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Survivable Network Design
(SNDP)

Collection of [ pairs: (sq,t1), ..., (s;, ;)

r(s;, t;): requirement of pair (s, t;)

k = maximum requirement; maxr(s;, t;)

I<r

Goal: Min the sum of the weight of
subgraph H containing r(s;, t;)
disjoint paths between s; and t;.

r(sq,t1) = 2
r(sy, t;) =2
r(s3 t3) =1



Survivable Network Design
(SNDP)

Collection of [ pairs: (sq,t1), ..., (5, t;)

r(s;, t;): requirement of pair (s, t;)

k = maximum requirement; maxr(s;, t;)

I<r

Goal: Min the sum of the weight of
subgraph H containing r(s;, t;)
disjoint paths between s; and t;.

r(sy,ty) = 2 Well-known special cases: Steiner tree/forest (k=1)



Survivable Network Design
(SNDP)

Collection of [ pairs: (sq,t1), ..., (s, t;)

r(s;, t;): requirement of pair (s;, t;)

k = maximum requirement; max r(s;, t;)
L=T

Goal: Min the sum of the weight of
subgraph H containing r(s;, t;)
disjoint paths between s; and t;.

- Edge dt.

Edge wt. 2-approx 2-approx 0(k3logn)
Jain '98 Flelscher' et al. '01 Chuzhoy-Khanna '09
Node wt. Q(logn)-hard for Steiner tree

Klein and Ravi '95



Survivable Network Design
(SNDP)

Collection of [ pairs: (sq,t1), ..., (s, t;)

r(s;, t;): requirement of pair (s;, t;)

k = maximum requirement; max r(s;, t;)
L=T

Goal: Min the sum of the weight of
subgraph H containing r(s;, t;)
disjoint paths between s; and t;.

- Edge dt.

Edge wt. 2-approx 2-approx 0(k3logn)
Jain '98 Flelscher' et al. '01 Chuzhoy-Khanna '09
Node wt. 0(klogn) 0(klogn) 0(k*log?n)

Nutov ‘08 Nutov '09 Nutov ‘09



Prize-collecting Survivable
Network Design (PC-SNDP)

Collection of [ pairs: (sq,t1), ..., (5, t;)

r(s;, t;): requirement of pair (s;, t;)

k = maximum requirement; maxr(s;, t;)
m(s;, t;): penalty for not satisfying
the connectivity of pair (s;,t;)

Goal: Min the sum of the weight of
subgraph H + the sum of penalties
for requirements not satisfied by H.




Prize-collecting Survivable
Network Design (PC-SNDP)

Collection of [ pairs: (sq,t1), ..., (5, t;)

r(s;, t;): requirement of pair (s, t;)

k = maximum requirement; maxr(s;, t;)

I<r

1(s;, t;)+ penalty for not satisfying the
connectivity of pair (s;, t;)

Goal: Min the sum of the weight of
subgraph H + the sum of penalties
for requirements not satisfied by H.

T(S]J tl) = 2 T[(Slrtl) =10

r(sy,t) =2 m(sy,ty) =20 All-or-nothing penalty version
T'(S3, t3) =1 7T(S3, t3) = 2



Prize-collecting Survivable
Network Design (PC-SNDP)

Collection of [ pairs: (sq,t1), ..., (s, t;)

r(s;, t;): requirement of pair (s, t;)
k = maximum requirement; max r(s;, t;)
L=T

1(s;, t;)+ penalty for not satisfying the
connectivity of pair (s;, t;)

Goal: Min the sum of the weight of
subgraph H + the sum of penalties
for requirements not satisfied by H.

- Edge dt.

Edge wt. 2.54-approx 2.54-approx 0(k3 logn)
Hajiaghayi et al. '10 Hajiaghayi et al. 10  Hajiaghayi et al. '10

Node wt. No result No result No result




Our Result

First approximation for node weighted PC-SNDP
| Edgedt. | Elementdt. | Vertexdt. _

Node 0(k?logn) 0(k?logn) 0(k>log?n)
wt. 0(klogn)* 0(klogn)* 0(k*log”n)*

In planar graphs [Chekuri et al. “12]:
| Edgedt. | Elementdt. | Verfexdf.

Node 0(k*) 0(k*) 0(k®logn)
wi. 0(k)* 0(k)* 0(k*logn)*

*Running time is polynomial in nk

Multiroute-flow based LP relaxation for (PC-)SNDP

No LP-relaxation for node-weighted SNDP was known before.




Our Result

First approximation for node weighted PC-SNDP

Edge dt. | Element dt.

Node 0(k?logn) 0(k?logn) 0(k>log?n)
wt. 0(klogn)* 0(klogn)* 0(k*log”n)*

In planar graphs [Chekuri et al. “12]:

| Edge dt.

Node 0(k*) 0(k*) 0(k®logn)
wi. 0(k)* 0(k)* 0(k*logn)*

*Running time is polynomial in nk

-

No LP-relaxation for node-weighted SNDP was known before.

‘Multiroute-flow based LP relaxation for (PC-)SNDP\
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PC-Steiner Tree

Edge weighted, edge connectivity
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PC-Steiner Tree

Edge weighted, edge connectivity

4 Steiner-cut-LP )

T min Y.cg c(e)x(e)
St Deessyx(€) =1 VSESV -5, SNR+#0Q
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R: Set of Steiner nodes / PC-Steiner-cut-LP
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st. Yeesy¥(@) =21—2z(w) VSSV -5 VveES
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0<z(v)<1 YveV

k 0<x(e)<1 Ve € E /




PC-Steiner Tree

Edge weighted, edge connectivity

4 Steiner-cut-LP )
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/ PC-Steiner-cut-LP

* Integrality gap of min Y.cgc(e)x(e) + Y,epTt(v)z(v)
Steiner-cut-LP is 2 st. Yeesy¥(@) =21—2z(w) VSSV -5 VveES

z(s) =0
0<z(v)<1 YveV

k 0<x(e)<1 Ve € E /
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Rounding Method

PC-Steiner Tree (cdge weighted, edge connectivity) [Beinstock et al. '93]
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Rounding Method

PC-Steiner Tree (cdge weighted, edge connectivity) [Beinstock et al. '93]

/ PC-Steiner-cut-LP \

min Yceg c(e)x(e) + Xypey m(V)z(v)
st. Yeessy¥(€@) 21—2z(w) VSCSV -5 VveES

1

z(s) =0
" 0<z(v)<1 YveV
\_ 0<x(e<1 Ve € E -
4 )

(x*,z"): Optimal solution to PC-Steiner-cut-LP
[ : Set of all nodes such that z(v) > 1/2

\{ J




Rounding Method

PC-Steiner Tree (cdge weighted, edge connectivity) [Beinstock et al. '93]

/ PC-Steiner-cut-LP \

min Yceg c(e)x(e) + Xypey m(V)z(v)
st. Yeesy¥(@)21—z(w) VSESV-rVves

11

z(s) =0
to 0<z(v)<1 VveV
\ 0<x(e) <1 Ve € E j
4 )

(x*,z"): Optimal solution to PC-Steiner-cut-LP
[ : Set of all nodes such that z(v) > 1/2

J
z'(v) =1 x'(v) = Feasible solution (x', z")
(x%,27) ::> it 2 (v) > - min(1, 2x*(v)) with integral z values:
Rounding and O otw 2 Scaling Val(x',z') <2Val(x*,z*)

7 x*



Rounding Method

PC-Steiner Tree (cdge weighted, edge connectivity) [Beinstock et al. '93]

/ PC-Steiner-cut-LP \

min Yceg c(e)x(e) + Xypey m(V)z(v)
st. Yeesy¥(@)21—z(w) VSESV-rVves

11

z(s) =0
to 0<z(v)<1 VveV
\ 0<x(e) <1 Ve € E j
4 )

(x*,z"): Optimal solution to PC-Steiner-cut-LP
[ : Set of all nodes such that z(v) > 1/2

z'(v) =1 x'(v) = x' is a feasible solution
(x7,27) ::> it 2t (v) > min(1, 2x*(v)) of Steiner-cut-LP on
Rounding 2 Scaling node set J

% and O otw. x*



Rounding Method

PC-Steiner Tree (cdge weighted, edge connectivity) [Beinstock et al. '93]

/ PC-Steiner-cut-LP \
min Ycep c(e)x(e) + Xypey (v)z(v)
" st. Yeesy¥(@)21—z(w) VSESV-rVves
z(s) =0
" 0<z(v)<1 YveV

\ 0<x(e) <1 Ve € E j

(
(x*,z"): Optimal solution to PC-Steiner-cut-LP

[ : Set of all nodes such that z(v) > 1/2

\_

Solve Steiner tree for the set of verticesin] =V —1

J

Integrality gap of ' :>
Steiner-cut-LP is 2  T: 2-approximate solution
of Steiner-cut-LP instance

T is a 4-approximate solution
of PC-Steiner-cut-LP



LP Relaxation for SNDP

For k = 2, no LP relaxations for node-weighted SNDP (and PC-SNDP) is known.
However, cut-LP works for node-weighted Steiner tree/forest

An LP relaxation for node-weighted SNDP in higher connectivity is required!



2-route-flow

Two disjoint paths Between

sand t

Capacity of all edges are 1




2-route-flow

Two disjoint paths Between
sand t

Capacity of all edges are 1




2-route-flow

1 1 Max flow is 101;
however,
max 2-route flow is 1.

100 100



2-route-flow

1 1 Max flow is 101;
however,
max 2-route flow is 1.

100 100

If s and t are k-connected then k-route st-flow is at least 1.



Multiroute-flow based LP for
SNDP

Multiroute flow is considered in
[Kishimoto '96] & [Aggrawal and Orlin '02]

p = (p1, .-.,p1): Tuple of I disjoint st paths

P5Y: Collection of all r(st)-tuples
connecting s to t

f(p) =1 if the paths connecting s to t
are the paths of p; we have flow
of value r(st)

Connectivity constraint: Zﬁe?r(“) fp)=1
st



Multiroute-flow based LP for
SNDP

Multiroute flow is considered in
[Kishimoto '96] & [Aggrawal and Orlin '02]

p = (p1, .-.,p1): Tuple of I disjoint st paths

PV Collection of all r(st)-tuples
connecting s to t

f(p) =1 if the paths connecting s to t
are the paths of p; we have flow
of value r(st)

Connectivity constraint: Zﬁe?r(“) fp)=1
st

Capacity Constraint
Edge weighted graphs Node weighted graphs
f(@) < x(e) Ve, Vst z f(®) <x(v) Vv, Vst

pepl D ecp pePl D vep



Multiroute-flow based LP for
Edge Weighted SNDP

/ Multiroute-LP \

min ZeEE W(Q)X(Q)

S.t z ’ p > | vS't
.L. pe Psrt(st) ( ) =
) <
Z_ ?grt(st)’ _; (p) — X(e) Ve, VSt

\_ f(®=0 v J

- Separation oracle is min-cost flow

- It is equivalent to the cut-LP based relaxation with additional flow
variables of [Hajiaghayi et al. '10]



Multiroute-flow based LP for
Node Weighted SNDP

/ Multiroute-LP \

min Y,y w(v)x(v)

— >
<
Z_ ?grt(st), _’ (p) - X(U) VU, VSt

. f(®=0 v

« There is no polynomial separation oracle
= Even it is NP-hard for a single pair (s,t) to find k edge-disjoint paths in
node-weighted graphs (via set-cover)

We can find a k-approximate solution in polynomial by solving another LP-relaxation



Multiroute-flow based LP for
Node Weighted PC-SNDP

/ PC-Multiroute-LP \ / Multiroute-LP \

min Ypey WW)x (V) Lsteyxy m(st)z(st) min Zpey W(W)x(v)

s.t. ZﬁE?srt(St) f(®@) =1—2z(st) Vst s.t. ZﬁE?ST;:(St) fp) =1 Vst
Zﬁe?srt(“),veﬁf (®) = x(v) Vv, Vst ZﬁESDSrt(St),vEﬁf (p) < x(v) Vv, Vst
0<x(v)<1 Vv K f®) =0 vp /
0<z(st)<1 Vst

\_ @20 vi




Multiroute-flow based LP for
Node Weighted PC-SNDP

/ PC-Multiroute-LP \ / Multiroute-LP \

min Ypey WW)x (V) Lstevxy m(st)z(st) min Zpey W(W)x(v)

s.t. Zﬁe?;;(“) f(®)=1—2z(st) Vst s.t. Zﬁe”srt(“) fp) =1 Vst
Zpeys’;(st),veﬁf (@) < x(v) Vv, Vst Zﬁe?;(so,veﬁf (P) < x(v) Vv, Vst
0<x(v)<1 Vv K f®) =0 vp /
0<z(st)<1 Vst

\_  f@®=0 vp

Ok—approxima’rion solution to

PC-Multiroute LP O
O

Integrality gap of
O (ka)-approximation Beinstock et al 's Multiroute-LP is a
for PC-SNDP method




Multiroute-flow based LP for
Node Weighted PC-SNDP

/ PC-Multiroute-LP \ / Multiroute-LP \

min Ypey W(W)X(V) Lsrevxy m(st)z(st) min Ypey W(W)x (V)

s.t. Zﬁe?;;(“) f(@) =1—2z(st) Vst s.t. Zﬁe”srt(“) fp) =1 Vst
Zpeys’;(st),veﬁf (@) < x(v) Vv, Vst Zﬁe?;(so,veﬁf (P) < x(v) Vv, Vst
0<x(v)<1 Vv K f®) =0 vp /
0<z(st) <1 Vst

\_  f@®=0 vp

Ok—approxima’rion solution to
PC-Multiroute LP

O ‘ Integrality gap of
0(k?logn)-approximation AEIE CIAEA RSN | Multiroute-LP is O(k logn)

for PC-SNDP method




Integrality Gap of node-weighted
Multiroute-LP

Theorem: The integrality gap of node-weighted Multiroute-LP is O(klog n).

Idea:
« Use [Williamson et al. '93] & [Nutov '09].
= TIn each phase augment the connectivity of unsatisfied pairs by one.



Integrality Gap of node-weighted
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Theorem: The integrality gap of node-weighted Multiroute-LP is O(klog n).

Idea:
« Use [Williamson et al. '93] & [Nutov '09].
= TIn each phase augment the connectivity of unsatisfied pairs by one.

P(Sltl) - 3
r'(Sztz) =2
r'(S3t3) =2
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Theorem: The integrality gap of node-weighted Multiroute-LP is O(klog n).

Idea:
« Use [Williamson et al. '93] & [Nutov '09].
= TIn each phase augment the connectivity of unsatisfied pairs by one.

P(Sltl) - 3
P(Sztz) =2
r'(S3t3) =2




Integrality Gap of node-weighted
Multiroute-LP

Theorem: The integrality gap of node-weighted Multiroute-LP is O(klog n).
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Integrality Gap of node-weighted
Multiroute-LP

Theorem: The integrality gap of node-weighted Multiroute-LP is O(klog n).

Idea:
« Use [Williamson et al. '93] & [Nutov '09].
= TIn each phase augment the connectivity of unsatisfied pairs by one.

« Nutov gave combinatorial 0(logn)-approximation solution for each phase.
= We prove the same ratio by considering Augment-LP relaxation.



Integrality Gap of node-weighted
Multiroute-LP

Theorem: The integrality gap of node-weighted Multiroute-LP is O(klog n).

Idea:
« Use [Williamson et al. '93] & [Nutov '09].
= TIn each phase augment the connectivity of unsatisfied pairs by one.

 Nutov gave combinatorial/ O(logn)-approximation solution for each phase.
= [ We prove the same ratio by considering Augment-LP relaxation.

[In each phase:

Integrality gap of
OPT(AugmentLP) < OPT(MultirouteLP) ‘ Multiroute-LP is
O(k logn)




Integrality Gap of Multiroute-LP

In phase ¢, increase the connectivity of pairs with requirement at least £ and

connectivity £ — 1 by at least one

Hy_1: The subgraph selected in the
first £ — 1 phases

G'p=V,E — E(H;-1))

he(S) = 1iff |6y, (S| = ¢—1

and max 7(s;t;) =¥,
r{ES,L1ES

zero otherwise.

4 Augment-LP(G}, hy) h

min Y,ey w(v)x(v)
st. Tyer, x(1) = hy(S)

Gy(S)

VS cV

\_ x(v) =0 VvEV )




Integrality Gap of Multiroute-LP

In phase ¢, increase the connectivity of pairs with requirement at least £ and
connectivity £ — 1 by at least one

H,_1: The subgraph selected in the & Augment-LP(Gy, h,) R
first £ — 1 phases min Yoy w()x(v)
Gp=W,E = E(H-1)) st Yyer,  x(v) = h(S) VSCV

Gy(S)
he(S) = 1iff |6y, (S| = ¢—1 \_ x(v) =0 Vv EV )
and max 7(s;t;) =¥, . .
€S ties We proved that the integrality gap
zero otherwise. of Augment-LP is O(logn)

by dual-fitting and spider-cover method



Integrality Gap of Multiroute-LP

In phase ¢, increase the connectivity of pairs with requirement at least £ and

connectivity £ — 1 by at least one

Hy_1: The subgraph selected in the
first £ — 1 phases

G'p=V,E — E(H;-1))

he(S) = 1iff |6y, (S| = ¢—1

and max 7(s;t;) =¥,
r{ES,L1ES

zero otherwise.

4 Augment-LP(G}, k) h
min Yyey W(1)x (V)
s.t. Z"EFGQ,(S) x(v) = he(S) VScV
\_ x(v) =0 VvEV )
4 Dual of Augment-LP(Gy, hy) )

max Yscy he(S)y(S)
Yswer., YY) <w() VvevV

s.t.

"

GH(S)

y(§) =0

VSCSV




Integrality Gap of Multiroute-LP

In phase ¢, increase the connectivity of pairs with requirement at least ¢ and
connectivity £ — 1 by at least one

H,_1: The subgraph selected in the d Augment-LP(Gy, h,) R
first £ — 1 phases min Yoy w()x(v)
Gp=W,E = E(Hp-1)) st Yyer,  x(v) = h(S) VSCV

G(S)
he(S) = 1iff |6y, (S| = ¢—1 \_ x(v) =0 Vv EV )
and max 7(s;t;) =¥, . .
riE€S, LS We proved that the integrality gap

zero otherwise. of Augment-LP is 0(logn)

4 dual-fitting and spider-cover method

[ In contrary to the edge-weighted
case, integrality gap is unbounded for
an arbitrary uncrossable function h.
It just holds for the functions arise
\_ from an SNDP instance. )




Planar Graphs

Integrality gap of Augment-LP in planar graph is 0(1) [Chekuri et al. 12]

0 (k)-approximation for node-weighted SNDP on planar graphs
0(k*)-approximation for node-weighted PC-SNDP on planar graphs



Questions?

Thanksl



Different LP Relaxation

It is not based on Multiroute flow!
In a feasible solution H, s and t are r(s,t)-connected.

[Menger's theorem] By omitting ¢ < r(s,t) edges form H, s
and t remain connected.

We can write an LP-relaxation for SNDP problem based on this property.

The exact optimal solution can be found.
However:; its running time is polynomial in n*

-



K-approximate Solution to
Multiroute-LP

/ Compact-PC-Multiroute-LP \

min Yyey WW)x (V) Lstevxy m(st)z(st)
s.t. Zae5+(s)f(a, st) — Daes—(s) f(a, st) = (1 — z(st))r(st) Vst

Zaes+) f (@ 5t) = Xges—(s) f(a, st) Vst,Vv & {s, t}
f(a,st) <1 —z(st) Va, Vst

Diaes-w) [ (@, s5t) < r(st)x(v) Vst, Vv

0<z(st) <1 Vst

0<x(v)<1 Vv

\ f(a,st) =0 Ya, Vst /




K-approximate Solution to
Multiroute-LP

Compact-PC-Multiroute-LP \

min Dyey WW)x (V) Lstevxy m(st)z(st)
s.t. Zae5+(s)f(a, st) — Daes—(s) f(a, st) = (1 — z(st))r(st) Vst

ZaES"‘(v)f(ar st) = Yges-(s)f (@, st) Vst, Vv & {s, t}
f(a,st) <1 —z(st) Va, Vst

Yaes—) f (@ s5t) < T(st)x(v) Vst, Vv

0<z(st) <1 Vst

0<x(v)<1 Vv

\ f(a,st) =0 Ya, Vst /




Decomposition Lemma

[Aggarwal and Orlin '02][Kishimoto '96]

Thm:

G = (V,A) be a directed graph.

s and t be two vertices of V

f: an s-t flow of value kp (integer k and real value p) such that f(a) < p.

There exists a k-route flow of value r that preserves flow of each edge



