;y;W 0) log p(xi j qi) ;FT (W 0; fwi;qig) = � LXi=1 niXqi=1 p(qi j y;W 0) log p(qi) ; (26)8



and the last contribution is the negative entropy of the source posteriorFH(W 0) =Xq Z dx p(q;x j y;W 0) log p(q;x j y;W 0) : (27)To get FB (second line in (26)) we used p(q j x)p(x j y) = p(q j y)p(x j q;y), which can be obtained using(15).The EM procedure now follows by observing that (25) becomes an equality when W = W 0, thanks tothe choice (24). Hence, given the parameter values W 0 produced by the previous iteration, the E-step (21)results in the approximate error coinciding with the true error, F(W 0;W 0) = E(W 0). Next, we considerF(W 0;W ) and minimize it with respect to W . From (25), the new parameters obtained from the M-step(22) satisfy E(W ) � F(W 0;W ) � F(W 0;W 0) = E(W 0) ; (28)proving that the current EM step does not increase the error.The EM algorithm for learning the IF model parameters is derived from (25{26) in Appendix A, wherethe new parameters W at each iteration are obtained in terms of the old ones W 0. The learning rules forthe mixing matrix and noise covariance are given byH = EyhxT j yi �EhxxT j yi��1 ;� = EyyT �EyhxT j yiHT ; (29)whereas the rules for the source MOG parameters are�i;qi = Ep(qi j y)hxi j qi;yiEp(qi j y) ;�i;qi = Ep(qi j y)hx2i j qi;yiEp(qi j y) � �2i;qi ;wi;qi = Ep(qi j y) : (30)Notation. hx j yi is an L� 1 vector denoting the conditional mean of the sources given the sensors; theL�L matrix hxxT j yi is the source covariance conditioned on the sensors. Similarly, hxi j qi;yi denotes themean of sensor i conditioned on both the hidden state qi of this source and the observed sensors. p(qi j y)is the probability of the state qi of source i conditioned on the sensors. The conditional averages are de�nedin (76,78). Both the conditional averages and the conditional probabilities depend on the observed sensorsignals y and on the parametersW 0, and are computed during the E-step. Finally, the operator E performsaveraging over the observed y.Scaling. In the BSS problem, the sources are de�ned only to within an order permutation and scaling.This ambiguity is implied by (4): the e�ect of an arbitrary permutation of the sources can be cancelled by acorresponding permutation of the columns of H, leaving the observed y unchanged. Similarly, scaling sourcexj by a factor �j would not a�ect y if the j-th column of H is scaled by 1=�j at the same time. Put anotherway, the error function cannot distinguish between the true H and a scaled and permuted version of it,and thus possesses multiple continuous manifolds of global minima. Whereas each point on those manifoldscorresponds to a valid solution, their existence may delay convergence and cause numerical problems (e.g.,Hij may acquire arbitrarily large values). To minimize the e�ect of such excessive freedom, we maintain thevariance of each source at unity by performing the following scaling transformation at each iteration:�2j = njXqj=1wj;qj (�j;qj + �2j;qj )� ( njXqj=1wj;qj�j;qj )2 ;�j;qj ! �j;qj�j ; �j;qj ! �j;qj�2j ; Hij ! Hij�j : (31)9



This transformation amounts to scaling each source j by its standard deviation �j = qEx2j � (Exj)2 andcompensating the mixing matrix appropriately. It is easy to show that this scaling leaves the error functionunchanged.3.3 Hierarchical InterpretationThe above EM algorithm can be given a natural interpretation in the context of our hierarchical generativemodel (see Figure 1). From this point of view, it bears some resemblance to the mixture of experts algorithmof Jordan and Jacobs (1994). Focusing �rst on the learning rules (30) for the top hidden layer parameters,one notes their similarity to the usual EM rules for �tting a MOG model. To make the connection explicitwe rewrite the rules (30) on the left column below,�i;qi = E R dxi p(xi j y) [p(qi j xi;y) xi]E R dxi p(xi j y) [p(qi j xi;y)]  ! E p(qi j xi) xiE p(qi j xi) ;�i;qi = E R dxi p(xi j y) �p(qi j xi;y) x2i �E R dxi p(xi j y) [p(qi j xi;y)] � �2i;qi  ! E p(qi j xi) x2iE p(qi j xi) � �2i;qi ;wi;qi = E Z dxi p(xi j y) [p(qi j xi;y)]  ! E p(qi j xi) ; (32)where to go from (30) to the left column of (32) we used p(qi j y) = R dxi p(xi; qi j y) and p(qi j y)hm(xi) jqi;yi = R dxi m(xi) p(xi; qi j y) (see (78)). Note that each p in (32) should be read as p0.Shown on the right column of (32) are the standard EM rules for learning a one-dimensional MOG modelparametrized by �i;qi , �i;qi and wi;qi for each source xi, assuming the source signals were directly observable.A comparison with the square-bracketed expressions on the left column shows that the EM rules (30) for theIF source parameters are precisely the rules for learning a separate MOG model for each source i, with theactual xi replaced by all values xi that are possible given the observed sensor signals y, weighted by theirposterior p(xi j y).The EM algorithm for learning the IF model can therefore be viewed hierarchically: the visible layerlearns a noisy linear model for the sensor data, parametrized by H and �. The hidden layers learn aMOG model for each source. Since the actual sources are not available, all possible source signals are used,weighted by their posterior given the observed data; this couples the visible and hidden layers since all theIF parameters participate in computing that posterior.3.4 Relation to Ordinary Factor AnalysisOrdinary factor analysis (FA) uses a generative model of independent Gaussian sources with zero mean andunit variance, p(xi) = G(xi; 1), mixed (see (4)) by a linear transformation with added Gaussian noise whosecovariance matrix � is diagonal. This is a special case of our IF model obtained when each source has asingle state (ni = 1 in (8)). From (16,17), the resulting sensor density isp(y jW ) = G(y;HHT +�) ; (33)since we now have only one collective source state q = (1; 1; :::; 1) with wq = 1, �q = 0, and Vq = I (see(9-10)).The invariance of FA under factor rotation mentioned in Section 1 is manifested in the FA model density(33). For any L � L0 matrix P whose rows are orthonormal (i.e., PPT = I { a rotation matrix), we cande�ne a new mixing matrix H0 = HP. However, the density (33) does not discriminate between H0 and thetrue H since H0H0 T = HHT , rendering FA unable to identify the true mixing matrix. Notice from (4) thatthe factors corresponding to H0 are obtained from the true sources by that rotation: x0 = PTx. In contrast,our IF model density (16,17) is, in general, not invariant under the transformation H ! H0; the rotationalsymmetry is broken by the MOG source model. Hence the true H can, in principle, be identi�ed.10



We point out that for square mixing (L0 = L) the symmetry of the FA density (33) is even larger: for anarbitrary diagonal noise covariance �0, the transformation �! �0, H! H0 = (HHT +���0)1=2P leaves(33) invariant. Hence not only the mixing but also the noise cannot be identi�ed in this case.The well-known EM algorithm for FA (Rubin and Thayer 1982) is obtained as a special case of ourIFA algorithm (29,30), by freezing the source parameters at their values under (33) and using only thelearning rules (29). Given the observed sensors y, the source posterior now becomes simply a Gaussian,p(x j y) = G(x � �;�), whose covariance and data-dependent mean are given by� = �HT��1H+ I��1 ; �(y) = � HT��1y ; (34)rather than the MOG implied by (80-82). Consequently, the conditional source mean and covariance (84)used in (29) become hx j yi = �(y) and hxxT j yi = �+ �(y)�(y)T .4 Recovering the SourcesOnce the IF generative model parameters have been estimated, the sources can be reconstructed from thesensor signals. A complete reconstruction is possible only when noise is absent and the mixing is invertible,i.e., if � = 0 and rank H � L; in this case, the sources are given by the pseudo-inverse of H via the linearrelation x = (HTH)�1HTy.In general, however, an estimate x̂(y) of the sources must be found. There are many ways to obtain aparametric estimator of an unobserved signal from data. In the following we discuss two of them, the leastmean squares (LMS) and maximum a-posteriori probability (MAP) source estimators. Both are non-linearfunctions of the data, but each satis�es a di�erent optimality criterion. It is easy to show that for Gaussiansources, they both reduce to the same linear estimator of ordinary FA, given by x̂(y) = �(y) in (34). Fornon-Gaussian sources, however, the LMS and MAP estimators di�er and neither has an a-priori advantageover the other. For either choice, obtaining the source estimate fx̂(y)g for a given sensor data set fygcompletes the IFA of these data.4.1 LMS EstimatorAs is well known, the optimal estimate in the least-square sense, i.e., that minimizes E(x̂� x)2, is given bythe conditional mean of the sources given the observed sensors,x̂LMS(y) = hx j yi = Z dx x p(x j y;W ) ; (35)where p(x j y;W ) =Pq p(q j y)p(x j q;y) (see (80{82)) is the source posterior and depends on the generativeparameters. This conditional mean has already been calculated for the E-step of our EM algorithm; as shownin Appendix A, it is given by a weighted sum of terms that are linear in the data y,x̂LMS(y) = Xq p(q j y) (Aq y + bq) ; (36)where Aq = �qHT��1, bq = �qV�1q �q, and �q is given in terms of the generative parameters in (81).Notice that the weighting coe�cients themselves depend non-linearly on the data via p(q j y) = p(y jq)p(q)=Pq0 p(y j q0)p(q0) and (12,17).4.2 MAP EstimatorThe MAP optimal estimator maximizes the source posterior p(x j y). For a given y, maximizing the posterioris equivalent to maximizing the joint p(x;y) or its logarithm, hencex̂MAP (y) = argmaxx "log p(y j x) + LXi=1 log p(xi)# : (37)11
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ecting thenon-Gaussian nature of the source densities. A simple analysis shows that this �xed point is stable whenj detHT��1H j>jQi �0(x̂MAPi ) j, and the equation can then be solved by iterating over x̂ rather than usingthe slower gradient ascent. For Gaussian sources with unit covariance, �(x) = x and the MAP estimatorreduces to the ordinary FA one �(y) (34).5 IFA: Simulation ResultsHere we demonstrate the performance of our EM algorithm algorithm for IFA on mixtures of sources cor-rupted by Gaussian noise at di�erent intensities. We used 5sec-long speech and music signals obtained fromcommercial CD's at the original sampling rate of 44:1kHz, that were down-sampled to fs = 8:82kHz, result-ing in T = 44100 sample points. These signals are characterized by peaky unimodal densities, as shown inFigure 2 (right). We also used synthetic signals obtained by a random number generator. These signals hadarbitrary densities, two examples of which are shown in Figure 2 (left, middle).All signals were scaled to have unit variance and mixed by a random L0 � L mixing matrix H0 withvarying number of sensors L0. L0 white Gaussian signals with covariance matrix �0 were added to thesemixtures. Di�erent noise levels were used (see below). The learning rules (29,30) were iterated in batchmode, starting from random parameter values.In all our experiments, we modeled each source density by a ni = 3-state MOG, which provided asu�ciently accurate description of the signals we used, as Figure 2 (dashed and dotted lines) shows. Inprinciple, prior knowledge of the source densities can be exploited by freezing the source parameters atthe values corresponding to a MOG �t to their densities, and learning only the mixing matrix and noise12
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ecting the fact that a lowernoise level is harder to estimate to a given precision. In general, convergence is faster for larger L0.We conclude that the estimation errors for the IF model parameters are quite small, usually falling inthe range of 20 � 40dB and never larger than 15dB as long as the noise level is not higher than the signallevel (SNR � 0dB). Similar results were obtained in other simulations we performed. The small values of theestimate errors suggest that those errors originate from the �nite sample size, rather than from convergenceto undesired local minima.Finally, we studied how the noise level a�ects the separation performance, as measured by the qualityof source reconstructions obtained from x̂LMS (36) and x̂MAP (38). We quanti�ed it by the mean squarereconstruction error �rec, which measures how close the reconstructed sources are to the original ones. Thiserror is composed of two components, one arising from the presence of noise and the other from interferenceof the other sources (`cross-talk'); the additional component arising from IF parameter estimation errors is
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approximations is the function F (23), which is bounded from below by the exact error E for an arbitraryp0. The density p0 is a posterior over the hidden variables of our generative model, given the values of thevisible variables. The root of the intractability of EM is the choice (24) of p0 as the exact posterior, which isderived from p via Bayes' rule and is parametrized by the generative parameters W . Several approximationschemes were proposed (Hinton et al. 1995; Dayan et al. 1995; Saul and Jordan 1995; Saul et al. 1996;Ghahramani and Jordan 1997) where p0 has a form that generally di�ers from that of the exact posteriorand has its own set of parameters � , which are learned separately from W by an appropriate procedure. Ofcrucial signi�cance is the functional form of p0, which should be chosen so as to make the E-step tractable,while still providing a reasonable approximation of the exact posterior. The parameters � are then optimizedto minimize the distance between p0 and the exact posterior.In the case of the IF model, we consider the functionF(� ;W ) = �Xq Z dx p0(q;x j y; � ) log p(q;x;y jW )p0(q;x j y; � ) � E(W ) ; (46)where averaging over the data is implied. We shall use a variational approach, �rst formulated in the contextof feedforward probabilistic models by Saul and Jordan (1995). Given the chosen form of the posterior p0(see below), F (46) will be minimized iteratively with respect to both W and the variational parameters � .This minimization leads to the following approximate EM algorithm for IFA, which we derive in theremaining part of this section. Assume that the previous iteration produced W 0. The E-step of the currentiteration consists of determining the values of � in terms of W 0 by solving a pair of coupled `mean-�eld'equations (53,54). It is straightforward to show that this step minimizes the KL distance between thevariational and exact posteriors,KL[p0(q;x j y; � ); p(q;x j y;W 0)]. In fact, this distance equals the di�erenceF(� ;W 0)� E(W 0). Hence, this E-step approximates the exact one in which this distance actually vanishes.Once the variational parameters have been determined, the new generative parameters W are obtainedin the M-step using (29,30), where the conditional source means can be readily computed in terms of � .6.1 Factorized PosteriorWe begin with the observation that, whereas the sources in the IF model are independent, the sourcesconditioned on a data vector are correlated. This is clear from the fact that the conditional source correlationmatrix hxxT j q;yi (83) is non-diagonal. More generally, the joint source posterior density p(q;x j y) givenby (80,82) does not factorize, i.e., cannot be expressed as a product over the posterior densities of theindividual sources.In the factorized variational approximation we assume that even when conditioned on a data vector,the sources are independent. Our approximate posterior source density is de�ned as follows. Given a datavector y, the source xi at state qi is described by a Gaussian distribution with a y-dependent mean  i;qiand variance �i;qi , weighted by a mixing proportion �i;qi . The posterior is de�ned simply by the productp0(q;x j y; � ) = LYi=1�i;qi(y) G [xi �  i;qi(y); �i;qi ] ; �i = f�i;qi ;  i;qi ; �i;qig : (47)As alluded to by (47), the variances �i;qi will turn out to be y-independent.To gain some insight into the approximation (47), notice �rst that it implies a MOG form for the posteriorof xi, p0(xi j y; �i) = niXqi=1�i;qi(y) G(xi �  i;qi(y); �i;qi ) ; (48)which is in complete analogy with its prior (8). Thus, conditioning the sources on the data is approximatedsimply by allowing the variational parameters to depend on y. Next, compare (47) to the exact posterior17



p(q;x j y;W ) (80,82). The latter also implies a MOG form for p(xi j y), but one that di�ers from (47);and in contrast with our approximate posterior, the exact one implies a MOG form for p(xi j qi;y) as well,re
ecting the fact that the source states and signals are all correlated given the data.Therefore, the approximation (47) can be viewed as the result of shifting the source prior towards thetrue posterior for each data vector, with the variational parameters � assuming the shifted values of thesource parameters �. Whereas this shift, of course, cannot capture correlations between the sources, it canbe optimized to allow (47) to best approximate the true posterior while maintaining a factorized form. Aprocedure for determining the optimal values of � is derived in the next section.The factorized posterior (47) is advantageous since it facilitates performing the E-step calculations inpolynomial time. Once the variational parameters have been determined, the data-conditioned mean andcovariance of the sources, required for the EM learning rule (29) arehxi j yi = niXqi=1�i;qi i;qi ;hx2i j yi = niXqi=1�i;qi( 2i;qi + �i;qi) ; hxixj 6=i j yi =Xqiqj �i;qi�j;qj i;qi j;qj ; (49)whereas those required for the rules (30), which are further conditioned on the source states, are given byp(qi j y) = �i;qi ; hxi j qi;yi =  i;qi ; hx2i j qi;yi =  2i;qi + �i;qi : (50)Recovering the sources. In Section 4, the LMS (35,36) and MAP (37,38) source estimators weregiven for exact IFA. Notice that, being part of the E-step, computing the LMS estimator exactly quicklybecomes intractable as the number of sources increases. In the variational approximation it is replaced byx̂LMSi (y) = hxi j yi (49), which depends on the variational parameters and avoids summing over all sourcestate con�gurations. In contrast, the MAP estimator remains unchanged (but the parameters W on whichit depends are now learned by variational IFA); note that its computational cost is only weakly dependenton L.6.2 Mean-Field EquationsFor �xed � , the learning rules forW (29,30) follow from F(� ;W ) (46) by solving the equations @F=@W = 0.These equations are linear, as is evident from the gradients given in Appendix A.2, and their solutionW =W (� ) is given in closed form.The learning rules for � are similarly derived by �xing W =W 0 and solving @F=@� = 0. Unfortunately,examining the gradients given in Appendix B shows that these equations are non-linear and must be solvednumerically. We choose to �nd their solution � = � (W 0) by iteration.De�ne the L� L matrix �H by �H = HT��1H : (51)The equation for the variances �i;qi does not involve y and can easily be solved:�i;qi = ( �Hii + 1�i;qi )�1 : (52)The means  i;qi(y) and mixing proportions �i;qi(y) are obtained by iterating the following mean-�eldequations for each data vector y:Xj 6=i njXqj=1 �Hij�j;qj j;qj + 1�i;qi  i;qi = (HT��1y)i + �i;qi�i;qi ; (53)18



log�i;qi = logwi;qi + 12  log �2i;qi +  2i;qi�i;qi !� 12  log �2i;qi + �2i;qi�i;qi !+ zi � �i;qi + zi ; (54)where the zi are Lagrange multipliers that enforce the normalization conditions Pqi �i;qi = 1. Note thatEq. (53) depends non-linearly on y due to the non-linear y-dependence of �i;qi .To solve these equations, we �rst initialize �i;qi = wi;qi . Eq. (53) is a linear (Pi ni) � (Pi ni) systemand can be solved for  i;qi using standard methods. The new �i;qi are then obtained from (54) via�i;qi = e�i;qiPq0i e�i;q0i : (55)These values are substituted back into (53) and the procedure is repeated until convergence.Data-independent approximation. A simpler approximation results from setting �i;qi(y) = wi;qi forall data vectors y. The means  i;qi can then be obtained from (53) in a single iteration for all data vectorsat once, since this equation becomes linear in y. This approximation is much less expensive computationally,with a corresponding reduction in accuracy as shown below.6.3 Variational IFA: Simulation ResultsWhereas the factorized form of the true posterior (47) and its data-independent simpli�cation are not exact,the mean-�eld equations optimize the variational parameters � to make the approximate posterior as accurateas possible. Here we assess the quality of this approximation.First, we studied the accuracy of the approximate error function F (46). For this purpose we considereda small data set with 100 L0 � 1 vectors y generated independently from a Gaussian distribution. Theapproximate log-likelihood �F(� ;W ) of these data were compared to the exact log-likelihood �E(W ) (46),with respect to 5000 IF models with random parametersW . Each realization ofW was obtained by samplingthe parameters from uniform densities de�ned over the appropriate intervals, followed by scaling the sourceparameters according to (31). In the case of the mixing proportions, �wi;qi were sampled and wi;qi wereobtained via (89). ni = 3-state MOG densities were used. The relative error in the log-likelihood�like = F(� ;W )E(W ) � 1 (56)was then computed for the factorized and data-independent approximations. Its histogram is displayed inFigure 7 for the case L0 = 5, with L = 3 (left) and L = 4 (middle) sources.In these examples, as well as in other simulations we performed, the mean error in the factorized approx-imation is under 3%. The data-independent approximation, as expected, is less accurate and increases themean error above 8%.Next, we investigated whether the variational IFA algorithm learns appropriate values for the IF modelparameters W . The answer is quanti�ed below in terms of the resulting reconstruction error. 5sec-longsource signals, sampled from di�erent densities (like those displayed in Figure 2) at a rate of 8:82kHz, weregenerated. Noisy linear mixtures of these sources were used as data for the exact IFA algorithm and toits approximations. After learning, the source signals were reconstructed from the data by the LMS sourceestimator (see the discussion at the end of Section 6.1). For each data vector, the reconstruction error �rec(45) was computed. The histograms of 10 log10 �rec (dB units) for the exact IFA and its approximationsin a case with L0 = 5; L = 4, SNR=10dB are displayed in Figure 7 (right). For reference, the ICA errorhistogram in this case is also plotted.Note that the variational histogram is very close to the exact one, whereas the data-independent histogramhas a larger mean error. The ICA mean error is the largest, consistent with the results of Figure 6 (top).We conclude that the factorized variational approximation of IFA is quite accurate. Of course, the realtest is in its application to cases with large numbers of sources where exact IFA can no longer be used. Inaddition, other variational approximations can also be de�ned. A thorough assessment of the factorial and19
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Figure 7: Left, middle: histogram of the relative error in the log-likelihood �like (56) of 100 random data vectors,for the factorized variational approximation (dashed line; mean error = 0:021 (left), 0:025 (middle)) and its data-independent simpli�cation (dashed-dotted line; mean = 0:082, 0:084). The likelihoods were computed with respect to5000 random IF model parameters with L0 = 5 sensors and L = 3 (left) and L = 4 (middle) sources. Right: histogramof the reconstruction error �rec (45) at SNR=10dB for exact IFA (solid line; mean = �10:2dB), the factorized (dashedline; mean = �10:1dB) and data-independent (dashed-dotted line; mean = �8:9dB) variational approximations, andICA (dotted line; mean = �3:66dB). The LMS source estimator was used.other variational approximations and their applications is somewhat beyond the scope of the present paperand will be published separately.7 Noiseless IFAWe now consider the IF model (4) in the noiseless case � = 0. Here the sensor data depend deterministicallyon the sources, y = Hx ; (57)hence once the mixing matrix H is found, the latter can be recovered exactly (rather than estimated) fromthe observed data using the pseudo-inverse of H viax = (HTH)�1HTy ; (58)which reduces to x = H�1y for square invertible mixing. Hence, vanishing noise level results in a linearsource estimator which is independent of the source parameters.One might expect that our EM algorithm (29,30) for the noisy case can also be applied to noiselessmixing, with the only consequence being that the noise covariance � would acquire very small values. This,however, is not the case, as we shall show below. It turns out that in the zero-noise limit, that algorithmactually performs principal component analysis (PCA); consequently, for low noise, convergence from thePCA to IFA solution is very slow. The root of the problem is that in the noiseless case we have only onetype of `missing data', namely the source states q; the source signals x are no longer missing, being givendirectly by the observed sensors via (58). We shall therefore proceed to derive an EM algorithm speci�callyfor this case. This algorithm will turn out to be a powerful extension of Bell and Sejnowski's (1995) ICAalgorithm.7.1 An Expectation-Maximization AlgorithmWe �rst focus on the square invertible mixing (L0 = L, rankH = L), and write (4) asx = Gy ; (59)where the unmixing (separating) matrix G is given by H�1 with its columns possibly scaled and permuted.20



Unlike the noisy case, here there is only one type of `missing data', namely the source states q, sincethe stochastic dependence of the sensor data on the sources becomes deterministic. Hence, the conditionaldensity p(y j x) (14) must be replaced by p(y) =j detG j p(x) as implied by (59). Together with the factorialMOG model for the sources x (11), the error function (23) becomesE(W ) = � log p(y jW ) = � log j detG j � log p(x jW )� � log j detG j �Xq p(q j x;W 0) log p(x;q jW )p(q j x;W 0) : (60)As in the noisy case (25), we have obtained an approximated error F(W 0;W ) that is bounded from belowby the true error, and is given by a sum over the individual layer contributions (see Figure 1),E(W ) � F(W 0;W ) = FV +FB +FT +FH : (61)Here, however, the contributions of the visible and bottom hidden layers both depend on the visible layerparameters G, FV (W 0;G) = � log j detG j ;FB(W 0;G; f�i;qi ; �i;qig) = � LXi=1 niXqi=1 p(qi j xi;W 0) log p(xi j qi) ;FT (W 0;G; fwi;qig) = � LXi=1 niXqi=1 p(qi j xi;W 0) log p(qi) ; (62)whereas the top layer contribution remains separated (compare with (26), noting that p(q j y) = p(q j x)due to (59)). The entropy termFH(W 0) =Xq p(q j x;W 0) log p(q j x;W 0) (63)is W -independent. We point out that the complete form of expressions (62) includes replacing x by Gy andaveraging over the observed y.The EM learning algorithm for the IF model parameters is derived in Appendix C. A di�culty arisesfrom the fact that the M-step equation @F=@G = 0, whose solution is the new value G in terms of theparameters W 0 obtained at the previous EM step, is non-linear and cannot be solved analytically. Insteadwe solve it iteratively, so that each EM step W 0 ! W is composed of a sequence of iterations on W withW 0 held �xed.The noiseless IFA learning rule for the separating matrix is given by�G = �G� �E�0(x)xTG ; (64)where � > 0 determines the learning rate and its value should be set empirically. �0(x) is an L � 1 vectorwhich depends on the posterior p0(qi j xi) � p(qi j xi;W 0) (95) computed using the parameters from theprevious iteration; its i-th coordinate is given by a weighted sum over the states qi of source i,�0(xi) = niXqi=1 p0(qi j xi)xi � �i;qi�i;qi : (65)The rules for the source MOG parameters are�i;qi = Ep0(qi j xi)xiEp0(qi j xi) ;�i;qi = Ep0(qi j xi)x2iEp0(qi j xi) � �2i;qi ;wi;qi = Ep0(qi j xi) : (66)21



Recall that x is linearly related to y and the operator E averages over the observed y.The noiseless IFA learning rules (64{66) should be used as follows. Having obtained the parameters W 0in the previous EM step, the new step starts with computing the posterior p0(qi j xi) and setting the initialvalues of the new parametersW to W 0, except for wi;qi which can be set to its �nal value Ep0(qi j xi). Thena sequence of iterations begins, where each iteration consists of(i) computing the sources by x =Gy using the current G;(ii) computing the new �i;qi , �i;qi from (66) using the sources obtained in (i);(iii) computing the new G from (64,65) using the sources obtained in (i) and the means and variancesobtained in (ii).The iterations continue until some convergence criterion is satis�ed; note that during this process, bothx and W change but p0(qi j xi) are frozen. Achieving convergence completes the current EM step; the nextstep starts with updating those posteriors.We recognize the learning rules for the source densities (66) as precisely the standard EM rules forlearning a separate MOG model for each source i, shown on the right column of (32). Hence, our noiselessIFA algorithm combines separating the sources, by learning G using the rule (64), with simultaneouslylearning their densities by EM-MOG. These two processes are coupled by the priors p0(qi j xi). We shallshow in the next section that the two can decouple, and consequently the separating matrix rule (64) becomesBell and Sejnowski's (1995) ICA rule, producing the algorithm shown schematically in Figure 8.We also point out that the MOG learning rules for the noiseless case (66) can be obtained from those forthe noisy case (30) by replacing the conditional source means hxi j qi;yi by xi = Pj Gijyj , and replacingthe source state posteriors p(qi j y) by p(qi j xi). Both changes arise from the vanishing noise level whichmakes the source-sensor dependence deterministic.Scaling. As in the noisy case (31), noiseless IFA is augmented by the following scaling transformationat each iteration: �2i = niXqi=1wi;qi(�i;qi + �2i;qi)� ( niXqi=1wi;qi�i;qi )2 ;�i;qi ! �i;qi�i ; �i;qi ! �i;qi�2i ; Gij ! 1�iGij : (67)More sensors than sources. The noiseless IFA algorithm given above assumes that H is a squareinvertible L� L mixing matrix. The more general case of an L0 � L mixing with L0 � L can be treated asfollows.We start with the observation that in this case, the L0 � L0 sensor covariance matrix Cy = EyyT is ofrank L. Let the columns of P contain the eigenvectors of Cy, so that PTCyP = D is diagonal. Then PTyare the L0 principal components of the sensor data, and only L of them are non-zero. The latter are denotedby y1 = PT1 y, where P1 is formed by those columns of P corresponding to non-zero eigenvalues.The algorithm (64{66) should now be applied to y1 to �nd an L � L separating matrix, denoted G1.Finally, the L� L0 separating matrix G required for recovering the sources from sensors via (59) is simplyG = G1PT1 .It remains to �nd P1. This can be done using matrix diagonalization methods. Alternatively, observingthat its columns are not required to be the �rst L eigenvectors of Cy but only to span the same subspace,the principal component analysis learning rule (74) (with H replaced by P1) may be used for this purpose.7.2 Generalized EM and the Relation to Independent Component AnalysisWhereas the procedure described above for using the noiseless IFA rules (64{66) is a strictly EM algorithm(for a su�ciently small �), it is also possible to use them in a di�erent manner. An alternative procedurecan be de�ned by making either or both of the following changes: (i) complete each EM step and updatethe posteriors p0(qi j xi) after some �xed number S of iterations, regardless of whether convergence has been22
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Figure 8: The Seesaw GEM algorithm for noiseless IFA.achieved; (ii) for a given EM step, select some parameters from the set W and freeze them during that step,while updating the rest; the choice of frozen parameters may vary from one step to the next.Any procedure that incorporates (i) or (ii) does not minimize the approximate error F at each M-step(unless S is su�ciently large), but merely reduces it. Of course, the EM convergence proof remains valid inthis case. Such a procedure is termed a `generalized EM' (GEM) algorithm (Dempster et al. 1977; Neal andHinton 1998). Clearly, there are many possible GEM versions of noiseless IFA. Two particular versions arede�ned below:Chase: obtained from the EM version simply by updating the posteriors at each iteration. Each GEMstep consists of(i) a single iteration of the separating matrix rule (64);(ii) a single iteration of the MOG rules (66);(iii) updating the posteriors p0(qi j xi) using the new parameter values.Hence, the source densities follow G step by step.Seesaw: obtained by breaking the EM version into two phases and alternating between them:(i) freeze the MOG parameters; each GEM step consists of a single iteration of the separating matrix rule(64), followed by updating the posteriors using the new value of G;(ii) freeze the separating matrix; each GEM step consists of a single iteration of the MOG rule (66), followedby updating the posteriors using the new values of the MOG parameters.The sequence of steps in each phase terminates after making S steps or upon satisfying a convergencecriterion. Hence, we switch back and forth between learning G and learning the source densities.Both the Chase and Seesaw GEM algorithms were found to converge faster than the original EM one.Notice that both require updating the posteriors at each step; this operation is not computationally expensivesince each source posterior p(qi j xi) (95) is computed individually and requires summing only over its ownni states, making the total cost linearly dependent on L. In our noisy IFA algorithm, in contrast, updatingthe source state posteriors p(q j y) (82) requires summing over the Qi ni collective source states q, and thetotal cost is exponential in L.We now show that Seesaw combines two well-known algorithms in an intuitively appealing manner. Sincethe source density learning rules (66) are the EM rules for �tting an MOG model to each source, as discussedin the previous section, the second phase of Seesaw is equivalent to EM-MOG. It will be shown below thatits �rst phase is equivalent to Bell and Sejnowski's (1995) independent component analysis (ICA) algorithm,with their sigmoidal non-linearity replaced by a function related to our MOG source densities. Therefore,Seesaw amounts to learning Gij by applying ICA to the observed sensors yj while the densities p(xi) arekept �xed, then �xing Gij and learning the new p(xi) by applying EM-MOG to the reconstructed sourcesxi =Pj Gijyj , and repeat. This algorithm described schematically in Figure 8.In the context of BSS, the noiseless IFA problem for an equal number of sensors and sources had alreadybeen formulated before as the problem of ICA by Comon (1994). An e�cient ICA algorithm was �rstproposed by Bell and Sejnowski (1995) from an information-maximization viewpoint; it was soon observed(Mackay 1996; Pearlmutter and Parra 1997; Cardoso 1997) that this algorithm was, in fact, performing a23



maximum-likelihood (or, equivalently, minimum KL distance) estimation of the separating matrix using agenerative model of linearly mixed sources with non-Gaussian densities. In ICA, these densities are �xedthroughout.The derivation of ICA, like that of our noiseless IFA algorithm, starts from the KL error function E(W )(60). However, rather than approximating it, ICA minimizes the exact error by the steepest descent methodusing its gradient @E=@G = �(GT )�1+'(x)yT , where '(x) is an L�1 vector whose i-th coordinate is relatedto the density p(xi) of source i via '(xi) = �@ log p(xi)=@xi. The separating matrix G is incremented ateach iteration in the direction of the relative gradient (Cardoso and Laheld 1996; Amari et al. 1996; Mackay1996) of E(W ) by �G = ��(@E=@G)GTG, resulting in the learning rule�G = �G� �E'(x)xTG ; (68)where the sources are computed from the sensors at each iteration via x =Gy.Now, the ICA rule (68) has the form of our noiseless IFA separating matrix rule (64) with �(xi) (65)replaced by '(xi) de�ned above. Moreover, whereas the original Bell and Sejnowski (1995) algorithm usedthe source densities p(xi) = cosh�2(xi), it can be shown that using our MOG form for p(xi) (8) produces'(xi) = niXqi=1 p(qi j xi)xi � �i;qi�i;qi ; (69)which has the same form as �(xi) (65); they become identical, '(xi) = �(xi), when noiseless IFA is usedwith the source state posteriors updated at each iteration (S = 1). We therefore conclude that the �rstphase of Seesaw is equivalent to ICA.We remark that, although ICA can sometime accomplish separation using an inaccurate source densitymodel (e.g., speech signals with a Laplacian density p(xi) � e�jxij are successfully separated using the modelp(xi) = cosh�2(xi)), model inaccuracies often lead to failure. For example, a mixtures of negative-kurtosissignals (e.g., with a uniform distribution) could not be separated using the cosh�2 model whose kurtosis ispositive. Thus, when the densities of the sources at hand are not known in advance, the algorithm's abilityto learn them becomes crucial.A parametric source model can, in principle, be directly incorporated into ICA (Mackay 1996; Pearlmutterand Parra 1997) by deriving gradient-descent learning rules for the its parameters �i via ��i = ��@E=@�i,in addition to the rule for G. Unfortunately, the resulting learning rate is quite low, as is also the casewhen non-parametric density estimation methods are used (Pham 1996). Alternatively, the source densitiesmay be approximated using cumulant methods such as the Edgeworth or Gram-Charlier expansions (Comon1994; Amari et al. 1996; Cardoso and Laheld 1996); this approach produces algorithms that are less robustsince the approximations are not true probability densities, being non-normalizable and sometimes negative.In contrast, our noiseless IFA algorithm, and in particular its Seesaw GEM version, resolves these prob-lems by combining ICA with source density learning rules in a manner that exploits the e�ciency o�ered bythe EM technique.7.3 Noiseless IFA: Simulation ResultsIn this section we demonstrate and compare the performance of the Chase and Seesaw GEM algorithms onnoiseless mixtures of L = 3 sources. We used 5sec-long speech and music signals obtained from commercialCD's, as well as synthetic signals produced by a random number generator, at sampling rate of fs = 8:82kHz.The source signal densities used in the following example are shown in Figure 2. Those signals were scaledto unit variance and mixed by a random L � L mixing matrix H0. The learning rules (64{66), used inthe manner required by either the Chase or Seesaw procedures, were iterated in batch mode, starting fromrandom parameter values. We used a �xed learning rate � = 0:05.Figure 9 shows the convergence of the estimated separating matrix G (left) and the source densitiesp(xi) (right) for Chase (top) and Seesaw (bottom). The distance of G�1 from the true mixing matrix H0 is24
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ectingthe fact that this algorithm uses a non-adaptive source density model that is unsuitable for the present case.7.4 Relation to Principal Component AnalysisAs mentioned at the beginning of this section, the EM algorithm for IFA presented in Section 3.2 fails toidentify the mixing matrix H in the noiseless case. This can be shown by taking the zero-noise limit� = �I ; � ! 0 ; (71)25
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8 ConclusionThis paper introduced the concept of independent factor analysis, a new method for statistical analysis ofmulti-variable data. By performing IFA, the data are interpreted as arising from independent, unobservedsources that are mixed by a linear transformation with added noise. In the context of the blind sourceseparation problem, IFA separates non-square, noisy mixtures where the sources, mixing process, and noiseproperties are all unknown.To perform IFA we introduced the hierarchical IF generative model of the mixing situation, and derivedan EM algorithm that learns the model parameters from the observed sensor data; the sources are thenreconstructed by an optimal non-linear estimator. Our IFA algorithm reduces to the well-known EM algo-rithm for ordinary FA when the model sources become Gaussian. In the noiseless limit it reduces to theEM algorithm for PCA. As the number of sources increases, the exact algorithm becomes intractable; anapproximate algorithm, based on a variational approach, has been derived and its accuracy demonstrated.An EM algorithm speci�cally for noiseless IFA, associated with a linear source estimator, has also beenderived. This algorithm and, in particular, its generalized EM versions, combine separating the sources byBell and Sejnowski's (1995) ICA with learning their densities using the EM rules for mixtures of Gaussians.In the Chase version, the source densities are learned simultaneously with the separating matrix, whereas theSeesaw version learns the two parameter sets in alternating phases. Hence, an e�cient solution is providedfor the problem of incorporating adaptive source densities into ICA.A generative model similar to IF were recently proposed by Lewicki and Sejnowski (1998). In fact, theirmodel was implicit in Olshausen and Field's (1996) algorithm, as exposed in Olshausen (1996). This modeluses a Laplacian source prior p(xi) / e�jxij, and the integral over the sources required to obtain p(y) in(7) is approximated by the value of the integrand at its maximum; this approximation can be improvedupon by incorporating Gaussian corrections (Lewicki and Sejnowski 1998). The resulting algorithm wasused to derive e�cient codes for images and sounds (Lewicki and Olshausen 1998), and was put forth as acomputational model for interpreting neural responses in V1 in the e�cient coding framework (Olshausenand Field 1996, 1997). In contrast with IFA, this algorithm use a non-adaptive source density model andmay perform poorly on non-Laplacian sources; it uses gradient ascent rather than the e�cient EM method;and the approximations involved in its derivation must be made even for a small number of sources, whereexact IFA is available. It will be interesting to compare the performance of this algorithm with variationalIFA on mixtures of many sources with arbitrary densities.An EM algorithm for noisy BSS, which was restricted to discrete sources whose distributions are knownin advance, was developed in Belouchrani and Cardoso (1994). Moulines et al. (1997) proposed an EMapproach to noisy mixing of continuous sources. They did not discuss source reconstruction, and theirmethod was restricted to a small number of sources and did not extend to noiseless mixing; nevertheless,they had essentially the same insight as the present paper regarding the advantage of mixture source models.A related idea was discussed in Roweis and Ghahramani (1997).An important issue that deserves a separate discussion is the determination of the number L of hiddensources, assumed known throughout this paper. L is not a simple parameter since increasing the numberof sources increases the number of model parameters, resulting, in e�ect, in a di�erent generative model.Hence, to determine L one should use model comparison methods, on which extensive literature is available(see, e.g., Mackay's (1992) discussion of Bayesian model comparison using the evidence framework). A muchsimpler but imprecise method would exploit the data covariance matrix Cy = EyyT , and �x the numberof sources at the number of its `signi�cant' (with respect to some threshold) eigenvalues. This method issuggested by the fact that in the zero-noise case, the number of positive eigenvalues is precisely L; however,for the noisy case the result will depend strongly on the threshold (which there is no systematic way todetermine), and the accuracy of this method is expected to decrease with increasing noise level.Viewed as a data modeling tool, IFA provides an alternative to factor analysis on the one hand and tomixture models on the other, by suggesting a description of the data in terms of a highly constrained mixtureof co-adaptive Gaussians, and simultaneously in terms of independent underlying sources which may re
ectthe actual generating mechanism of those data. In this capacity, IFA may be used for noise removal and27



completion of missing data. It is also related to the statistical methods of projection pursuit (Friedman andStuetzle 1981; Huber 1985) and generalized additive models (Hastie and Tibshirani 1990); a comparativestudy of IFA and those techniques would be of great interest.Viewed as a compression tool, IFA constitutes a new method for redundancy reduction of correlatedmulti-channel data into a factorial few-channel representation given by the reconstructed sources. It iswell known that the optimal linear compression is provided by PCA and is characterized by the absenceof second-order correlations among the new channels. In contrast, the compressed IFA representation is anon-linear function of the original data, where the non-linearity is e�ectively optimized to ensure the absenceof correlations of arbitrarily high orders.Finally, viewed as a tool for source separation in realistic situations, IFA is currently being extendedto handle noisy convolutive mixing, where H becomes a matrix of �lters. This extension exploits spatio-temporal generative models introduced by Attias and Schreiner (1998), where they served as a basis forderiving gradient-descent algorithms for convolutive noiseless mixtures. A related approach to this problemis outlined in Moulines et al. (1997). In addition to more complicated mixing models, IFA allows the use ofcomplex models for the source densities, resulting in source estimators that are optimized to the propertiesof the sources and can thus reconstruct them more faithfully from the observed data. A simple extension ofthe source model used in the present paper could incorporate the source auto-correlations, following Attiasand Schreiner (1998); this would produce a non-linear, multi-channel generalization of the Wiener �lter.More powerful models may include useful high-order source descriptions.A IFA: Derivation of the EM AlgorithmHere we provide the derivation of the EM learning rules (29,30) from the approximate error (26).A.1 E-StepTo obtain F in terms of the IF model parameters W , we �rst substitute p(y j x) = G(y �Hx;�) (14) in(26) and obtain, with a bit of algebra,FV = 12 log j det� j +12Tr ��1 �yyT � 2yhxT j yiHT +HhxxT j yiHT � : (75)The integration over the sources x required to compute FV (26) appears in (75) via the conditional meanand covariance of the sources given the observed sensor signals, de�ned byhm(x) j y;W 0i = Z dx p(x j y;W 0) m(x) ; (76)where we used m(x) = x, xxT ; note that these conditional averages depend on the parametersW 0 producedby the previous iteration. We point out that for a given y, hx j yi is an L � 1 vector and hxxT j yi is anL� L matrix.Next, we substitute p(xi j qi) = G(xi � �i;qi ; �i;qi) in (26) to getFB = LXi=1 niXqi=1 p(qi j y;W 0) �12 log �i;qi + 12�i;qi �hx2i j qi;yi � 2hxi j qi;yi�i;qi + �2i;qi�� ; (77)where the integration over the source xi indicated in FB (26) enters via the conditional mean and varianceof this source given both the observed sensor signals and the hidden state of this source, de�ned byhm(xi) j qi;y;W 0i = Z dxi p(xi j qi;y;W 0) m(xi) ; (78)28



and we used m(xi) = xi, x2i . Note from (77) that the quantity we are actually calculating is the jointconditional average of the source signal xi and state qi, i.e., hxi; qi j y;W 0i = p(qi j y;W 0)hm(xi) j qi;y;W 0i =R dxi p(xi; qi j y;W 0) m(xi). We broke the posterior over those hidden variables as in (77) for computationalconvenience.Finally, for the top layer we haveFT = � LXi=1 niXqi=1 p(qi j y;W 0) logwi;qi : (79)To complete the E-step we must express the conditional averages (76,78) explicitly in terms of theparameters W 0. The key to this calculation are the conditional densities p(x j q;y;W 0) and p(q j y;W 0),whose product is the posterior density of the unobserved source signals and states given the observed sensorsignals, p(x;q j y;W 0). Starting from the joint (15), it is straightforward to show that, had both the sensorsignals and the state from which each source is drawn been known, the sources would have a Gaussiandensity, p(x j q;y) = G �x� �q(y);�q� ; (80)with covariance matrix and mean given by�q = �HT��1H+V�1q ��1 ; �q(y) = �q �HT��1y +V�1q �q� : (81)Note that the mean depends linearly on the data.The posterior probability of the source states given the sensor data can be obtained from (12,17) viap(q j y) = p(q)p(y j q)Pq0 p(q0)p(y j q0) : (82)We are now able to compute the conditional source averages. From (80) we havehx j q;yi = �q(y) ; hxxT j q;yi = �q + �q(y)�q(y)T : (83)To obtain the conditional averages given only the sensors (76) we sum (83) over the states q withprobabilities p(q j y) (82) to gethm(x) j yi =Xq p(q j y)hm(x) j q;yi ; (84)taking m(x) = x, xxT . We point out that the corresponding source posterior density, given by p(x j y) =Pq p(q j y)p(x j q;y), is a co-adaptive MOG, just like the sensor density p(y) (16). Notice that the sumsover q in (82) and (84) mean Pq1Pq2 � � �PqL .Individual source averages (78) appear in (77) together with the corresponding state posterior, and theirproduct is given by summing over all the other sources,p(qi j y)hm(xi) j qi;yi = Xfqjgj 6=i p(q j y)hm(xi) j q;yi ; (85)and using the results (82,83).Finally, the individual state posterior appearing in (79) is similarly obtained from (82):p(qi j y) = Xfqjgj 6=i p(q j y) : (86)We emphasize that all the parameters appearing in (80{86) belong to W 0. Substituting these expressionsin (75,77,79) and adding them up completes the E-step which yields F(W 0;W ).29



A.2 M-StepTo derive the EM learning rules we must minimize F(W 0;W ) obtained above with respect to W . This canbe done by �rst computing its gradient @F=@W layer by layer. For the visible layer parameters we have@FV@H = ��1yhxT j yi ���1HhxxT j yi ;@FV@� = �12��1 + 12��1 �yyT � 2yhxT j yiHT +HhxxT j yiHT ���1 ; (87)whereas for the bottom hidden layer@FB@�i;qi = � 1�i;qi p(qi j y) (hxi j qi;yi � �i;qi) ;@FB@�i;qi = � 12�2i;qi p(qi j y) �hx2i j qi;yi � 2hxi j qi;yi�i;qi + �2i;qi � �i;qi� : (88)In computing the gradient with respect to the top hidden layer parameters we should ensure that,being probabilities wi;qi = p(qi), they satisfy the non-negativity wi;qi � 0 and normalization Pqi wi;qi = 1constraints. Both can be enforced automatically by working with new parameters �wi;qi , related to the mixingproportions through wi;qi = e �wi;qiPq0i e �wi;q0i : (89)The gradient is then taken with respect to the new parameters:@FT@ �wi;qi = �p(qi j y) + wi;qi : (90)Recall that the conditional source averages and state probabilities depend on W 0 and that the equations(87{90) include averaging over the observed y. We now set the new parameters W to the values that makethe gradient vanish, obtaining the IF learning rules (29,30).B Variational IFA: Derivation of the Mean-Field EquationsTo derive the mean-�eld equations (52{54), we start from the approximate error F(� ;W ) (46) using thefactorial posterior (47). The approximate error is composed of the three layer contributions and the negativeentropy of the posterior, as in (25). FV , FB, and FT are given by (75,77,79) with the conditional sourcemeans and densities expressed in terms of the variational parameters � via (49,50).The last term in F is given byFH(� ) = LXi=1 niXqi=1�i;qi �12 log �i;qi � log�i;qi�+ Const: ; (91)where Const: re
ects the fact that the source posterior is normalized. FH (91) is obtained by using thefactorial posterior (47) in (27). Note that since this term does not depend on the generative parameters W ,it did not contribute to the exact EM algorithm but is crucial for the variational approximation.To minimize F with respect to � we compute its gradient @F=@� :@F�i;qi = �12 � �Hii + 1�i;qi � 1�i;qi ��i;qi ;30



@F i;qi = 24(HT��1y)i + �i;qi�i;qi �Xj 6=i njXqj=1 �Hij�i;qj j;qj �� �Hii + 1�i;qi � i;qi35�i;qi ;@F�i;qi = � log�i;qi + logwi;qi + 12  log �i;qi +  2i;qi�i;qi !� 12  log �i;qi + �2i;qi + �i;qi�i;qi !�12 �Hii�i;qi + zi : (92)The �rst equation leads directly to (52). The second and third equations, after a bit of simpli�cationusing (52), lead to (53,54). The zi re
ect the normalization of the mixing proportions �i;qi : to imposenormalization, we actually minimize F +Pi zi(Pqi �i;qi � 1) using the method of Lagrange multipliers.C Noiseless IFA: Derivation of the GEM AlgorithmIn this appendix we derive the GEM learning rules for the noiseless case (57). This derivation follows thesame steps as the one in Appendix A.C.1 E-StepBy substituting p(xi j qi) = G(xi � �i; �i) in (62) we get for the bottom layerFB = LXi=1 niXqi=1 p(qi j xi;W 0) �12 log �i;qi + (xi � �i;qi)22�i;qi � ; (93)whereas for the top layer we haveFT = � LXi=1 niXqi=1 p(qi j xi;W 0) logwi;qi : (94)Note that, unlike FB in the noisy case, no conditional source means should be computed. The posteriorprobability of the i-th source states is obtained from Bayes' rule:p(qi j xi) = p(xi j qi)p(qi)Pq0i p(xi j q0i)p(q0i) : (95)C.2 M-StepTo derive the learning rule for the unmixing matrix G we use the error gradient@F@G = � �GT ��1 + �(x)yT ; (96)where �(x) is given by (65). To determine the increment ofG we use the relative gradient of the approximateerror, �G = �� @F@GGTG = �G� ��(x)xTG : (97)Since the extremum condition �G = 0, implying E�(Gy)yTGT = I, is not analytically solvable, (97) leadsto the iterative rule (64). 31
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