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Survivable Network Design 
(SNDP)

𝑟 𝑠1, 𝑡1 = 2
𝑟 𝑠2, 𝑡2 = 2
𝑟 𝑠3, 𝑡3 = 1

Goal: Min weight subgraph 𝑯
containing 𝑟(𝑠𝑖 , 𝑡𝑖) disjoint paths 
between 𝑠𝑖 and 𝑡𝑖.

𝑟(𝑠𝑖 , 𝑡𝑖): requirement of pair (𝑠𝑖 , 𝑡𝑖)

Collection of 𝑙 pairs: 𝑠1 , 𝑡1 , … , (𝑠𝑙 , 𝑡𝑙)

Given an edge weighted graph G
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𝑟 𝑠1, 𝑡1 = 2
𝑟 𝑠2, 𝑡2 = 2
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max number of element-disjoint paths
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Survivable Network Design 
(SNDP)

Edge conn. Element conn. Node conn.

2-approx
[Jain ’98]

2-approx
[Fleischer et al. ’01]

𝑂(𝑘3 log𝑛)
[Chuzhoy-Khanna ’09]

𝑘 = maximum requirement; max
𝑖≤𝑙

𝑟(𝑠𝑖 , 𝑡𝑖)
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Bicriteria Approximation

A subgraph 𝐻 = (𝑉, 𝐸𝐻) is an (𝛼, 𝛽𝑏 𝑣 + 𝛾)-approximation for 
Deg-SNDP(G,c,b) problem iff

𝑐 𝐸𝐻 ≤ 𝛼 ⋅ 𝑐(OPT)

and      𝑑𝐻 𝑣 ≤ 𝛽 𝑏 𝑣 + 𝛾 for each 𝑣 ∈ 𝑉



Degree Bounded SNDP

Edge conn. Element conn. Node conn.

(2, 2b(v)+3)
[Lau et al ’07]

(𝑂(log𝑘), 𝑂(2𝑘)𝑏(𝑣))
[Nutov ’12]

𝑂 𝑘3 log𝑛 × (𝑂(log𝑘), 𝑂(2𝑘)𝑏(𝑣)
[Nutov ’12, Chuzhoy and Khanna ’09]

(2, b(v)+O(k))
[Lau and Singh ’08]

(𝑂(𝑘), 𝑂(𝑘)𝑏(𝑣))
[Fukunaga and Ravi ’12]

𝑂 𝑘3 log𝑛 × (𝑂(𝑘), 𝑂(𝑘)𝑏(𝑣))
[Fukunaga and Ravi ‘12

Chuzhoy and Khanna ’09]

(2, 2b(v)+2)
[Louis and Vishnoi

’10]

(𝑂 1 , 𝑂 1 𝑏 𝑣 + 𝑂(𝑘))
[Fukunaga, Nutov and Ravi 

’13]

𝑂 𝑘3 log𝑛 × (𝑂 1 , 𝑂 1 𝑏 𝑣 + 𝑂(𝑘))
[Fukunaga, Nutov and Ravi ‘13

Chuzhoy and Khanna ’09]

2-approx.
min{2b(v)+2,

b(v)+3k}
[Lau and Zhou ’14]

(𝑂(1), 𝑂(1)𝑏(𝑣))
[Ene and V. ’14]

𝑂 𝑘3 log𝑛 × (𝑂 1 , 𝑂 1 𝑏(𝑣))
[Ene and V. ’14, Chuzhoy and Khanna ’09]

𝑘 = maximum requirement; max
𝑖≤𝑙

𝑟(𝑠𝑖 , 𝑡𝑖)



 Iterative rounding

 Degree-bounded Edge Connectivity SNDP

 Challenges with Node-Connectivity Req
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 (1,b(v)+1)-approximation for Deg-MST [Singh and Lau ’07]
 (2,O(1)b(v))-approximation for Deg-EC-SNDP [Lau et al ’07]
 …

It gets more difficult when we consider degree-bound 
constraints with node-connectivity requirements! 

How to analyze? 

 Several breakthroughs in Network Design are by iterative rounding method 
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𝑡1

𝑠2

𝑡2
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Let 𝑟 𝑆 = max
𝑠𝑖∈𝑆,𝑡𝑖∈𝑉\S

𝑟(𝑠𝑖𝑡𝑖)

Edge set 𝐹 is a feasible solution 𝛿𝐹 𝑆 ≥ 𝑟(𝑆) for each S
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There is an edge e such that 𝑥 𝑒 = 0
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There is an edge e such that 𝑥 𝑒 = 0

There is an edge e such that 𝑥 𝑒 >
1

3

There is a vertex v such that 𝛿𝐸 𝑣 ≤ 6

Proof. By contradiction, assume that

For each 𝑒, 0 < 𝑥 𝑒 <
1

3

For each 𝑣 𝛿𝐸 𝑣 > 6
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Deg-EC-SNDP-LP(E,r,b)

min  𝑒∈𝐸 𝑐 𝑒 𝑥(𝑒)

s.t.  𝑒∈𝛿(𝑆) 𝑥(𝑒) ≥ 𝑟(𝑆) ∀𝑆 ⊆ 𝑉

0 ≤ 𝑥(𝑒) ≤ 1 ∀𝑒 ∈ 𝐸

 𝑒∈𝛿(𝑣)𝑥(𝑒) ≤ 𝑏(𝑣) ∀𝑣 ∈ 𝑉

S is a tight set iff
 𝑒∈𝛿(𝑆) 𝑥(𝑒) = 𝑟 𝑆 > 0

v is a tight vertex iff
 𝑒∈𝛿(𝑣)𝑥(𝑒) = 𝑏(𝑣) > 0
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For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

For extreme point solution x, 

 A set of tight sets 𝐿

Such that  

 𝐿 + 𝐶 = |𝐸|

 𝐿 and 𝐶 are linearly independent

𝑠1

𝑡1

𝑠2

𝑡2

11011010101

11010000000

 A set of tight vertices 𝐶
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For each 𝑣 𝛿𝐸 𝑣 > 6

For extreme point solution x, 

 A set of tight sets 𝐿

Such that  

 𝐿 + 𝐶 = |𝐸|

 𝐿 and 𝐶 are linearly independent

 𝐿 is a laminar family [Jain ‘98]

 A set of tight vertices 𝐶
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Tree (forest) representation of a laminar family

B
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Proof of Main Theorem
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

For extreme point solution x, 

 A set of tight sets 𝐿

Such that  

 𝐿 + 𝐶 = |𝐸|

 𝐿 and 𝐶 are linearly independent

 𝐿 is a laminar family [Jain ‘98]

𝐸 > 𝐿 + |𝐶|. . .

 A set of tight vertices 𝐶
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Proof of Main Theorem
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

For solution x, there exist 

 A set of tight sets 𝐿

 A set of vertices sets 𝐶

Such that  

 𝐿 + 𝐶 = |𝐸|

 𝐿 and 𝐶 are linearly independent

#of tokens= 2 𝐸 > 2( 𝐿 + |𝐶|)

Contradiction!

Idea:
Rearrange tokens such that each node in 
the “tree rep.” and each vertex in 𝐶
receives two tokens and root vertices 
receives four tokens. 



Rearranging Tokens
Initial token assignment
Consider an edge e=uv. The token 
corresponding to 𝑒𝑣 , 𝑡𝑒,𝑣 is assigned to the 
minimal set in 𝐿 ∪ 𝐶 that contains 𝑣.  

Tight vertex

For each 𝑒, 0 < 𝑥 𝑒 <
1

3

For each 𝑣 𝛿𝐸 𝑣 > 6
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the minimal set in L containing it.



Rearranging Tokens
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

Initial token assignment
Consider an edge e=uv. The token 
corresponding to 𝑒𝑣 , 𝑡𝑒,𝑣 is assigned to the 
minimal set in 𝐿 ∪ 𝐶 that contains 𝑣.  

Token reassignment
 Each tight vertex gives four tokens to 

the minimal set in L containing it.

Each tight vertex v
receives 𝛿𝐸 𝑣 > 6 tokens

Each tight vertex receives 
at least two tokens

 Redistribute along the “tree”



Rearranging Tokens
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6



Rearranging Tokens
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

1. Leaves receives four tokens
 Contain tight vertex
 Four edges cross it



Rearranging Tokens
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

1. Leaves receives four tokens
 Contain tight vertex
 Four edges cross it

2. Traverse upward
 Each child gives two 

tokens to its parent



Rearranging Tokens
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

1. Leaves receives four tokens
 Contain tight vertex
 Four edges cross it

2. Traverse upward
 Each child gives two 

tokens to its parent

 Each node with only one 
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Rearranging Tokens
For each 𝑒, 0 < 𝑥 𝑒 <

1

3

For each 𝑣 𝛿𝐸 𝑣 > 6

1. Leaves receives four tokens
 Contain tight vertex
 Four edges cross it

2. Traverse upward
 Each child gives two 

tokens to its parent

 Each node with only one 
child get two extra in 
initial token assignment



Back to Node Connectivity!
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Element Connectivity

In graph G=(V,E), we are given a set of terminal, T, and non-terminal, V\T

such that

 Connectivity requirement is between terminals

Elements: the set of edges and non-terminal vertices (𝐸 ∪ 𝑉\𝑇 )

𝑠1𝑡1-paths share non-terminal 𝑠1𝑡1-paths share terminal
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Deg-Elem-SNDP-LP(E,r,b)
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What is the challenge?



How to solve?

Previous work considered abstract skew-(bi)supermodular function 

Deg-Elem-SNDP-LP(E,r,b)

min  𝑒∈𝐸 𝑐 𝑒 𝑥(𝑒)

s.t.  𝑒∈𝛿(𝕊)𝑥(𝑒) ≥ 𝑟(𝕊) ∀𝕊 ⊆ 𝑉 × 𝑉

0 ≤ 𝑥(𝑒) ≤ 1 ∀𝑒 ∈ 𝐸

 𝑒∈𝛿(𝑣)𝑥(𝑒) ≤ 𝑏(𝑣) ∀𝑣 ∈ 𝑉

𝑟 is a skew supermodular function

𝑟 𝐴 + 𝑟 𝐵 ≤ max{𝑟 𝐴 ∩ 𝐵 + 𝑟 𝐴 ∪ 𝐵 ,𝑟 𝐴\𝐵 + 𝑟 𝐵\𝐴 }
for any two sets 𝐴 and 𝐵
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How to solve?

Previous work considered abstract skew-(bi)supermodular function 

𝑠𝑖

𝑡𝑖

𝑟 𝕊 = max
𝑠𝑖∈𝑆,𝑡𝑖∈𝑉−𝑆′

𝑟(𝑠𝑖 , 𝑡𝑖) - |S’/S|

𝕋′𝕋

𝑟 𝕋 < 𝑟(𝕋′)

But, we analyze the iterative rounding method in less general setting
 Based on some properties of SNDP requirements
 General enough to do iterated rounding  

𝑠𝑖

𝑡𝑖



Main Theorem

Theorem. If x is an extreme point solution of Deg-
EC-SNDP-LP, then one of the following holds

There is an edge e such that 𝑥 𝑒 = 0

There is an edge e such that 𝑥 𝑒 >
1

3

There is a vertex v such that 𝛿𝐸 𝑣 ≤ 3𝑏 𝑣 + 5

(3, 6𝑏 𝑣 + 5)-approximation for Deg-EC-SNDP



Degree bounded SNDP with node-
connectivity

Our resultPrevious workProblem

(O(1),O(1)b(v))(O(1),O(1)b(v) + O(k))
[Fukunaga, Nutov and Ravi’13]

Elem-SNDP

(O(1),O(1)b(v))(O(1),O(1)b(v) + O(k))
[Fukunaga, Nutov and Ravi’13,

Cheriyan and Vegh’13]

k-connectivity 
(𝑛 ≥ 𝑘3) 

(O(1),O(1)b(v))(O(1),O(1)b(v) + O(k))
[Fukunaga and Ravi’12]

Rooted 
k-connectivity

(𝑂 𝑘3 log𝑛 , 𝑂(𝑘3 log𝑛)𝑏 𝑣 )(𝑂 𝑘3 log𝑛 , 𝑂(𝑘3 log𝑛)(𝑏 𝑣 + 𝑂(𝑘)))
[Fukunaga, Nutov and Ravi’13]

VC-SNDP

(𝑂 1 , 𝑂 1 𝑏+ 𝑣 )(𝑂 1 , 𝑂 1 𝑏+ 𝑣 + 𝑂(𝑘))
[Fukunaga and Ravi’12]

Directed
rooted

k-connectivity



Future Directions

 Analyze iterative rounding in more general setting, skew-(bi)supermodular
functions

 Apply iterative rounding directly on VC-SNDP problem



Thanks

Questions?



Main Observation

Relevant biset for a tight vertex

𝔸

𝔹

𝑣

-𝔸 is a biset with one child

- 𝑣 is in 𝐴′\B′; boundary of 𝔸 but not 𝔹
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Main Observation

Relevant biset for a tight vertex

𝔸

𝔹

𝑣

𝔸 is a relevant biset
of 𝑣

-𝔸 is a biset with one child

- 𝑣 is in 𝐴′\B′; boundary of 𝔸 but not 𝔹

Lemma. For each tight vertex 𝑣,
let 𝜌(𝑣) be the number of 
relevant bisets of 𝑣. Then

2𝜌 𝑣 + 6 ≤ |𝛿𝐸(𝑣)|

Each tight vertex 𝑣, gives 

2 tokens to each of its relevant bisets,
and 4 tokens to minimal bisets containing 𝑣


